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Abstract

Harmonic mappings between two Riemannian manifolds is an object of extensive study,
due to their wide applications in mathematics, science and engineering. Proving the
existence of such mappings is challenging because of the non-linear nature of the cor-
responding partial differential equations. This thesis is an exposition of a theorem by
Eells and Sampson, which states that any given map from a Riemannian manifold to a
Riemannian manifold with non-positive sectional curvature can be freely homotoped to
a harmonic map. In particular, this proves the existence of harmonic maps between such

manifolds. The technique used for the proof is the heat-flow method.
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Chapter 1

Harmonic Mappings

In this chapter we define and discuss harmonic mappings. Let ()M, g) and (N, h) be m
and n dimensional Riemannian manifolds, and let v denote a smooth map from M to
N,ie. u € C°(M, N). A natural question to ask is: what is the ‘least expanding’ map
from M to N? In order to make precise what we mean by ‘least expanding’ map here,
we need to analyze the space of maps C'°°(M, N). In the sections that follow, we do this
analysis and define an energy of maps on this space. A harmonic map will be a critical

point of this energy as discussed later.

1.1 Space of Maps

Let T, M denote the tangent space of M and let 7M™ be the dual space of this tan-
gent space. We know that u € C°°(M, N) implies that du, is a linear map from
.M to Ty N, ie. du, € Hom(T,M,T,,N). We want to find a metric on

Hom (T, M, T},)IN) so that we can define energy of maps. We first prove a lemma.

Lemma 1.1.1. T, M = T, M?*. The isomorphism is linear and induces a metric on

T, M*.



Proof. The Riemannian metric g induces a natural linear isomorphism between 7, M
and its dual T, M* defined as follows. Let X, = > "/ X'(2)(:%), € T,M and w, =
Yoo wi(x)(de'), € T,M*. Define b : T,M — T, M and § : T, M* — T, M

X2 => O gij(a) X/ (2))(da'), (1.1)

i=1 1=1

wt = 3O g () () (o) (12

i=1 i=1

Clearly # and b are linear. Also it can be verified that they are inverse of each other
resulting in a linear isomorphism between 7, M and 7, M*. Now we define a metric g
on 1T, M* by

go(wy, 0,) = go(w?, 68) for w,,0, € T,M". (1.3)

T T

This bilinear form g* is a metric due to linearity of #. We can also get g*((d")., (d2),) =

g9 where (g"/) denotes the matrix inverse of g = (g;;)- O
Proposition 1.1.2. Hom (T, M, T,y N) = T, M* @ T,y N.
Proof. For every f € Hom(T, M, T,.,)N) we associate a bilinear map fT € T,M* ®
T2y N by defining

FfV,w) =w(f(V)), VYV eT,Muwe T,,N". (1.4)
We can see that, given such a bilinear map, we can also associate with it a linear map in
Hom(7, M, T,(z)). O

We know that du, € Hom(T, M, T,,)N) is represented in local coordinates by

w(@)-EE) ), o




Since the basis for T, M* & T}, N is given by

0

(dxz):c ® (a—ya)u(x)a (16)

du, is represented by

O [ Ou” ; 0
du, = (mi) (2)(dz"), ® (0—y“)u(z)' (1.7)

=1 a=1

We proved that g% is an inner product on T,,M*. Also h, ) is the induced inner
product in 7,,(,). These two inner products induce an inner product on 7, M* ® T,,(x) N

given by

<<daf‘>x @ (%)() (dr), ® (8%)()> = Gha(ue)).  (18)

Since this inner product is defined everywhere on M, we define an inner product on

sections by setting
(o0,0)(x) = (0(x),0'(x))y, for z€ M;o,0 € (T*M @u 'TN). (1.9)

With this inner product, we define a norm on du, given by

G ou\ [ oub
du? = 5" 3" gUhas(u) (;;i) (8—1;]) (1.10)

ij=1a,B=1
With this norm defined on Hom(7'M, T'N), we now define the energy density of a map.

Definition 1.1.1. Given u € C*°(M, N), the energy density function of u is defined as

e(u)(z) = % duf? (z), @€ M. (L11)



Definition 1.1.2. Let (M, g) be a compact Riemannian manifold. Given u €

C>*(M, N), the energy or harmonic energy of u is defined as

1
E(u):/ e(u)dug:/ §|dug|. (1.12)
M M

The energy density of u can be interpreted in a following way. Let {eq, ..., e,, }, and
{€}, ..., e}, } be orthonormal bases with respect to g, and h,,), for tangent spaces T, \/

and T',(,) N, respectively. We express du, in these bases as

n

dug(e;)) =Y Ne,, i=1,.,m. (1.13)

a=1

Then, we get

m n

dul*(@) =Y > (A% (1.14)

i=1 a=1
Consequently, we can regard the energy density functional e(u)(z) as the ‘rate of expan-
sion’ of the differential du, : T, M — T,,,)N of wat x € M. This is why we call e(u,)
‘energy density’ of the map.

Thus the energy F(u) is defined for each u € C°°(M, N). The energy of maps F
can be regarded as a functional £ : C*°(M, N) — R, and we want to find maps which

are critical points of this functional F.

1.2 Connections in the Space of Maps

Having introduced an inner product and norm for v € Hom(M, N) i.e. on I'(T'M* ®
u~'T'N) we want to know what is the effect on energy if the map u is changed by a

small amount. In other words, we want to be able to take directional derivatives in the



space I'(TM*@u~'TN). To do that, we develop the notion of connection for this space.
First, we develop connections for TM* and v~ TN

Let V denote the Levi-Civita connection of M which gives us a map

V :I(TM) — I(TM* ® TN) (1.15)

which assigns a tensor field VY € I'(T'M* ® TM) of type (1,1) to Y € I'(T'M), a
(0, 1) tensor field. VY is the covariant differential of Y. Let £ and b be the isomorphisms

between 7'M and T'M* given in (1.1) and (1.2). We can define a connection V* in T'M*

by setting
Viw(Y) = (Vxw*)(Y), Y e (TM),w e I'(TM*) (1.16)
= g:(Vxuw?Y) (1.17)
= X(g.(w",Y)) — go(w*, VxY) by compatibility of V (1.18)
= XwY) —w(VxY) (1.19)

which could also serve as an alternate definition for the connection V* and also explains
that the connection V* on T'M* and connection V on 7'M can be regarded as dual to
each other.

Because of the compatibility of V with g;;, we can see that the connection V* is

compatible with the metric ¢g* on T'M* by the following computation.

Lemma 1.2.1. X¢*(w,0) = ¢g*(Viw,0) + g*(w, V¥, 0).



Proof.

RHS = g((Vxw)*, 0%) + g(w?, (Vi0)) (1.20)
= g(Vxw 6°) + g(w*, Vx6) (1.21)

= Xw(#*) = LHS (1.22)

O

Thus V* is a Riemannian connection. Now that we have introduced the connection

V*in T'M*, what are the connection coefficients? We use (1.19) to do the computation.

0 0 0 0

* ke - ki Y\ k s
Vi) a) = ™ Gga) ~ " Vi) (129
0
= %5{“ — F?z (1.24)
=TI (1.25)
Thus we get an expression for V* as
Vi dat =~ ;rgdﬂ, 1<ik<m. (1.26)

We note that the connection coefficients of V* induced in 7'M * from V are negative of
the connection coefficients of V.

Now consider the tangent bundle © 'T'N C TM induced from T'N by the map
u: M — N. At each point z,

{(8%0“) (@), .. (8%%) (m)} (1.27)



gives rise to a base for the fiber T, ;)N of u 'T'N over z. We introduce a connection

'V in u~'T'M from the connection V' in T'N by defining

/ 8 R /i

If F’gfy are the connection coefficients for the connection V' on T'N, then from (1.27)

and (1.28), we get

(Vamgeon) =3 (S 5orse) (o) a2

a=1

namely, 'V is a linear connection in 7'V with the connection coefficients given by

{ g“ ()\1<Z<m1<a,7<n} (1.30)
x'l
=1

We call this 'V the induced connectioninu="TN. Alsoif h € T'(TN @ TN) is a metric

in T'N, then u*h = h defines a fiber metric in = 'T'N. We check if the induced

w(z) e M

connection 'V is compatible with the induced metric u*h.

V%hag( u) ="V 2 u*h (ai o u, aiyﬁ ou) (1.31)
, 0 3}
ouY _,
- aZi V's hagou (1.33)
v
=0 by compatibility of V' with h (1.34)

Now we have connections, V* in TM* and 'V in u~!T' N, using these two, we introduce

a connection on TM* ® v~ TN in a following way.



Letw € TM*,W € w 'TN and X € TM. We define,

Vx(w@W)=Vw)eW+we (VxW), X eI (TM) (1.35)

Linearity is clear. Also,

Vx(fu@ W)= (Vifw)@W +w® ('VxfW) (1.36)
= (X(Hw+ fVxw) @ W + fu e (VW) (1.37)
=X(fllwaW)+ fVx(we W). (1.38)

This proves that V : T(TM* @ u™'T'N) — I'(TM* @ TM* ® u~'TN) is a connection
in the tensor product TM* ® v~ T'N. From the definition of V it is clear that this
connection is compatible with the fiber metric in TM* @ u~'TN.

As discussed previously, the differential of the map u € C°°(M, N) defines a C*°
section du € T'(TM* ® u~'TN) in the vector bundle TM* @ u~'T'N. Consider the
covariant differential of du by the connection V in TM* @ u~'TN, given by Vdu €

D(TM* @ TM* @ u='TN). This Vdu is called second fundamental form of the C*

map u. We have

Lemma 1.2.2. Given u € C*(M,N) and X,Y € I'(T M), we have

Vdu(X,Y) = Vydu(Y) — du(VyY). (1.39)



Proof. Forw € TT(TM*), W € T'(u"'TN)

(Viw@WN)H(X,Y)=(Viwd W +w & VxW)(Y) (1.40)

= (Xw(Y) —w(VxY)@W +w(Y)®' VxW  (1.41)

=" Vx((w@W)(Y)) — (weW)(VxY). (1.42)

Hence, we have
Vdu(X,Y) =" Vxdu(Y) — du(VxY). (1.43)
OJ

This can serve as an alternate definition of Vdu. If we express in coordinates,

=Y 3 e Lo (1.44)

i=1 a=1

Vdu = Z Zviv wdrt @ da? ® % o u, (1.45)

ij=1a=1
where we have,

Lemma 1.2.3. Foreach 1 < 1,7 < m, 1 < a < n, the coefficients in (1.45) are given

by,
DPu® - ou® Zn: auﬁ o
F

~wow 2 g Voo 149

By=1

Proof. From the definition of Vdu and (1.45),

n

0 “ : 0
_ R & J
Vazbdu = Vdu ((%Z’ ,.) = ;21 2 ViVu®*.de’ @ o ou (1.47)



On the other hand, from the definition of the induced connection 'V and (1.44),

Va = (ZZ 8:)3J v ® i ou) (1.48)

7j=1 a=1
- : V7o da’ 14
;azl{aﬂaﬂ e oy° out 01' Vaz dr (1.49)
oy~ (‘9 pet ay .
m n O2ue p Ou® n " ouP ou
B Z — {0xi0xj B Fij@ - Z Fﬁ'y(m%@} (1.51)
7j=1 a=1 k=1 B=1
A’ ® 9 uftom (1.26). (1.52)
oy~
O

Corollary 1.2.1. Givenu € C*(M,N) and X,Y € I'(T M),

Vdu(X,Y) = Vdu(Y, X) (1.53)

Proof. From Lemma 1.2.3, V;V,;u® = V;V,u® and then from (1.45). [

Let Ey, ..., B, be an orthonormal basis for the tangent space 7, M of M at each
point x € M. For the second fundamental form Vdu of a C* map u, as readily seen,
From orthonormality of basis vectors E, ..., E,, and (1.45), trace of this map can be
defined as

trace Vdu(x) = Z du(x)(E;, E;) (1.54)

\Y
:i<z 99V V ju® ) %o (1.55)

10



implying that this trace is independent of the basis functions F, ..., E,, € T, M.

Definition 1.2.1. Given a C*° map u € C*°(M, N),
7(u) = trace Vdu € T'(u™'TN) (1.56)

is called the tension field of w.

Example 1.2.1. Let v : R™ — R™ be a C* map. Let (z!, ..., 2™) be a coordinate chart
for R™ and let (y', ..., y") be a coordinate chart for R™. Also let u = (u!, ..., u™) be the

coordinate representation of u. Then

n m 2 o
trace Vu(z) = Z ( %) 8;; ou(x) € TNy (1.57)
i=1

a=1

Notice here that the components of the tension field 7(u) are Laplacians of the coordi-

nate maps.

Due to this example, we can think of the tension field 7(u) as the ‘local Laplacian’

of the map.

1.3 The First Variation Formula

With this preparation, we derive a relation between energy of the map F(u) and the

tension field 7(u).

Definition 1.3.1. Consider v € C*°(M,N). AC>® map F : M x I — N is called a

C*® variation or a smooth variation of F' provided that

F(z,0) =u(x), ze€ M. (1.58)

11



Given a variation F’ as defined above, we denote
w(x) = F(x,t), xe€ M,tel. (1.59)

called variation of u where ug = u. When a smooth variation F' = {u, },cs is given, at
eachx € M, uy(x) = F(x,t) : [ — N defines a C* curve in N, passing through u(z)

at t = 0. Consequently, the set of tangent vectors to these curves at ¢ = 0, denoted by

V@) = 9] i) = T w0) € TN, ze M, (1.60)

defines a C* section V' € T'(u"'T'N) of the induced bundle u~*T'N. In other words,
V(x) defines a C'™° vector field in N along the map w. Intuitively, we can think of V' (x)
as the rate of change of the map u; att = 0.

Given a smooth variation F' = {u,},c;, we investigate the change of the energy

functional E. We have,

1

Theorem 1.3.1 (The first variation formula). Let F' € uycr be a C* variation of a C*

map u € C°(M, N). Let M be compact. Then

—E(uy)

—— [ rtu)du, (1.62)
t=0 M

d

where V = & t:OUt is a variation vector field of u, and T(u) is the tension field of u.

(,) is the natural fiber metric in the induced bundle u='TN.

Proof. Let F(x,t) = u;(z) be a map defining a C* variation of u. Consider the vector
bundle T'(M x I)*® F~'TN over the product manifold M x I. As seen above, T'(M x

I)* @ F~'T'N admits a natural fiber metric {, ) and a standard connection V compatible

12



with the metric. Under the natural identification T, (M x I) = T, M ©T,I, we denote

the covariant differentiation with respect to the connection V compatible with the metric

in the directions (9/0z",0) € Tz s (mxn) and (0,d/dt) € T, (M x I), respectively

Vi=V@ozi0, Vi=V(0dr)-

From the definition of E'(uy),

/ Z Z 97 hag(u) <%) (g—f) dyu,

4,j=1 a,B=1

Therefore, since V is compatible with the fiber metric (, ),

vigjkhaﬁ(ut) = 07 vtgjkhaﬁ(ut> =0

d 8uo‘ ou?
s i t t
th(ut) =0 / dt <”ZI aﬁzlg frap () oxt Oxd ) t=0 H
oud Ou
3 3 (hotar SESE) |
/ i,7=1a,B= 1< a 8$]

On the other hand, since [(0, d/dt), (9/0x",0)], we get

0 d
V (0,d/dt) Ay (<%, 0)) — V(9/021,0)dUs ((0, E))

= dut (V(Qd/dt)(a/axi, O) — V(a/axi,o)(d/dt, 0)) by 1.2.2and 1.2.1

an([02)-p2)

=0

(1.63)

(1.64)

(1.65)

(1.66)

(1.67)

(1.68)

(1.69)

(1.70)

(1.71)

13



This implies that foreach 1 <7 <m, 1 < a < n, we get

oup _ o ou

Vi or "ot

(1.72)

By writing variational vector field of « in coordinates,ting variational vector field of

u in coordinates,

[e%
oug

BT (1.73)

V:ZVo‘ﬁ;;ou with V¢ =

a=1

)
t=0

m n N ou
— /M > <9”ha6(ut)vi <%

B
) %) dug  (174)
t=0 X
i,j=1 a,f=1
m n /6
:/ Z Z <9ijha6(ut)viV%> dpig (1.75)
M i=1q,B=1

:/ (VV, du)dp,. (1.76)
M

where (, ) in (1.76) is with respect to the metric g h,p in TM* ® u~'T N. Hence from

the next lemma, we obtain the desired first variation formula (1.62). O
Lemma 1.3.2.
/ (VV,du)dp, = — / (V,7(u))dpug. (1.77)
M M

where on the left hand side, () is the inner product with respect to the metric g h,z on
TM* @ u TN, and on the right side, it is with respect to the induced metric u*h on

u'TN.

14



Proof. Let X be a C* vector field over M given by

m Za m m n . aa Jé] a
X:;X - =Y (Z > g has(w)V a%) ot

i=1 \j=1 af=1

Denote the covariant derivative of X by

m . . a
VX:ZVZ-XJ-dx ® 5

h,j=1

(1.78)

(1.79)

The divergence of X is given by div X = > " V,X"’. Then by compatibility of the

connection V with g¥h,s, (1.44), (1.45) and since
V(V®du) =VV ®du+V @ Vdu,

we get,

v X — iJp . a+
div g E 9" hap(u)V,;V S

1,j=1a,f=1

+ i i gijhag(u)vavivjuﬁ

i.j=1a,8=1

= (VV,du) + (V,7(u)).

Green’s theorem

/ div Xdug, =0
M

yields the desired result.

(1.80)

(1.81)

(1.82)

(1.83)

(1.84)

O

The first variation formula gives the following important relationship between the

energy of maps F(u;) and 7(u;).

15



Corollary 1.3.1. Given u € C*°(M, N), a necessary and sufficient condition for the

first variation of E(u,) of an arbitrary C* variation F' = {u; }c; to satisfy

d
%E(Ut) 0 =0 VF= {Ut}t:[

is T(u) = 0.

Proof. (=) We can take any section V' € I'(u~'T'N) in the first variation formula (1.62)

can be chosen arbitrarily. (<) Clear from the first variation formula. U

Thus u € C*°(M, N) with 7(u) = 0 is a critical point of the energy functional E.

1.4 Harmonic Maps

We begin with the definition of a harmonic map and give some examples later in the
next section. We also derive the coordinate representation of the equation for harmonic

maps.

Definition 1.4.1. A C*° map u € C>®(M, N) is called a harmonic map if its tension

field 7(u) is identically zero; namely,
T(u) = trace Vdu = 0 (1.85)

holds in M. (1.85) is called the equation for harmonic maps.

When M is compact, a harmonic map wu is also a critical point of the energy func-
tional . In fact, from Corollary 1.3.1, the map u € C*°(M, N) being harmonic means
that

d

EE(ut) = 0 (1.86)

16



holds for arbitrary C'* variation ' = {u; };c; of u.
We now derive a coordinate representation of the equation for harmonic maps. Let
(2%) and (y®) denote local coordinate systems in M and N, respectively. With these

local coordinates, we express the map u by

u(z) = (u(2!, ..., 2™), .., u"(2', ..., 2™)) = (u*(z")), (1.87)

T(u) =Y 7(u) % ou e '(u'TN). (1.88)

where

— k I ou~ ou”
z:: { 2t OxI “ Fwa R = g, () 9zt O } (1.89)

U o ( 8u58u7
= Z_BZ 9T (W) 52— (1.90)

Here Flk and I')g!, respectively represent the connection coefficients of the Levi-Civita
connection in M and N, and A is the Laplacian in M. Therefore, from (1.85) and

(1.90), we get the coordinate equation of the harmonic maps

Au+ 33 g (1) ST =0, 1<a<n. (1.91)

oxt Ox7
1,J=1 By

17



Chapter 2

The Heat Flow Method

In this chapter we state and prove existence theorem for harmonic maps between two
manifolds. Furthermore we prove that any continuous map can be free homotopically

deformed to a harmonic map provided that certain conditions are satisfied.

2.1 The Eells Sampson Theorem

The goal of this section is to present the statement of Eell and Sampson’s theorem, which
is fundamental in the theory of harmonic mappings between Riemannian manifolds.
We discuss the statement and various definitions associated with it, and discuss their

implications. The proof is given in later sections.

Eells Sampson’s Theorem 1. Let (M, g) and (N, h) be compact Riemannian manifolds.
Assume that (N,h) is of non-positive curvature. Then for any f € C*°(M, N), there is a

harmonic map v, : M — N free-homotopic to f.

Unlike the existence theorem of closed geodesics, the condition on sectional cur-
vature is necessary. For example, Eells and Woods [EW76] show that any map
f : T? — S? of mapping degree £1 from the 2D torus 72 to 2D sphere S? is not
free homotopic to a harmonic map, regardless of the Riemannian metric ¢, h on S? and
T2

For the existence proof of the harmonic maps, the direct variational technique
encounters some difficulties because of the nonlinearity of the system of equations, con-

trary to the fact that the defining equations for geodesics is a system of linear differential

18



equations. However Eells and Sampson were successful in proving Theorem 1 by the

heat flow method.

2.2 The Heat Flow Method

In this section we discuss the heat flow method which not only proves the existence of a
harmonic map but also tells us how to find one. The idea is to smoothly deform a given
initial map f € C°°(M, N) in a "best’ possible way to minimize the energy functional
E(uy). Letu € C°(M, N) and let F' = {u:}ier, I = (—¢, €) be its first variation. Then
the variation vector field V = %uthzo. Let 7(u) be the tension field of u, (,) be the
natural fiber metric in the induced vector bundle u~'T'N.

The rate of change of the energy functional E is given by the first variation formula

for the energy functional F(u;):

4 Bl = - /M V. (). @.1)

If we consider S = C*°(M, N) as a (infinite dimensional) manifold, u; can be
regarded as a curve on S and the variation vector field %ut can be regarded as a vec-
tor in tangent space 7,,5. In this space, we define the inner product ((W, Ws)) =
Joy (W1, Wa)dpig. Also the derivative of the function E(u;) on S in the direction of
V= %uthzo is given by dE, (V) = %E(ut)hzo. Therefore, the first variation formula
can be written as

dE,(V) = ={{r(u),V)). (2.2)

Since this is true for any variation vector field V' € TS5, by definition of gradient on
manifold, we have

T(u) = —(grad E)(u). (2.3)

19



Consequently, a harmonic map « which is a critical point of the energy functional is a
zero of the gradient vector field grad £. We may say that the functional £ decreases in
the direction of — grad F. The heat flow method tries to deform a map uo = f and find

a flow u, such that
Ouy
ot

= 7(w) (2.4)
i.e. it tries to move u; € .S in the direction of the negative gradient of £ and hopes that
critical point of E is attained. So a sufficient condition for the existence of the harmonic
map free homotopic to ug = f is that 7(u.,) = grad E(us) = 0. With this in mind,
we study the following initial value problem. For a given f € C*°(M,N) and T > 0
and assuming that « is continuous, we would like to know if the following system of
equations has a solution.

%(m,t) = 7(u(z,t)), (x,t)€ M x (0,00),

u(x,0) = f(z).

(2.5)

This is a non-linear parabolic system of equations. To prove Theorem (1), we ask:
1. For any initial value f € C*°(M, N), does (2.5) has a solution?

2. If yes, then is u., harmonic and free homotopic to ug = f?
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First lets assume that 1 holds and lets try to answer 2. The key to analyzing 2 is to
study how fast does E(u;) change if u, satisfies (2.5). Lets first define a few quantities

which measure this rate of change.

e(uy) = %\dut|2 Harmonic energy density, (2.6)

E(u) = /Me(ut)dug Harmonic energy, 2.7)

K(ug) = % %| Kinetic energy density (2.8)

K (uy) :/ k(ug)dpg Kinetic energy (2.9)
M

To study the rate of change of E(u;), we study these quantities. In particular we

Oe (ut (

want to know what is and what is 2

) and how are they related to the geometry
of M and N. The Weitzenbock formula gives us an important relation between these
and curvatures of the manifolds M and N.

For the proof of Weizenbock formulas, we need a notion of second order covariant

derivatives. The connection

V:I(TM*®@u'TN) - T(TM*®@ TM* @ u 'TN) (2.10)

is compatible with the fiber metric (, ) in TM* ® v~ 'T'N.

Lemma 2.2.1. Given T € T'(TM* @ u"'T'N) and X,Y, Z € I'(T M), we have

(VVI) XY, Z) = (VxVT)(Y,T) = (Vx(VWyT))(Z) = (Vv T)(Z) (21D
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Proof.

(VVT)(X,Y, Z) = (VxVT)(Y,T)

= Vx(VT(Y, 2)) = VT(VxY, Z) = VT(Y,VxZ)

= Vx((WWT)(Z)) = (Ve T)(Z) — (VyT)(VxZ)

= (Vx(VyT))(Z) = (Voy T)(2).

(2.12)
(2.13)
(2.14)

(2.15)

O

We need an important identity called the Ricci identity. First we prove a lemma

which we use for proving the identity.

Lemma 2.2.2. Let T € I(TM* @ u'TN) and X,Y,Z € T(TM). Denote V the

connection in TM* @u~"T N and by'V the induced connection inu™'T N. Also denote

by R™, RN the curvature tensors of M, N respectively. Set

RY(X,Y)=VxVy - VyVx — Vixy]

RY(X,Y) = ViVy ~' Vi Vx ~' Vixy).

Then,

(RY(X,Y)T)(2) = R¥(X,Y)(T(2)) - T(RM(X,Y)Z).

Proof.

'Vy(T(Z)) = (Vy)(Z2)+ T (VyZ),
V5V (T(Z)) = (VxVyT)(Z)+ (VyT)(VxZ)

+ (VxT)(VyZ) + (VxT)(VyZ).

(2.16)

(2.17)

(2.18)

(2.19)
(2.20)

(2.21)
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Similarly computing =’V Vx(T'(Z)) and —'Vxy1(T(Z)) and adding them together,
we get

RY(X,Y)T(Z)) = (RV(X,Y)T)(Z) + T(RM(X,Y)Z). (2.22)
O

Proposition 2.2.3 (Ricci identity). Let T € T'(TM* ® u='T'N). With respect to the

local coordinates (x'), (y*) on M and N, express

T=Y" ZTo‘dx ® 5 ou, (2.23)
i=1 a=1
m . _ 0
VVT = v,-v Tedr' @ di? @ da* @ —— o w. 2.24
Then,
m o Ié; vy

a a Ml a No 8u 8u S

ViV T =V, Vil ==Y RMTE+ ) RY 5o 5 Th (2.25)

=1 Byy,6=1

Proof. Using the notation in Lemma 2.2.2 and the definition of the induced connection

'V in vector bundle u~'T'N, from Lemma 2.2.2, we get
g 0 0
v R -
(R <8x“ 8xj) T) (8xk)
/ g 0 0 g 0 0
_ \Y% s v . M o\ o
= f <8$“ 8xj) (T (8xk)) r (R (axi’ 8xj) 3$k) (2.26)

o Ou’ 0 0
_Z<ZR]5V'Y5(‘;;Z 8,;] ;ka )8—yaou

On the other hand, since we have

g 9 0 .
vvI <8 'O’ Ox k) - Za:vivak N ou, (2.27)
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The conclusion follows from the definition of RY given in (2.16), from fact that partial

derivatives commute, and then comparing coefficients. U

Consider the second order covariant differential as given by Lemma 2.2.1. The con-

nection on the tensor Vdu is given by

VWVdu(X,Y, Z) = (Vx(Vydu))(Z) — (Voyydu)(Z). (2.28)

In local coordinate systems () and (') of M and N, respectively, we express du,

Vdu and VVdu and the curvature tensors R and R by

du = 2 ; gﬁ dr' ® aiya ou, (2.29)
Vdu:i]i:IEVVu - dx’ ®dxj®£ou (2.30)
ku_”ilgvvvku cdr' @ di? @ da* ®£ou (2.31)
RY = (0?3’ 0:)33) Ok Z %j 081’ 2.32)
o () T

Corollary 2.2.1. In (2.31),

ou® ouP ouY oud
Ml
V.V;Viu® = V;V,Viu® = E R == 9 E Rﬁ,ﬂ; 5’ Dl Dk (2.34)

=1 Byo=1

Proof. This is a special case of the Ricci identity in Proposition (2.2.3) with 7' = du.
O
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Proposition 2.2.4 (Weizenbock formulas). Let u € CO(M x [0,T), N) N C=(M x
(0,T), N) be a solution to (2.5). Then we have in M x (0,T),

8€a<:jt) = Ae(ut) - |VVUt|2 - Z <dut(z RZ'CM(@“ ej)ej)> dut(ei)>

i=1 j=1

) (2.35)
+ 37 (BN (dugles), dug(e))due(e;), duq(e;))

ij=1
and,

8K(Ut) . 8Ut = N 8Ut 8ut
o = D) = [V |+;<R (dur(es), ) =  duy(e;)). (2.36)

Proof. Consider the induced connection V compatible with the natural fiber metric (, )
in the vector bundle (T'M x (0,T))* @ u™"T N over M x (0,T'). Using this connection,
we denote the covariant differentiations in the directions (9/9z",0) € T, »(M x (0,T))

and (0,d/dt) € T, (M x (0,T)), respectively, by

Vi =V (9/01,0), Vi = Vo,d/d)- (2.37)

Since V is compatible with the fiber metric (, ), we see that

Vig"*hag(u) = 0, Vg has(ug) = 0. (2.38)
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Therefore,

R (5 2 2 9Mhas(u) gt g

1,j=1 a,8=1
m n - 9o 8Utg
_ Z Z 97 hap(u) (Ve tl)_
ij=1a,B=1 oxt’ OxI
From (1.72), we get
dug’ ouy _
= =V,—, 1<i<m,1<a<n.
Vi ph \Y% 5t i< m .
Consequently, we get
Oe(us) Y ij oug oup
—_= 1, h}a e B der’3
ot Z 97 hap(u) (V e )8$J
i,j=1 a,f=1
- 0ut
- ei , duy(e;
;<V ap o dule >>
Since we have
ViV =V;V Iy ip, Qg ou
* le(Ut) o RY 5 Z 9 aﬁ(ut) Ol %
1,j=1a,8=1
_ i Loul
o <z:1 g 19 haplu)ViVits 0:)39)
)=l a,f=

B
oxi

=3 > g7hap(u) (Vkvlviuf% + vlviugvkvjuf> ,

’lJ:l Cl(,ﬁ:l

)

(2.39)

(2.40)

2.41)

(2.42)

(2.43)

(2.44)

(2.45)

(2.46)
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noting V,V,ue = V,;Viug', 1 < 4,1 < m,1 < a < m as given in Corollary 1.2.1, we

get

Ae(u;) = Z "'V Ve(uy)

k=1
- - ij kKl aautﬁ 2
Y > g haﬁ(ut)vkvivlut$+|VVut‘ .

i,k l=1 =1

Now applying Corollary 2.2.1, we get

m n m 5
= Z Z gijhoﬁ(Ut <Z Kl Vkvlu?> g— + |VVut‘

ij=1aB=1 k=1
m m IB
S35 3 oot {30 (32 o) S 0
4,j=1 a,8=1 r=1

" " o Ou) Oul Ous ou’
17 kil DN t t t t
+ Z hap () < Z Z 99" Ryse dxk O dal 8xj>

a,5=1 1,7,k,l=1~vde=1

Z (Ve,7(wr), duy(e;)) + |V Vuy|?

1=1

+ Z <dut <Z RZCM (eisej)e ) dut(el)>

=

[y

_ Z dut (€:), duy(e;))du(e;), dut<61)>'

(2.47)

(2.48)

(2.49)

(2.50)

(2.51)

(2.52)

(2.53)

(2.54)

We know that Ju;/0t = 7(u;) holds since by hypothesis, u; is a solution to (2.5).

Substituting this in the above equation for Ae(u,) and then comparing with (2.43) yields

the desired identity.

O

We use The Weizenbock formulas to estimate the rates of change of the harmonic

energy F(uy).
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Corollary 2.2.2. Let u : M x [0,T) — N be a solution to the parabolic system of

equations (2.5), then

1. If N is of non-positive curvature Ky < 0, and if, furthermore, there exists a

constant C such that Ric™ > —Cg, then

8e(ut)
ot

< Ae(ug) + 2Ce(uy). (2.55)

2. If N is of non positive curvature Ky < 0, then

< Ak(uy). (2.56)

Proof. (1) Note that the fourth term of the right hand side of (2.35) is negative because

Ky is negative. Also, since Ric” > —Cg, we have

dut(z RicM (e;,¢5)e;) > —Cduy(e;). (2.57)

j=1

Therefore the third term in (2.35)

-3 <dut(z Ric™ (e;, ;)e;), dut(ei)> > C (dug(e;), dug(e;)) (2.58)
i=1 j=1
= 2e(uy). (2.59)
Here the inner product was in Hom(M, N) = I'(T'M*) ® I'(u~1T'N) The second

term in (2.35) is negative which leads to the desired inequality (2.55).
(2) follows from (2.36). U

The above corollary is remarkable since it puts bounds on rates of change of har-

monic and kinetic energy densities e(u;) and x(u;). Also note that, if M is compact,
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there always exists C' € R as required in 1. From these bounds on rates of change of

densities, we get bounds on the rate of change of harmonic energy functional itself.

Proposition 2.2.5. Let u : M x [0,T) — N be a solution to the parabolic system of

equations (2.5). Then the following holds,

1. E(u;) is a monotone non-increasing function, i.e.

d

B () = =2 (w) < 0. (2.60)

2. If N is of non-positive curvature Ky < 0, then

d? d
@E(ut) = —2EK(ut) > 0. (2.61)

Proof. (2.60) The first variational formula gives

d 8ut
—F = — — d 2.62
B == [ (S r(u)d, @.62)
0ut 8ut 0ut
= — - = —|—= 2.
= —2K (uy). (2.64)
(2.61) Differentiating one more time,
d d Ok (uy)
N — = < — . .
dtK(ut) pr /M k(ug)dpmug /M TR /M Ax(ug)dpg =0 (2.65)
by 2.56 and Green’s theorem. U

This proves that if N has non-positive curvature, then the harmonic energy E(u;) is

a convex function and the kinetic energy K (u;) is a monotone non-increasing function.
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Since E(u;) > 0, and it is monotonically decreasing, the rate of change 4 E(u;) =
K (u;) — 0 must hold. Therefore from the definition of K (u,), du;/0t — 0ast — 0.
Since we assumed u; is a solution of (2.5), 7(u;) — 0. In other words, u; converges to
a harmonic map u... Thus we have proved that if 2.5 has a solution, then the harmonic

map exists. Now, we prove existence of solution to (2.5).
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Chapter 3

Existence of Local and Global

Solutions

In this chapter we prove existence of a local solution to the heat flow (2.5). We assume
that M and N are compact. We use many results from the theory of PDEs. The results

that are used often are summarized in the Appendix A.1.

3.1 Existence of Local Solutions

First we note that

Theorem 3.1.1. If a C? differentiable map v : M — N satisfies the equation for

harmonic maps

T(u) =0 (3.1)
then, u is a C*° map.

Proof. Without loss of generality, we may verify this at each point x € M. Let V'
be a coordinate neighborhood about x € M and let W be a coordinate neighborhood
about u(z) such that u(V') C W. In the local coordinates (') in V and (y®) in W, the

equation for harmonic maps (1.90) is expressed as

Au® = — i zn: giTe Ou? 0w (3.2)

By ot j
! Oxd
4,j=1p,y=1
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where A is the Laplace operator of M and I'§", are the connection coefficients of the
Levi-Civita connection on N. Suppose u is C?. Therefore the right hand side is a C"*
function. In particular it is o-Hoélder continuous for 0 < o < 1. Consequently, u is of
C?*° from Theorem A.2.2 on differentiability for the solutions to linear elliptic partial
differential equations. Therefore, the right hand side must be C''™?. Hence u must be

C?*29 from the same theorem. Repeating the argument, we see that u is C°°. U

This tells us that we only have to show the existence of a C? solution.
In this section, we seek a local time-dependent solution to the following initial value
problem in (3.3). Namely, for sufficiently small 7", the following has a solution.

%([L’,t) :T(u(l',t)), (l‘,t) €M x (O’T)’

u(x,0) = f(x)

(3.3)

To do this, we first simplify the problem to the Euclidean case by Nash’s embedding
theorem which shows that an arbitrary compact Riemannian manifold can be isometri-
cally embedded in Euclidean space of sufficiently high dimension. Therefore, we may
assume, without loss of generality, that (N, h) is realized as a submanifold of the ¢-
dimensional Euclidean space R? for a large enough integer ¢, and that the Riemannian

metric A is the induced metric from RY. Let
1: N — R (3.4)

denote such an isometric embedding, and let N be a tubular neighborhood of the sub-

manifold i(N) C R? in RY, i.e. for sufficiently small € > 0, NV is an open subset

N = {(z,v)]z € i(N), v e T,i(N)", |v] < €}. (3.5)
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In the tubular neighborhood N, let 7 : N — i(N) denote the projection map which
assigns to each z € N the closest point in i(N) from z.

Now the idea is to transform the initial value problem (3.3) to an equivalent initial
value problem in the tubular neighborhood and prove the existence of solution. Since
the tubular neighborhood is a submanifold of the Euclidean space RY, this simplifies
things to some extent.

Let w: M x [0,T) — N be a map from M x [0,t) into N C RY. Therefore u can
be regarded as a R? valued function. Consider the initial value problem

(A — Dyu(x,t) = (u)(du, du)(z,t), (z,t) € M x (0,T),

o (3.6)

u(x,0) =1io f(x).

Here A is the Laplace operator in M, and I1(u)(du, du) is a vector in R? defined as
follows. Let (2*),_ ., be the standard coordinate system of R?, and let (%), be
the local coordinate system of /. Then we express the projection map 7 : N — i(N)

and u: M x [0,t) — N as

Then we define the components of the vector I1(u)(du, du) by

N ouP ou’
* < A<Lqg. .
2 2 9 5mge W gu ga 1EASY G2

i,j B,C=1
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Similar to (1.89), and noting that 7 is in Euclidean space and hence the connection

coefficients are zero, we can interpret 1 as
I(u)(du, du) = trace Vdr(du, du). (3.10)

The following proposition proves that instead of finding a solution to the initial value

problem (3.3), we can equivalently seek a solution to (3.6).

Proposition 3.1.2. Letu € C°(M x [0,T), N)NC*Y(M x (0,T), N). If u is a solution
to the initial value problem (3.6), then u(M x [0,T)) C i(N) holds, and u is a solution

to the initial value problem (3.3). The converse also holds true.

Proof. Suppose u € C°(M x [0,T), N) N C*>*(M x (0,T), N) is a solution of (3.6).
First we verify that u(M x [0,t)) C i(N) holds. Define a map p : N — R? by

p(z) =z—m(2), ze€(N) (3.11)

and define ¢ : M x [0,7") — R by

o(z,t) = |plu(z,t)]?, (x,t) € M x[0,T). (3.12)
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From the definition of 7, p(z) = 0 is equivalent to z € ¢(/N). Hence, it is sufficient
to show that ¢(x,t) = 0 since it implies that u(M x [0,7") € i(N)). Since u(x,0) =

io f(x) €i(N), we see that ¢(x,0) = 0. Since u is a solution of (3.6), we get

o = gt pta) =2 (a5, o)) (.13
— 2dp(Au — Ti(u)(du, du)), ), (3.14)
Ag = Alp(u), p(u)) (3.15)
= 2(Ap(u), p(w)) + 2|V p(u)[, (3.16)

where the inner product (, ) and V are in R? as usual. A is usual Laplacian in R?. We

know that the following identity holds. !

Ap(u) = dp(Au) + trace Vdp(du, du). (3.20)

"Let M, Ms, M5 be Riemannian manifolds, and let f; : M; — Ms and fo : My — Ms be smooth
maps. From Lemma 1.2.2 and definition of induced connection, for X,Y € I'(T'M;)

Vd(fzo f1)(X,Y) = Vx(dfz 0 df1(Y)) — (df2 0 df1)(VxY) (3.17)
= (Vap, x)df2)(df1(Y)) + df2(Vx (df1(Y))) — df2 0 df1(VxY) (3.18)
= Vdfa(df1(X), df1(Y)) + df2(Vdf1 (X, Y)). (3.19)

Taking trace, we get

T(fg o fl) = trace Vdfg (dfl,dfl) + df2 (T(fl))

. When M3 is Euclidean, then recalling that tension field is the Laplacian in that case, we get

A(fg o fl) = trace Vdfg (dfl , dfl) + dfg(A(fl))
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Since 7(z) + p(z) = z from the definition, we have dmw + dp = id the identity map,
and therefore, Vdm + Vdp = 0. Also note that images of dm and p are orthogonal.

Therefore, we get

Ag¢ = 2(dp(Au) — trace Vdr(du, du), p(u)) + 2|V p(u)|? (3.21)
= 2(dp(Au) — TI(du, du), p(u)) + 2|Vp(u)|* from (3.10) (3.22)
= 2{dp(Au) — (dp + dm)II(du, du), p(u)) + 2|V p(u)|? (3.23)
= 2(dp(Au — I (du, du)), p(u)) + 2|V p(u)|>. (3.24)

From (3.14), we get

9 _ oy 2
57 = 80— 2[Vp(u)l* (3.25)

Green’s theorem yields, for each t € (0,7,

d 9
4 / 6 1)y = a—f(.,t)dug S / V() Pdp, < 0. (3.26)
M M M
Therefore,
0< / o(11) < / 6(-0) =0 since o(-,1) = 0 (3.27)
M M

implying that ¢(z, t) = 0. Therefore u(M x [0,7")) C i(N) as required.
Next we verify that u is also solution of the first initial value problem (3.3). Let
u: M x[0,T7) — N be amap and set & = i o u. We want to show that if () :

M x [0,T) — i(N) is solution to the initial value problem (3.6), then u is a solution to
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the initial value problem (3.3). Hence from the footnote on the first part of the proof, we

get

AT = trace Vdi(du, du) + di(7(u)), (3.28)

trace Vdi = trace Vdn(di, di) + dr(trace Vdi) since i = 7 o 1. (3.29)

Since i : N — RY is an isometric embedding, noting that trace Vdi € T'(i~ 17TR?)
is orthogonal to i(/N) at each point, we get dm(trace Vdi) = 0. Therefore, we get

trace Vdi = trace Vdr. Substituting this in (3.28), we get
di(7(u)) = At — trace Vdr(da, du) = Au — II(dua,da) from (3.10). (3.30)

On the other hand, since di (%) = %, and assuming (3.6) holds for u, we have

di <T(u) - %?) = <A - %) @ — (@, @) = 0. (3.31)

Therefore, u is a solution of the initial value problem (3.3) as required.

The converse is clear from (3.30). [

From this, we see that we can get a time-dependent local solution to the initial value
problem (3.3) by constructing a time-dependent local solution to the initial value prob-
lem (3.6). Since the new system of equations (3.6) is a system of parabolic differential
equations with regard to the (Euclidean) vector valued functions, it is relatively easy to

discuss the existence of solutions to this problem.

Theorem 3.1.3. Let (M, g) and (N, h) be compact Riemannian manifolds. For any
C*** map f € C?*T®(M, N), there exists a positive number ¢ = ¢(M, N, f,a) > 0 and
u € C*l*/2(N x [0, €], N) such that u is a solution in M x [0, €) to the initial value

problem (3.6).
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Proof. Step 1 (Construction of an approximate solution). We linearlize the problem and
construct an approximate solution. First by identifying f with ¢ o f, we consider the

following initial value problem.

(A = g)o(e,t) =T(f)(df,df)(z), (z,t) € M x(0,1),

u(z,0) = f(x).

(3.32)

Note that in the first equation, we have I1( f) instead of II(v). This is a linear system of

equations. By assumption on f, we get
f e (MR, I(f)(df,df) € C*(M,R), (3.33)

and therefore, there exists a unique solution v € C***+2/2(M x [0, 1], R?) to (3.32)
from the theory of linear PDEs (Theorem A.2.2 in Appendix A.1). Denote the desired
solution by u. Then v approximates v at t = 0 in the following sense.

8v(x,0)| B 8u(x,t)‘
o "0 o Y

v(x,0) = u(z,0), (3.34)

Step 2 (Application of the inverse function theorem). Set Q = M x [0,1] and

consider a differential operator

P(u) = Au — %u — I(u)(du, du). (3.35)

A map u € C*o+a/2(M x [0, €], RY) satisfying P(u) = 0 is the desired solution.
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Now for 0 < o < 1, we define the subspaces X and Y in C?T®1+%/2( RY) and

ool /Q(Q’ RY), respectively, as follows:

0z(x,t)
ot

Y = {k € ¢ PQE)(Q RY)|k(z,0) = 0}. (3.37)

X = {z € CH I R2QED (5 0) = 0,

— 0} (3.36)

From the definitions, X and Y are closed subspaces of Banach spaces C>**"1+%"/2 and

C-*'/2 and therefore are Banach spaces. For a given z € X, if we put
P(z) = P(v+z) — P(v), (3.38)

where P is as defined above, then P defines a map P : X — Y (since z €
C?ralttaz () RY), P(z) € C**2(Q,R?)). In particular P(0) = 0. P is Fréchet dif-

ferentiable in a neighborhood of z = 0 with the Fréchet derivative at z = 0 given by

0 - 0

/ . A
P0)(Z) = AZ — —8tZ—A§:ljZ A ll(0)(dv, dv) = 2M(v)(dv,dZ).  (3.39)
From this, we can see that P’(0) is an isomorphism. In fact, since v €

Crel1+e'/2() RY), we see that for any K € Y, there exists a unique Z €

C?al1+e'/2( RY) such that

(P'(0)(Z)(x,t) = K(x,t), (x,t)€ M x(0,1),
(3.40)

Z(z,0) =0.

with |Z|8+a,’1+0//2) < C’|K|g’o‘,/2 from the theory of PDEs (Theorem A.2.2 in
Appendix A.1. Since K(z,0) = 0 and Z(x,0) = 0 holds, we have that 27 = 0
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holds; consequently, Z € X. This tells us that P’(0) is surjective. Also P’(0) has a
continuous inverse map as argued. Hence P’(0) is an isomorphism.

Applying inverse function theorem for Banach spaces> , P : X — Y is a home-
omorphism between sufficiently small neighborhood ¢ of 0 € X and a neighborhood
P(U) of 0 € Y. In other words, there exists a positive number § = §(M, N, f) > 0 such
that there exists a unique z € C?*T*"1+'/2(Q RY) satisfying the following conditions

for any k € C**'/2 with k(x,0) = 0 and ‘k‘g’,a’ﬂ < 6, z satisfies

B . 0z(x,1) B
P) =k, 2(2,0)=0,"5>| =0, (3.41)

Here § = 0(M, N, f). Now if we set u = v + z and w = P(v), from (3.41), we see

that there exists a u € C?F"1+2/2(Q RY) satisfying

Pu)(z,t) = (w+ k)(z,t), (z,t) € M x (0,1)

u(z,0) = f(z).

(3.42)

Step 3 (Existence of a time-dependent local solution) In order to prove the existence
of the desired time dependent solution, for a given positive number ¢, consider a C*
function ¢ : R — R satisfying ((t) = 1(t < €),((t) = 0(t > 2¢), 0 < ((t) < 1,
IC'(t)] < 2/e(t € R). We note that w = P(v) € C%%2(Q,R?) and that w(z,0) = 0

2(Inverse function theorem for Banach spaces): Let V and W be Banach spaces. Given an open
neighborhood U of 0 € V, let f : U — W be a map from U into W satistying the following conditions:
i f(0) =0and f is Fréchet differentiable in U.
ii fis C! in Fréchet sense;
iii f/(0) : V — W is ahomeomorphism; namely, f’(0) is bijective and f’(0) and its inverse map f’(0)~*
are both bounded linear operators

Then there exists an open neighborhood V' C U of 0 € U such that f is a homeomorphism from V" onto
an open neighborhood f (V') of 0 € W.
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holds from the definition of P(v) and v(z,0) = f. By computation, we can show that

there is a constant C' > 0, independent of ¢ and w such that
|Gl D < Celama 2| 0/ (3.43)

holds.
Set k = —Cw. Then K (z,0) = 0. From (3.43), we have \k\2+°‘ T2 5 for €
small enough. Consequently, there exists a u € C2T1+/2(M x [0, ¢],RY) such that

the following special case of (3.42) holds:

P(u)(z,t) =0, (x,t) € M x (0,¢)

u(x,0) = f(z).

(3.44)

Namely, we have obtained a solution u € G2+ 1+9"/2(\f x [0, €], RY) to the initial value
problem

(A = Du(z,t) = H(u)(du, du), (z,t) € M x (0,¢)
(3.45)

Since we have
f e (M,RY), (u)(du,du) € C**(M x [0, €], IR), (3.46)

we see from the theory of PDEs (Theorem A.2.2 in Appendix A.l) that u €
C2rette/2(N 5 [0, €], R?). Since u(M x [0,€]) € N for sufficiently small € such
that 0 < € < ¢, u is a solution to the initial value problem (3.6) in M x [0, €']. Applying
Proposition 3.1.2, we see that u is a solution to (3.6) in M x [0, €]. Clearly, € is a positive

number depending on M, N, f and « alone. U
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From the above theorem and Proposition 3.1.2, we get

Corollary 3.1.1. Let (M, g) and (N, h) be compact Riemannian manifolds. For a given
C?* ™ map f € C***(M, N), there exist a positive number T = T(M, N, f,a) > 0 and
u € CHel+el2(M % [0,T], N) such that

% (x,t) =T1(u(z,t), (x,t)e M x(0,T),

u(z,0) = f(x)

(3.47)

holds. Here, T =T (M, N, f, «) is a constant dependent on M, N, f, o alone.

From the results given in Appendix A.1 regarding differentiability on the local solu-

tions to a linear parabolic differential equation, we obtain

Theorem 3.1.4 (Existence of time-dependent local solutions). Let (M, g) and (N, h)
be compact Riemannian manifolds. For a given C*** map f € C***(M, N), there
exists a positive number T =T (M, N, f, o) > 0 and u € C*T1+/2(M x [0, T], N) N
C>®(M x (0,T), N) such that

%([L’,t) :T(u(l',t)), (l‘,t) €M x (O’T)’

u(x,0) = f(x)

(3.48)

holds. Here T'="T(M, N, f, «) is a constant dependent on M, N, f and « alone.

Proof. Due to the Corollary 3.1.1, we only need to verify the differentiability of u at
each point (z,t) € M x (0,7). In the local coordinates as before, we express the

parabolic equation for harmonic maps as

0 N g oub duY
S I e (22
(A 015) u E E g g (u) o B (3.49)

1,7=1p,y=1
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From the previous corollary about u, the right hand side is C'*%/2, From the theo-
rem regarding differentiability of solutions to linear parabolic PDEs (Theorem A.2.2 in
Appendix A.1), we get that u is C3T®!¥%/2_ This makes right hand side C?+1+a/2

yielding u to be C*t®1+/2 Repeating this argument, we get the desired result. O

3.2 Existence of Global Time-Dependent Solutions

To show the existence of the global solution, we want to show that the initial value

problem of the parabolic equation of the harmonic maps

%([L‘,t) :T(u(l',t)), (l‘,t) €M x (O’T)’

u(x,0) = f(x)

(3.50)

has a solution v : M x [0,00) — N when T" = oo. Such a solution is called time-
dependent global solution. As we saw in the previous section, time dependent local
solution always exists. However, (3.50) is a system of non-linear equations; hence exis-
tence of a global solution is not guaranteed. We need to estimate growth rate of the
solution u(x,t) in time ¢. Here, the curvature of N plays a crucial role. We assume

throughout that M and N are compact. Following lemma is a useful tool.

Lemma 3.2.1 (Maximum principle). Let u € C°(M x [0,T)) N C*'(M x (0,T)) be a
real valued function in M x [0,T). If u satisfies (A — 0/0t)u > 0in M x (0,T), then
max « = max u 3.51)

M x[0,T] M x{0}

holds; namely the maximum value of w in M x [0,T) is attained at a point in M x {0}.
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Proof. Let €1, €2 > (0 be positive, and set

w(z,t) =u(z,t) —eat, Q=M x[0,T — e (3.52)

Since 4 is a continuous function in (), it attains the maximum value at point (z°, y°) in
() due to compactness. We claim that t° = 0. Assume that ° > 0 and we try to get a

contradiction. Since (A — 9/0t)u > 0in M x (0, T), from the assumption, @ satisfies

N Ni—e V) €O (3.53)

in particular at (z°,¢°). Namely, in local coordinates (z*) about z°,

i~~~ | 0% Nl
— < K — — — 0 — 3.54
t — Z g {8x@xﬂ 8xk} “ (3-54)
holds at (z°, y°). But by assumption, (z°, y°) is maxima, and hence

on, , . 0d
E(zvt)_oa oz

(z°,1°) = 0 (3.55)

924

and the matrix 5775 (2°, y°) is nonpositive definite. Substituting this in (3.54), we see

that e < 0 which contradicts the assumption that it is positive. This proves the assertion
that £° = 0 and the assertion is true for %. Noting that €; and e, were arbitrary, we obtain

the desired result. U

Next we use Weizenbock formula to get the following estimate on rate of growth of

Proposition 3.2.2. Letu € C*'(M x [0,T), N)NC>=(M x (0,T), N) be a solution to

(3.50) and set uy(x) = u(x,t). Assume that N has nonpositive curvature Ky < 0 and
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Ric™ > —Cg for a constant C € R. Furthermore, let € be a positive number such that

0 < e < T. Then the following holds for the energy density functional e(u) of u:

1. Foran arbitrary (z,t) € M x (0,T),

e(uy)(x) < e sup e(f)(x). (3.56)

zeM

2. For an arbitrary (z,t) € M x [¢,T),

e(w)(w) < C(M, ) E(f), (3.57)

Here C(M,t) is a constant dependent on only M and e.

Proof. (1) From Corollary 2.2.2, we get

(A - %) e(uy) > —2Ce(uy) (3.58)

If we put v(z,t) = e 2“e(u;), we see that from the above inequality, v satisfies (A —

0/0t)v > 0in M x (0,T). hence from the maximum principle proved in Lemma 3.2.1,

e e (uy)(z) = v(z,t) < m%[w(x, 0) = mazzene(f)(z) (3.59)
Te
holds for arbitrary (x,t) € M x [0,T). (2)Similarly computation. O

The above proposition puts bounds on the rate at which the energy density functional
decreases. Another important bound on rate of growth of the solution is given in the

following proposition.
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Proposition 3.2.3. Letu € C*'(M x [0,T), N)NC>®(M x (0,T), N) be a solution to

(3.32). If N is of nonpositive curvature Ky < 0, at any (x,t), we have

ou ou
bt < bt . .
T (:c,t)) < sup ‘ o (:E,O)) (3.60)

Proof. From corollary to the Weizenbock inequality Corollary 2.2.2, we have

0
2
for uy(x) = u(x,t). Since by definition x(u;) = 3 a“gg’t) , we get the desired result
from the maximum principle Lemma 3.2.1. U

From Propositions 3.2.2 and 3.2.3, we can get that the growth rate of a solution u
to the initial value problem (3.32) is uniformly bounded with respect to time, if Ky

curvature of NV is nonpositive.

Theorem 3.2.4 (Existence of time-dependent global solutions). Let (M, g) and (N, h)
be compact Riemannian manifolds, and assume that N is of non-positive curvature
Ky < 0. Then for any C*** map f € C*'*(M,N), there exists a unique u €

CFrel+a/2(M % [0,00), N) N C®(M x (0,00), N) such that

%(m,t) = 7(u(z,t)), (x,t)€ M x (0,00),
(3.62)

u(z,0) = f(x)
holds.

Proof. We have seen in Theorem 3.1.4 that a time-dependent local solution to problem
(3.62) exists. Namely, there exists a positive number 7' = T(M, N, f,«) > 0 such

that, regardless of the curvature of /V, the initial value problem (3.62) has a solution
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u € CHI+e/2(M % [0,00), N) N C®(M x (0,00), N). Now we claim that if N is of

nonpositive curvature Ky < 0, then this solution u can be extended to M x [0, c0). Let
Ty = sup{t € [0,00) | (3.62) has a solution}. (3.63)

We will show that 7, = oco. Assume 7;, < oo, and let ¢; be a sequence converging to
Ty. By the Nash embedding theorem, we can consider /N to be a submanifold of some
Euclidean space R?. Therefore, we can regard each u(-,t;) € C*°(M,N) as a vector
valued function u : M — R?. We see that for0 < a < o < 1, the sequence of functions

{u(-,t;)} and {auégt)} form uniformly bounded subsets in the function spaces C*+¢

and C* (M, R?), respectively. Hence, these sequences become, respectively, uniformly
bounded and continuous subsets in the function spaces C*T*(M,R?) and C*(M, RY).

By the Ascoli-Arzela theorem, there exists a subsequence {¢;, } of {¢;} and functions

ou(-, Tp)

u(+, Tp) € C*T*(M,R?) and 5

€ C*(M,RY) (3.64)

such that the subsequences {u(-,t; )} and {%)} respectively, converge to u(-, Tp)

. . ou(-,t;
and 240T0)  aq t;, — Tp. Since we have %

ot = 7(u(-,t¢ix))). Therefore due to

uniform convergence, we also get at 7p, a“(é’tTO) = 7(u(-,Tp)). Thus we see that (3.62)
has a solution in M x [0,7]. By applying Theorem 3.1.4 on local time-dependent
solution, with wu(-,75) as an initial value, we can extend the solution u € [0, Tp] to

u € [0, Ty + €) for some € > 0. This contradicts the definition of 7. Thus 75 = co. [

This concludes the proof of global existence and hence proves the Eells Sampson

theorem.
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Appendix A

Holder Spaces and Some Results on

PDEs

In this chapter we state some of the results we used without proof.

A.1 Holder Spaces

Given T' > 0,let Q = M x [0,7]. Let 0 < a < 1. Given a vector valued function

u: Q) — R, set

|u|Q: sup |U(l’,t>|, (Al)
(z,H)eQ
t) — 't
@W® = syp  lu@Y) Zul@ D) (A2)
(@,),(a/ H)EQ za’ d(z,z")"
o ) — ulz,
W= s LBl (A3)
(1), (m,t')€Q t#£t |t —t \a

where d(x, 2’) is the distance between = and 2’ in M. Using these norms, we define the
8,04/2)’ |u|(2+a,1+a/2) by

norms |u| 0

Julg ™ = Julg + () + (W), (A4)
P01 = Julg + 5 g + Dyl + [Diule + (S (A3
= (Dgu)y! T (D) (A6)

+ <%>§?’ + (Dju)?. (A7)
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Here D, and D? denote the first order derivative and its covariant derivative, namely

xU—du—ZZ 5t 7' ® ia, (A.8)

i=1 a=1

m q
0
2, — — E E
Dxu = Vdu = VNju dI ® dxj & @ (A.9)

i,j=1 a=1

Norm on these is defines by,

q
ou® ou®
D,ul;, = sup C— (A.10)
Daulg = xte%;;g O O’
|D§u|é sup Z Z R VA VIR VAR VTTLS (A.11)

(xt)eMZ]k‘l 1a=1

Given non-negative integers « and «, the set of all C* continuous functions u : ) — R
whose r-th partial derivatives are a-Holder-continuous is denoted by C*+%(Q) and is
called Holder space. The Holder space C*+(Q) becomes a Banach space under the

norm

ul"r = > " sup [DPul + > (D u)g. (A.12)
Bl<x @ 18|=r

where 3 denote multi-index. Set

Cr(Q) = {u € C™(Q)] Julg™ < oo}
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With respect to these norms and function spaces, we define the function spaces

C*/2(Q,RY9) and C?F1+/2(Q, RY), respectively, by

Co2(Q,RY) = {u € CO(M x [0, T])] Jul &' < oo}, (A.13)
CHelte2(QRY) = {u € C*H (M x [0,T))] [ulg ™" <00}, (A14)
C2+a,1+a/2<Q7 Ny={ue C2+a,1+a/2<M x [0, T])] u(Q) C N}. (A.15)

C/2(Q,R9) and C?+*1+/2(Q) R?) are Banach spaces with norms \u\g’a/z,
|u|22+°"1+a/ ? respectively. Also it can be shown that C2T1+2/2((), N') is a closed subset
of C2telte/2(Q RY). C**/2(Q,R?) and C?+1+¢/2(Q), RY) are called a Holder space

on@ =M x[0,T].

A.2 Some Results on PDEs

Let €2 € R™ be a bounded and connected open set, and let P be a linear elliptic partial

differential operator given by

noo 52 moo 9
= v 2
p § :a (z) 5riea T E-_l b (z) o T d(x). (A.16)

Theorem A.2.1. (1) Given 0 < « < 1, assume that a” V', d, f € C*(Q). Then u €
C*(Q) if u € C*(Q) satisfies a linear elliptic partial differential equation Pu(z) =
f(x). (2) Furthermore, if a” ,b',d, f € C*%(Q) for given > 1, then the solution u to

(1) is C*to*2, In particular if ™, b', d, f € C*°(2), thenu € C>*(M).
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Theorem A.2.2. Let (M, g) be a compact Riemannian manifold, and set () = M X

[0, T']. Given a vector valued function u : Q — R, let

Lu:Au+6-Vu+g-u—%u (A.17)

be a parabolic partial differential operator, and consider an initial value problem

Lu(z,t) = F(x,t), (x,t) € M x (0,7T)

(A.18)
u(z,0) = f(x).
Here, the components of Au, d - Vu, b- u, %u are defined by
A I & 4 ou®P I A B ou®
Au”, ZaB (x,t)%, ZbB(x,t)u , TR (A.19)

Ifaig, by € C¥2(Q,R), 1<m, 1< A, B<q,forsome0 < a < 1, then, for any
F e C*?Q,R), feC**(M,R?), (A.20)
there exists a unique solution u € C?+1+/2(Q) RY) to (A.18) such that
G < ORI +1713) (a21)

holds. Here C'= C(M, L, q, T, «) is a constant dependent on M, L, q, T, « alone.
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A.3 Fréchet Derivative

Definition A.3.1. Let X and Y be normed linear spaces, U € X open, f : X — VYV
and x € U. Then we say f is Fréchet differentiable at x if there is a bounded linear

A € B(X,Y) such that
| f(z+h) - flx) - Ablly

lim
h—0 17l x

=0. (A.22)

We call A the Fréchet derivative of f at x and denote itby f'(x) = Df(x).

Proposition A.3.1. If f is Fréchet differentiable at x, then f'(x) = Df(x) is unique

and f is continuous at .
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