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Abstract

Magnetic Resonance Imaging (MRI) is a safe, versatile, and noninvasive imaging modality that

has revolutionized medicine by providing high-quality images of living tissue. Even though MRI

technology has been constantly evolving since its origins in the 1970’s, the time needed to acquire

MRI data can still be restrictively long in real clinical applications. This has limited MRI from

reaching its full potential, reason why constant efforts have been made in order to accelerate

the data-acquisition process. Most of the adopted approaches to reduce the data-acquisition time

involve the individual or combined use of advanced hardware and partial data-acquisition, however,

conventional approaches based on these principles can be subject to negative effects in the signal-

to-noise ratio, resolution, and/or the presence of undesired artifacts. In this study we propose

new computational imaging methods which are able to successfully reconstruct partially acquired

data obtained using advanced MRI hardware. Additionally, in this study we propose powerful

computational techniques which allow dramatic improvements in computational efficiency when

performing the reconstruction task.

In the first part of this study we propose reconstruction methods for partially acquired data

which are able to automatically identify multiple linear predictability relationships present in the

MRI data. For this purpose we rely on modern structured low-rank modeling theory and advanced

optimization techniques. Based on these tools, we make the novel observation that reference data

can be used to learn additional linear predictability relationships which considerably improve re-

construction performance in challenging scenarios. For instance, we show that linear relationships

learned from reference data allow the reconstruction of highly accelerated data acquired using an

undersampling scheme with a uniform structure. Notably, we show that these linear predictability

relationships can be learned even in cases where the reference data are not pristine.
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In the second part of this study we propose computational techniques in order to improve the

efficiency of MRI reconstruction methods. We show that reconstruction methods which are based

on the linearly predictable structure of the MRI data can be significantly enhanced in terms of

computational complexity by a simple modification in the model used for prediction. Specifically,

we show that a missing sample can be predicted using an ellipsoidal neighborhood of samples instead

of a rectangular neighborhood of samples, which allows important improvements in computational

time and memory usage with negligible effects on performance.

Finally, we study how to improve the efficiency of parallel imaging sensitivity map estimation

methods. An accurate estimation of sensitivity maps is a fundamental piece in many modern par-

allel imaging MRI reconstruction methods, which should also be performed efficiently in order to

reduce the overall reconstruction time. In this study we provide a novel theoretical description

of the sensitivity map estimation problem by leveraging on the linearly predictable structure of

the MRI data. Then, relying on these theoretical results, we propose a powerful set of computa-

tional techniques which allow massive improvements in computational complexity when integrated

to sensitivity map estimation methods based on subspaces. We show that widely used estimation

methods can achieve approximately 100-fold acceleration in computational time and dramatic sav-

ings in memory usage without sacrificing estimation accuracy. Remarkably, each of the proposed

computational techniques can also be used individually to improve the efficiency of methods in

other signal processing applications beyond MRI.
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Chapter 1

Introduction

1.1 Motivation

Magnetic Resonance Imaging (MRI) is one of the most relevant and flexible medical imaging modal-

ities in clinical medicine, which allows high-quality imaging of living tissues in a safe and noninvasive

manner. Even though MRI has been constantly pushing the frontiers of diagnostic clinical medicine

over the last 50 years, obtaining high-quality images in MRI is still subject to restrictive long data-

acquisition processes. This limits scanning throughput, affects accessibility, and contributes to

patient discomfort. Over the years many efforts have been made in order to decrease the acqui-

sition time, and one popular approach has been to develop fast acquisition protocols given the

constant improvements on MRI hardware. A second widely used approach, which does not involve

hardware modifications, corresponds to acquiring data partially. In this approach, also known as

accelerated MRI acquisition, only part of the MRI data is acquired, and effects due to the missing

data are compensated in post-acquisition stages by relying on advanced optimization algorithms.

Over the last decades researchers have been constantly trying to extend the limits of accelerated

MRI by increasing the degree of missing data in the acquisition [3–12]. However, reconstruction

methods are not always able to generate a useful image when the number of acquired samples is

too small, and one way to surpass this limitation has been to include prior knowledge in the recon-

struction process. A popular approach corresponds to leveraging autoregressive linear predictability

relationships which typically exists in the MRI data [3, 13]. Nevertheless, current reconstruction

1
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methods based on this approach have not been able to take full advantage of this type of relation-

ships, and many possibilities to obtain further improvements in image-quality remain still open.

Another essential aspect in the reconstruction of accelerated MRI data is computational com-

plexity. In many clinical applications MRI data can achieve massive dimensions, which challenges

the efficiency of reconstruction methods in terms of computation time and memory usage. For

instance, the potential high-dimensional characteristics of MRI accelerated data might result in

long reconstruction processes, which could negatively affect clinical applications where data need

to be analyzed soon afterwards the acquisition. Then, even though many reconstruction methods

exhibit powerful characteristics in terms of image-quality performance, their high computational

complexity tends to hinder their translation to clinical applications. Therefore, the development of

computational techniques to improve reconstruction efficiency has been an active area of research

in MRI.

In this work we make novel contributions in order to solve the aforementioned problems in

accelerated MRI reconstruction. These contributions are summarized in the following section.

1.2 Main Contributions

• We develop novel reconstruction methods for accelerated MRI data which leverage on mul-

tiple linear predictability relationships existent within the data, and between the data and

correlated reference datasets. Notably, these linear relationships are learned automatically by

relying on structured low-rank modeling theory. We theoretically and empirically show that

the integration of linear relationships learned from correlated reference datasets allow the

successful reconstruction of data acquired using challenging undersampling schemes, which

typically cannot be addressed by conventional methods. Remarkably, we show that the pro-

posed methods are robust to imperfections in the reference data, and that they can be used

synergistically with fast acquisition protocols based on advanced MRI hardware. Thus, the

proposed methods open new opportunities when aiming at decreasing the total scanning time.
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• We provide novel computational techniques to improve the efficiency of reconstruction meth-

ods. Specifically, we rely on advanced signal processing and linear predictability theory to

develop computational techniques which allow important improvements regarding computa-

tional time and memory usage of conventional and state-of-the-art reconstruction methods.

Remarkably, the improvements in computational complexity are achieved without compro-

mising reconstruction quality. We show that the efficiency of reconstruction methods based

on linear predictability principles can be significantly improved by a simple modification of

the model used for prediction. We make a systematic comparison between the previous and

the proposed predicting model by considering several conventional and state-of-the-art meth-

ods. We show that significant improvements in efficiency are obtained in all the cases when

adopting the proposed model.

• We propose novel theory and fast computational methods in the context of parallel imag-

ing sensitivity map estimation. The accurate and efficient estimation of sensitivity maps is

a fundamental piece in many conventional and modern MRI reconstruction methods which

leverage on parallel imaging constraints. In this work we provide a novel and intuitive theoret-

ical description of the sensitivity map estimation problem which relies on linear predictability

and structured low-rank modeling theory. Then, equipped with these theoretical results, we

propose a set of computational techniques which allow massive improvements in the compu-

tational complexity of sensitivity map estimation methods based on subspaces. Notably, we

empirically show that conventional subspace-based sensitivity map estimation methods can

achieve approximately a 100-fold acceleration in time when combined with all the proposed

computational techniques. Remarkably, this efficiency improvement affects the estimation

accuracy negligibly. Moreover, the proposed computational techniques can be used combined

or individually in several reconstruction methods and other important signal processing ap-

plications beyond MRI.
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1.3 Organization of the Document

• In Chapter 2 we describe1 how we proposed new methods for accelerated MRI reconstruction

based on leveraging autoregressive shift-invariant linear predictability relationships existent

within the data, and between the data and correlated datasets. Using structured low-rank

modeling theory we show how correlated reference datasets allows the reconstruction of ac-

celerated MRI data acquired using undersampling schemes with uniform structure. Based on

our theoretical results, we propose two reconstruction methods that leverage on constraints

learned from reference data in the spatial and in the Fourier domain, respectively. We em-

pirically show that using constraints in the Fourier domain of the reference data offers better

performance than constraints related to the spatial domain. By using these Fourier-based

and additional nonconvex low-rank constraints, we show that the proposed method success-

fully reconstruct MRI data in challenging data-acquisition scenarios. Specifically, we show

that echo planar imaging (EPI) data can be reconstructed without the presence of undesired

artifacts even when the data has been 5-fold accelerated.

• In Chapter 3 we develop2 an enhanced accelerated MRI reconstruction method based on

structured low-rank modeling principles, which is able to leverage on linear predictability

relationships learned from correlated reference datasets even in cases where they present

imperfections. We account for these reference data imperfections by proposing a novel opti-

mization approach for the reconstruction problem. By relying on our proposed optimization

techniques, we additionally show that the enhanced method is able to leverage on further

constraints learned from the reference data, which allows the reconstruction of data under

challenging acceleration regimes. Remarkably, we show that the enhanced method is able to

reconstruct EPI data even when the data has been 6-fold accelerated.

1The work presented in this Chapter 2 can also be found in [14]. Copyright belongs to IEEE Transactions on
Medical Imaging.

2The work presented in this Chapter 3 can also be found in [15]. Copyright belongs to Magnetic Resonance in
Medicine.
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• In Chapter 4 we study3 how to improve the efficiency of MRI reconstruction methods based on

linear predictability principles. We theoretically and empirically show the effects of adopting

a predicting model which assumes an ellipsoidal shape for the set of samples involved in the

prediction of missing samples, instead of a rectangular shape as implemented in conventional

approaches. We conclude that the ellipsoidal approach offers significant improvements in com-

putational time and memory usage for several MRI reconstruction methods while preserving

reconstruction quality.

• In Chapter 5 we provide a novel theoretical framework to describe the parallel imaging MRI

sensitivity map estimation problem by relying on linear predictability and structured low-

rank modeling theory. We then provide a set of powerful computational techniques which

allow massive improvements in efficiency while maintaining performance when integrated to

subspace-based sensitivity map estimation methods. We show that approximately a 100-fold

reduction in computational time is achieved when the proposed techniques are used.

Finally, we provide our conclusions in Chapter 6.

3The work presented in this Chapter 4 can also be found in [16]. Copyright belongs to Magnetic Resonance in
Medicine.
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Chapter 2

Navigator-free EPI Ghost Correction
with Structured Low-Rank Matrix
Models: New Theory and Methods

2.1 Introduction

Echo-planar imaging (EPI) [17] is currently one of the fastest MRI pulse sequences and one of

the most popular sequences for functional, diffusion, and perfusion imaging. EPI uses a train

of gradient echoes to measure multiple lines of k-space from a single excitation, but is prone to

artifacts because it employs a long readout, uses rapidly-switching high-amplitude gradients, and

measures alternating lines of k-space with different gradient polarities [18].

In conventional single-shot EPI, even and odd lines of k-space are acquired with alternating

gradient polarities. In practice, hardware imperfections, eddy currents, field inhomogeneity, con-

comitant fields, system delays, and similar phenomena can introduce signal phase errors between

k-space lines acquired with different readout gradient polarities. If these phase errors are not

correctly compensated, a Nyquist (or N/2) ghost artifact is observed corresponding to an aliased

image that is positioned a half field-of-view (FOV) away from the true spatial position along the

phase-encoding direction. In multi-shot EPI, full k-space coverage is achieved by using multiple

excitations, where a different segment of k-space is acquired using EPI for each shot. Multi-shot

EPI is used to reduce the EPI echo train, which subsequently reduces distortion and spin-dephasing

7
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effects from local field inhomogeneity. Images can then be reconstructed by interleaving the multi-

shot data together. As in the single-shot case, the mismatch between different gradient polarities

also leads to Nyquist ghost artifacts for multi-shot data. However, multi-shot data may also ex-

hibit additional ghost artifacts if there happen to be inconsistencies between each shot – including

system drift, subject motion, and, particularly in the case of gradient-recalled EPI, respiration.

Many approaches to ghost correction have been proposed over the years, which we group into two

main categories. The first category contains simple model-based approaches such as Refs. [19–26],

which assume a low-dimensional model to describe a systematic phase mismatch between even and

odd lines. The parameters of the mismatch model are often estimated using separate navigator

data, and can then be used to correct the mismatch in the measured EPI data. While these

methods are widely used and can work well when the mismatch model is accurate, phenomena such

as eddy currents can lead to more complicated data mismatches that are not fully captured by

simple models.

This paper focuses on the second category of methods, which includes those described in Refs. [1,

27–30]. These methods rely on a more flexible model in which the data samples of each gradient

polarity/shot are assumed to be coming from different but highly-correlated images. For example,

it is often assumed that the images corresponding to different gradient polarities or shots have the

same image magnitudes but different image phases.1 This is similar to how parallel imaging methods

like SENSE [6] and GRAPPA [5] assume that the different channels of an array receiver coil acquire

images that are different (i.e., modulated by different coil sensitivity profiles) but highly correlated.

As a result, it is not surprising that many recent ghost correction approaches can be viewed as

adaptations of previous parallel imaging methods to the ghost correction context. An example is

the dual-polarity GRAPPA (DPG) method [28], which treats different polarities as if they were

different virtual coils, and uses a dual GRAPPA kernel (with the GRAPPA weights divided into two

halves corresponding to the two different gradient polarities) to synthesize a ghost-free fully-sampled

image. Even though methods from the second category have been shown to have state-of-the-art

1This assumption is a simplification of the true imaging physics, and may not fully account for any time-dependent
effects that evolve dynamically during data acquisition (e.g., due to eddy currents). More detailed modeling has been
considered in some previous work, e.g., [19], though the simplified image-domain model described above underlies
much of the recent literature.
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performance in many challenging scenarios, they can still suffer from artifacts in certain cases. For

example, DPG can fail to successfully correct ghost artifacts if there are mismatches between the

measured EPI data and the autocalibration signal (ACS) used to train the dual GRAPPA kernel.

This type of mismatch can occur because of changes in the measured data as a function of time,

e.g., due to respiration [2]. In addition, most of the methods in the second category rely on the use

of multichannel data, and are not easily applicable to single-channel ghost-correction.

Recently, novel image reconstruction methods have been proposed that enable calibrationless

single-channel and multi-channel image reconstruction from undersampled k-space data using struc-

tured low-rank matrix (SLM) completion approaches [12,31–37]. SLM approaches are based on the

assumption that there exist linear dependencies in k-space due to limited image support, smooth im-

age phase variations, parallel imaging constraints, and/or transform-domain image sparsity. While

such constraints have been used before in EPI ghost correction, e.g., Refs. [19,38], the SLM formu-

lation of these constraints is distinct from classical approaches. SLM approaches were not originally

developed for EPI data, but have very recently been adapted to such contexts [35,39–42]. These ap-

proaches have demonstrated to yield state-of-the-art performance in highly-accelerated EPI image

reconstruction [35] and the ability to perform navigator-free EPI ghost correction [39–42].

In this paper, we analyze theoretical aspects of navigator-free EPI ghost correction using SLM

approaches and obtain new insights that have major implications for ghost correction performance.

Specifically, we prove that the SLM completion problem associated with ghost correction either has

a non-unique solution or a unique solution that is undesirable. Based on this result, we observe that

constraints are needed to ensure the performance of SLM-based ghost correction, and investigate

two approaches that achieve substantially improved results. A preliminary account of portions of

this work was previously given in Ref. [43].

In our first approach, we combine ideas from the LORAKS [12, 32, 33, 35] SLM framework

with coil sensitivity maps within the SENSE framework, as has previously been done for EPI

reconstruction [35] and EPI ghost correction [40, 41]. Compared to MUSSELS [40, 41] (a similar

SENSE-based ghost correction method), our new approach makes use of a nonconvex regularization

function from earlier LORAKS work [12,32–35] which yields improved results, both in theory and
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in practice, than the convex approach used in MUSSELS. Additionally, MUSSELS uses one of

the simpler forms of SLM construction (named the C-matrix in the terminology of LORAKS

[32, 33]) that incorporates support and parallel imaging constraints, but does not leverage image

phase constraints. Our new SENSE-based approach takes advantage of a more advanced SLM

construction (named the S-matrix in the terminology of LORAKS [32,33]).

Our second approach combines LORAKS with k-space domain parallel imaging linear pre-

dictability constraints, like those used in GRAPPA [5], SPIRiT [7], and PRUNO [9]. In our imple-

mentation, these constraints are imposed within the broader framework of autocalibrated LORAKS

(AC-LORAKS) [11]. To the best of our knowledge, this is the first time that this type of informa-

tion has been combined with structured low-rank matrix completion methods in the context of EPI

ghost correction. This second new approach not only works for multi-channel data as expected,

but remarkably, we observe it also works for ghost correction of single-channel data in some cases.

This paper is organized as follows. Section 2.2 reviews SLM approaches and defines the notation

used in the rest of the paper. Section 2.3 presents our novel theoretical analysis of unconstrained

SLM methods for EPI ghost correction. Section 2.4 describes new constrained SLM formulations

that we propose to overcome the theoretical limitations of unconstrained approaches. Section 2.5

presents a systematic evaluation of these approaches with respect to current state-of-the-art ap-

proaches. Finally, discussion and conclusions are presented in Sec. 2.6.

2.2 Background and Notation

While many SLM descriptions have appeared in the literature, our description of SLM will focus

on the perspectives and terminology from the LORAKS framework. For simplicity, we only present

a high-level review of LORAKS for the 2D case, and refer interested readers to Refs. [12,32–34] for

more general descriptions and additional details.

LORAKS is a flexible constrained reconstruction framework that uses SLM modeling to unify

and jointly impose several different classical and widely used MRI reconstruction constraints: lim-

ited image support constraints, smooth phase constraints, parallel imaging constraints, and sparsity
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constraints [12,32–34]. LORAKS is based on the observation that if any of these constraints is ap-

propriate for a given image, then the Nyquist-sampled k-space data for that image will possess

shift-invariant linear prediction relationships. These relationships mean that missing/corrupted

data samples can be extrapolated or imputed as a weighted linear combination of neighboring

points in k-space. Such linear prediction relationships imply that the k-space data will lie in a low-

dimensional subspace, and SLM approaches can implicitly learn and impose this subspace structure

directly from undersampled/low-quality data.

Importantly, while the data will possess linear prediction relationships and lie in a low-dimensional

subspace under assumptions about the image support, phase, etc., the LORAKS approach is ag-

nostic to the original source of these relationships. Instead, the approach attempts to identify and

utilize all of the linear prediction relationships that are present in the k-space data, regardless

of their source. This means that, while LORAKS reconstruction may be easier when support,

phase, and parallel imaging constraints are applicable simultaneously, the LORAKS approach can

still function when one or more of these constraints is inapplicable, as long as there are sufficient

sources of linear predictability in the data.

The basic premise of the LORAKS support constraint [32] is that, if there are large regions

of the FOV in which the true image is identically zero and if s(kx, ky) represents the Fourier

transform of the true image, then there exist infinitely many k-space functions f(kx, ky) such

that s(kx, ky) ∗ f(kx, ky) ≈ 0, where ∗ denotes the standard convolution operation. If we let k

denote the vector of samples of s(kx, ky) on the Cartesian Nyquist grid for the FOV and let f

represent the samples of f(kx, ky) on the same Cartesian grid, then the convolution relationship

can be expressed in matrix-vector form as PC(k)f ≈ 0, where the operator PC(k) forms a Toeplitz-

structured convolution matrix (called the LORAKS C-matrix [32]) out of the entries of k. Since

there are many such vectors f that satisfy this relationship, we observe that the LORAKS C-matrix

will be approximately low-rank.

The basic premise of the LORAKS phase constraint [32,33] is that, if the image has smoothly-

varying phase and the image has limited support, then there are infinitely many functions h(kx, ky)
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such that s(kx, ky) ∗ h(kx, ky) − s̄(−kx,−ky) ∗ h̄(kx, ky) ≈ 0, where s̄(kx, ky) and h̄(kx, ky) are re-

spectively the complex conjugates of s(kx, ky) and h(kx, ky). Similar to the previous case, this

convolution relationship can be expressed in a matrix-vector form as PS(k)h ≈ 0, where the opera-

tor PS(k) combines a Toeplitz-structured convolution matrix with a Hankel-structured convolution

matrix (resulting in what we call the LORAKS S-matrix [32, 33]) out of the entries of k, and h

is the vector of Nyquist samples of h(kx, ky) and h̄(kx, ky). Since there are many such vectors h

that satisfy this relationship, we observe that the LORAKS S-matrix will also be approximately

low-rank.

These low-rank matrix constructions are easily generalized to the context of parallel imaging.

Specifically, assume that data is acquired from Nc channels, and let kn denote the vector of k-space

samples from the nth channel, and let ktot denote the vector containing the k-space samples from

all channels. It has been shown that the concatenated matrix

CP (ktot) =

[
PC(k1) PC(k2) · · · PC(kNc)

]
(2.1)

will generally have low rank [9, 12,31], and that the concatenated matrix

SP (ktot) =

[
PS(k1) PS(k2) · · · PS(kNc)

]
(2.2)

will also generally have low rank [12]. Note that Eqs. (2.1) and (2.2) reduce to the standard single-

channel case when Nc = 1, so we will use these expressions for both the single-channel and the

multi-channel cases.

The observation that these matrices have approximately low rank is valuable, because these

low-rank characteristics can be exploited to improve image reconstruction quality. Specifically, by

enforcing one or more of these low-rank constraints during image reconstruction, it becomes possible

to reconstruct high-quality images from highly accelerated and/or unconventionally sampled k-space

data.

The preceding paragraphs described SLM approaches for single-channel and multi-channel im-

age reconstruction for general contexts, but without specialization to ghost correction for EPI.
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However, as described in the introduction, there is a straightforward analogy between parallel

imaging and Nyquist ghost correction. For the sake of simplicity and without loss of generality, we

will describe the SLM matrix construction for this case in the context of single-shot imaging with

positive and negative readout polarities (denoted RO+ and RO−, respectively), noting that the

extension to multi-shot imaging is trivial (obtained by concatenating together the SLM matrices

for each shot as if the different shots were coming from different receiver coils in a parallel imaging

experiment). Let k+
tot and k−tot represent hypothetical vectors of Nyquist-sampled Cartesian k-space

data for the two different readout gradient polarities from either a single-channel or multi-channel

experiment. Under the assumption that we can treat different readout polarities in the same way

we treat different receiver coils in parallel imaging, we expect the matrices

[
CP (k+

tot) CP (k−tot)

]
(2.3)

and [
SP (k+

tot) SP (k−tot)

]
(2.4)

to be approximately low-rank.2 However, due to the form of single-shot EPI imaging, we only

measure a subset of the phase encoding lines of k+
tot and k−tot. Specifically, let the measured data

for the RO+ and RO− be respectively denoted as d+
tot and d−tot, respectively, with d+

tot = A+k+
tot

and d−tot = A−k−tot, where A+ and A− are simple subsampling matrices that extract the measured

entries of k+
tot and k−tot (i.e., A+ and A− are formed by concatenating the rows of the identity

matrix corresponding to the k-space sampling masks for each polarity).

2As noted in the introduction, the widely-used assumption that different readout polarities are different modula-
tions of some original image (which forms the basis for the analogy between parallel imaging and ghost correction) is
a simplification of the true imaging physics. However, it should be noted that Eqs. (2.3) and (2.4) may still possess
low-rank structure even if this assumption is violated. In particular, these LORAKS matrices will have low-rank
structure as long as there exist shift-invariant linear prediction relationships in k-space, and the LORAKS approach
is agnostic to the original source of such relationships. We believe that deriving the existence of linear prediction
relationships in the presence of more realistic models (e.g., accounting for eddy currents) may be feasible, although
it is beyond the scope of the present work. Nevertheless, the results we show later with real data seem to imply that
linear predictability assumptions are reasonably applicable in the real scenarios we have examined.
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With these definitions, we can now describe previous SLM-based EPI ghost correction methods

with a consistent language. For example, the earliest and simplest such approach, ALOHA [39],

can be viewed as a special case of the optimization problem

{
k̂+

tot, k̂
−
tot

}
= argmin
{k+

tot,k
−
tot}
J

([
CP (k+

tot) CP (k−tot)

])
, (2.5)

subject to the additional data-consistency constraints that A+k̂+
tot = d+

tot and A−k̂−tot = d−tot.

Here, J (·) is a cost function that depends only on the singular values of its matrix argument, and

promotes low-rank solutions. In the sequel, we will use the notation

LC(k±tot) = J

([
CP (k+

tot) CP (k−tot)

])
, (2.6)

where k±tot concatenates k+
tot and k−tot. Similarly, we will also use LS(·) to denote the function with

the same form as Eq. (2.6), but switching from the LORAKS C-matrix to the LORAKS S-matrix

by replacing all instances of CP with SP .

A popular choice for J (·) in the general low-rank matrix completion literature (and the choice

made by Ref. [39]) is the nuclear norm, which is a convex function that is known to encourage

minimum-rank solutions [44]. The nuclear norm of a matrix G is defined as

‖G‖∗ =

rank(G)∑
i=1

σi(G), (2.7)

where σi(G) is the ith singular value of G. Another potential choice of J (·), which was proposed

in the original LORAKS work [32] but which has not been used in the EPI ghost correction work

by other groups, is defined by

Jr(G) =

rank(G)∑
i=r+1

(σi(G))2, (2.8)

where r is a user-selected parameter. This cost function is nonconvex, and Jr(G) will equal zero

whenever rank(G) ≤ r. However, if rank(G) > r, then Jr(G) will be nonzero, and equal to the

squared Frobenius norm error that is incurred when G is optimally approximated by a rank-r
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matrix. As a result, this cost function will encourage the reconstructed image to have a LORAKS

matrix that is approximately rank-r or lower.

The following subsection provides a novel theoretical analysis of the optimization problem from

Eq. (2.5), which reveals that it has several undesirable characteristics.

2.3 Analysis of SLM EPI Ghost Correction

For our analysis, we assume a typical setup in which the nominal fully-sampled k-space dataset has

equally-spaced consecutive phase encoding positions. For the sake of brevity, we will assume fully-

sampled single-channel EPI imaging3 in which d+
tot corresponds to the full set of measured even

phase encoding positions, while d−tot corresponds to the full set of measured odd phase encoding

positions.

Notice that the form of A+ implies that AH
+ A+ is a diagonal projection matrix, and that

multiplying any vector of k-space samples by AH
+ A+ is equivalent to preserving the values of the

even phase encoding lines while setting the values of the odd phase encoding lines to zero. Similarly,

AH
−A− is a diagonal projection matrix, and multiplying any vector of k-space samples by AH

−A−

is equivalent to preserving the values of the odd phase encoding lines while setting the values of

the even phase encoding lines to zero. Additionally, we have that AH
+ A+ = I−AH

−A−, where I is

the identity matrix.

Using these facts together with the vector space concepts of orthogonal complements and direct

sums [45], we know that if {k̂+
tot, k̂

−
tot} obeys the data fidelity constraint from Eq. (2.5), then there

exist corresponding vectors y and z such that we can write

k̂+
tot = AH

+ d+
tot + AH

−A−y

k̂−tot = AH
−d−tot + AH

+ A+z.

(2.9)

We have the following theoretical results:

3Generalized theoretical results for the case of parallel imaging with uniformly undersampled phase encoding can
also be derived using the same principles we used for the single-channel fully-sampled case. We have elected not to
show these derivations because they are intellectually straightforward extensions of the single-channel fully-sampled
case, but require a lot of additional notation to describe.
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Theorem 1. Given the context described above and arbitrary vectors y and z, the singular

values of the matrix [
CP (k̂+

tot) CP (k̂−tot)

]
(2.10)

are identical to the singular values of the matrix

[
CP (k̃+

tot) CP (k̃−tot)

]
, (2.11)

with

k̃+
tot = AH

+ d+
tot −AH

−A−y

k̃−tot = AH
−d−tot −AH

+ A+z.

(2.12)

Note that k̃+
tot and k̃−tot from Eq. (2.12) are identical to the vectors k̂+

tot and k̂−tot appearing in

Eq. (2.9), except that the estimates of the unmeasured data samples have been multiplied by -1.

The proof of this theorem is sketched in the Supplementary Information section. Some basic

intuition for this result is that we can multiply our estimates for the unmeasured k-space lines by -1

without impacting fidelity with the measured data. Due to uniform subsampling of each gradient

polarity by a factor of 2, this multiplication procedure is equivalent to applying linear phase in k-

space, which corresponds to a spatial shift of the image by half the FOV along the phase encoding

dimension (and a 180◦ constant phase offset for the RO− polarity). This shifting procedure has no

effect on the image support or on the correlations that exist between the different coils, and thus

has no impact on the singular values or the rank of the LORAKS matrix. This means that if we

have one solution to Eq. (2.5), then it is easy for us to construct another solution to Eq. (2.5), and

this optimization problem will generally not have a unique useful solution.

The following corollaries formalize some of these statements and provide additional useful in-

sight.

Corollary 1. Equation (2.5) either has the unique solution {k̂+
tot, k̂

−
tot} = {AH

+ d+
tot,A

H
−d−tot}

which corresponds to zero-filling of the measured data, or it has at least two distinct optimal solutions

that share exactly the same cost function value.
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(a) Original Data (b) Modulated Data

Figure 2.1: (a) EPI magnitude (top) and phase (bottom) images corresponding to (left) RO+ data and
(right) RO− data. These alias-free images correspond to real data obtained with the PLACE method [1].
(b) Images corresponding to the same data from (a), except that the odd k-space lines for RO+ and the even
k-space lines for RO− have been multiplied by -1.

Corollary 2. If the cost function J(·) is chosen to be convex (e.g., the nuclear norm), then

the zero-filled solution is always an optimal solution of Eq. (2.5). If Eq. (2.5) has more than one

optimal solution, then it has infinitely many optimal solutions.

Corollary 3. Theorem 1 and Corollaries 1 and 2 are still true if we replace CP (·) in Eqs. (2.5),

(2.10), and (2.11) with SP (·).

Corollary 1 is proven in the Supplementary Information section, and implies that the opti-

mization problem of Eq. (2.5) either has a trivial undesirable solution corresponding to zero-filling

of the measured data, or it is an ill-posed optimization problem that does not possess a unique

solution. While some of the solutions to Eq. (2.5) may be desirable, there are no guarantees that

the algorithm we use to minimize Eq. (2.5) will yield one of these desirable solutions. Corollary 2

is also proven in the Supplementary Information section, and suggests that the use of convex cost

functions to impose LORAKS constraints is likely to be suboptimal relative to the use of nonconvex

cost functions. It should be noted that, unlike recent Nyquist ghost correction methods [39–41]

which have made use of the convex nuclear norm, the early structured low-rank matrix completion

methods for MRI all made use of nonconvex cost functions [12,31–33]. These nonconvex options are

likely to be better for this problem setting. Corollary 3 is stated without proof (but can be proved

using an approach that is similar to our proof of Theorem 1), and indicates that the deficiencies of

Eq. (2.5) are not alleviated by switching from the LORAKS C-matrix to the LORAKS S-matrix.
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Figure 2.2: Plots of the singular values for the LORAKS matrices from Eq. (2.3) for the k-space datasets
from Figs. 2.1(a) and (b).

−0.2 0 0.2 0.4 0.6 0.8 1 1.2

1.1

1.2

1.3

1.4

1.5

α

(a) Convex (Eq. (5) with (7))

−0.2 0 0.2 0.4 0.6 0.8 1 1.2

0

0.5

1

1.5

×10−3

α

(b) Nonconvex (Eq. (5) with (8))

−0.2 0 0.2 0.4 0.6 0.8 1 1.2

0

1

2

3

×10−4

α

(c) Noncvx. w/SENSE (Eq. (13))

−0.2 0 0.2 0.4 0.6 0.8 1 1.2

0

2

4

6

×10−2

α
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Figure 2.3: Letting k±
1 and k±

2 denote the k-space data for the images in Figs. 1(a) and 1(b), respectively,
we plot the cost function value LC

(
αk±

1 + (1− α)k±
2

)
as a function of α. Setting α = 0 yields the cost

function value for the images from Fig. 2.1(a), setting α = 1 yields the cost function value for the images
from Fig. 2.1(b), while setting α = 0.5 yields the cost function value for the zero-filled solution. Results are
shown for different (a) convex and (b-d) nonconvex choices of J(·). The rank parameter r = 40 has been
used in the nonconvex cases shown in (b-d), both without (a,b) and with (c,d) additional constraints.

Practical illustrations of these theoretical results are shown in Figs. 2.1–2.3. Figure 2.1 shows

two different sets of EPI images that are both perfectly consistent with standard fully-sampled EPI

data. The difference between the two datasets is the same as the difference between Eqs. (2.9) and

(2.12). As expected, this k-space phase difference leads to shifting of the images for both RO+ and

RO− by half the FOV, as well as adding a constant phase offset for the RO− image. Figure 2.2 shows

a plot of the singular values of the LORAKS C-matrices corresponding to these two datasets. As

expected from Theorem 1, the singular values are identical in both cases. Figure 2.3(a,b) illustrates

the difference in behavior between convex and nonconvex cost functions J(·). Figure 2.3(a) shows
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that the zero-filled solution is a minimum of Eq. (2.5) in the convex case, as expected from Corollary

2, and that there are many different images with very similar cost function values. Notably, the

images from Fig. 2.1(a) and (b) are not optimal solutions in this convex case, even though they

both have high quality and appear to be devoid of ghost artifacts. Figure 2.3(b) shows that the

cost function has more desirable behavior in the nonconvex case (e.g., the zero-filled solution is no

longer a minimum of Eq. (2.5), and there are sharp local minima in the vicinity of the images from

Fig. 2.1), although the solution to Eq. (2.5) is still not unique in this case as we should expect

based on Corollary 1.

While it may be possible to get a useful result from solving Eq. (2.5), it should be noted that in

the presence of multiple global minimizers, it is difficult to ensure that an optimization algorithm

will always converge to a desirable minimum. Incorporating additional constraints on the solution

is a straightforward way to reduce the ambiguity associated with Eq. (2.5), and we describe two

practical approaches for this in the next section.

2.4 Constrained SLM Formulations

2.4.1 Formulation using SENSE Constraints

A natural approach to imposing additional constraints on SLM reconstruction is to use coil sensi-

tivity map information within the SENSE framework [6], assuming that coil sensitivity profiles are

available and that data is acquired using a multi-channel receiver array. This style of approach has

been used previously for both EPI reconstruction (assuming ghosts have been precorrected using

navigator data) [35] and for navigator-free EPI ghost correction [40, 41]. Our proposed approach

can be viewed as a combination of these two previous formulations.

In this work, we propose to use the following formulation for navigator-free EPI ghost correction

using SENSE:

{ρ̂+, ρ̂−} = arg min
{ρ+,ρ−}

‖E+ρ
+ − d+

tot‖22 (2.13)

+‖E−ρ− − d−tot‖22 + λLS(k±tot), (2.14)
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subject to the constraints that Eρ+ = k+
tot, that Eρ− = k−tot, and that k±tot is the concatenation

of k+
tot and k−tot. In this formulation, we are using SENSE to reconstruct one image for RO+ (ρ+)

and another image for RO− (ρ−), and the only coupling that occurs between the two comes from

the SLM regularization term. We have also used E+, E−, and E to denote the standard SENSE

matrices (mapping from the image domain to k-space) corresponding to RO+ subsampling, RO−

subsampling, and full Nyquist sampling, respectively. These three matrices all use exactly the same

sensitivity profiles, and differ only in the associated k-space sampling patterns. In addition, λ is a

regularization parameter, and we suggest the use of the nonconvex regularizer from Eq. (2.8) for

LS(·).

A major difference between this proposed approach and our previous SENSE-LORAKS work [35]

is the separation of the RO+ and RO− datasets, which enables navigator-free ghost correction. The

main difference between this proposed approach and MUSSELS [40,41] is that MUSSELS used the

LORAKS C-matrix and nuclear norm regularization, while we advocate use of the LORAKS S-

matrix with nonconvex regularization. Another major difference from MUSSELS is that, in the

multi-channel case, we use the multi-channel LORAKS matrices (concatenating 2Nc SLMs) of

Eqs. (2.3) and (2.4) [35], instead of concatenating only 2 SLMs formed from the SENSE recon-

structions of each gradient polarity.

Equation (2.14) has been written assuming single-shot data. In the multi-shot case with phase

inconsistencies between different shots, we generalize Eq. (2.14) by reconstructing a separate image

for each polarity and each shot, with a separate SENSE encoding matrix and data fidelity term for

each. Note that separating the data from different shots increases the effective acceleration factor

for each data consistency term and is also associated with additional computational complexity.

There are many ways to solve the optimization problem in Eq. (2.14). In this paper, we use the

simple majorize-minimize approach from Ref. [35], as described in the Supplementary Information

section.

As shown in Fig. 2.3(c), incorporating SENSE constraints changes the shape of the cost function

and can help to resolve the uniqueness issues associated with the inverse problem. In particular,
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we observe that in this case, the extra information provided by SENSE constraints reduces the am-

biguity between solutions, and causes the local minimum associated with α = 0 to be substantially

preferred over the local minimum associated with α = 1. However, it appears that in this case, the

nonconvex cost function may still have multiple local minima, in which case careful initialization

may be necessary to ensure that the iterative approach converges to a good local minimum.

2.4.2 Formulation using AC-LORAKS Constraints

Another natural approach is to use k-space constraints like those of GRAPPA [5], SPIRiT [7], and

PRUNO [9]. In this work, we use a formulation based on AC-LORAKS [11] (with strong similarities

to PRUNO [9]). Specifically, in the single-shot case, we solve

{
k̂+

tot, k̂
−
tot

}
= arg min

{k+
tot,k

−
tot}
∥∥CP (k+

tot)N
∥∥2

F
(2.15)

+
∥∥CP (k−tot)N

∥∥2

F
+ λLS(k±tot), (2.16)

subject to the constraints that d+
tot = A+k+

tot, d−tot = A−k−tot, and that k±tot is the concatenation of

k+
tot and k−tot. In this expression, ‖·‖F denotes the Frobenius norm, and the matrix N is an estimate

of the approximate right nullspace of a LORAKS C-matrix formed from ACS data acquired in a

standard parallel imaging calibration pre-scan. The first two terms of Eq. (2.16) are similar to the

first two terms of Eq. (2.14), in the sense that they impose support and parallel imaging constraints

derived from some form of prescan, but do not make any assumptions about the relationship between

k+
tot and k−tot or the relationship between the image-domain phase characteristics of the calibration

data and the image-domain phase characteristics of the EPI data being reconstructed. Similarly,

the third terms in Eqs. (2.14) and (2.16) are the only terms that introduce coupling between k+
tot

and k−tot, and the only terms that use the LORAKS S-matrix to introduce constraints on the image

phase. The use of phase constraints is useful both for partial Fourier EPI acquisition and for

stabilizing the reconstruction of symmetrically-acquired EPI data [35]. As before, we suggest using

the nonconvex regularizer from Eq. (2.8) for LS(·).



22 2.5. Results

As shown in Fig. 2.3(d), incorporating AC-LORAKS constraints also changes the shape of

the cost function. Just like with SENSE constraints, we observe that the additional information

provided by the AC-LORAKS constraints leads to less ambiguity, and a clear preference towards

the desired solution at α = 0. However, the AC-LORAKS approach appears to be even more

beneficial than the SENSE approach in this case, since we no longer observe a local minimum

associated with α = 1 in this case. As a result, we may expect that the AC-LORAKS approach is

less sensitive to local minima and yields better solutions than the SENSE approach.

Similar to before, Eq. (2.16) is written for the single-shot case, but the generalization to multi-

shot EPI is straightforward by separating and jointly reconstructing images for each polarity and

shot. And similar to Eq. (2.14), there are also many ways to solve the optimization problem in

Eq. (2.16). These two optimization problems have very similar structure (i.e., the first two terms

are least-squares penalties, while the third term encourages low-rank matrix structure), and as a

consequence, we have used a minor modification of the algorithm we used for solving Eq. (2.14) to

also solve Eq. (2.16).

An interesting feature of our proposed AC-LORAKS formulation is that it can potentially work

with single-channel data [11]. This is a major advantage over our proposed SENSE formulation,

which is not expected to produce good results unless a multiple-channel receiver array is used.

It should be noted that while many human MRI experiments use parallel imaging, single-channel

reconstruction is still highly relevant in a variety of situations, including animal studies and studies

of human anatomy that make use of specialized receiver coil technology (e.g., single-channel prostate

coils).

2.5 Results

This section describes evaluations of our new LORAKS-based EPI ghost correction methods using

navigator-free gradient-echo EPI data acquired from phantoms and in vivo human brains. The

phantom data shown in Fig. 2.6 were acquired using a gradient echo EPI sequence on a Siemens

3T Tim Trio using a standard product 12-channel receiver array (compressed in hardware down

to 4 channels). The imaging parameters were: FOV = 24 mm × 24 mm; matrix size 64×64;
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Figure 2.4: Comparison of different reconstruction techniques using prospectively undersampled (except the
R = 5 case, which is retrospectively undersampled) in vivo single-shot EPI data at different parallel imaging
acceleration factors.

slice thickness = 5 mm; TR = 1.46 sec; TE = 38 msec. The phantom data used in Figs. 2.15

and 2.16(a) were acquired using a gradient echo EPI sequence on a Siemens 3T Tim Trio using

a standard product 12-channel receiver array. The imaging parameters were: FOV = 24 mm ×

24 mm; matrix size 96×96; slice thickness = 5 mm; TR = 60 msec; TE = 28 msec. The in vivo

data were acquired using a gradient echo EPI sequence on a Siemens (Erlangen, Germany) 3T

Prisma Fit using a standard product 32-channel receiver array. The imaging parameters were:

FOV = 220 mm × 220 mm; matrix size 128×128; slice thickness = 3 mm; TR = 2.08 sec; TE

= 47 msec; acceleration factor R ∈ {1, 2, 3, 4, 5}. For each dataset, ACS data (used both for

estimating nullspaces and for estimating sensitivity maps) was acquired using the same approach

as previously used in DPG [28]. Most of the reconstructions we show in this section estimate

separate images for each gradient polarity and each shot, and some also estimate separate images
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R = 1 R = 2 R = 3 R = 4

(a) DPG

R = 1 R = 2 R = 3 R = 4

(b) LORAKS (AC-LORAKS)

Figure 2.5: Comparison between (a) DPG and (b) LORAKS with AC-LORAKS constraints for the real
single-shot EPI in vivo brain data from Fig. 2.4. Instead of showing coil-combined images, a single repre-
sentative channel is shown to avoid contamination of the phase characteristics induced by coil combination.

for each coil. While various approaches exist for combining together multiple images from different

coils/polarities/shots for visualization, for simplicity and consistency we have combined the multiple

images into a single image using principal component analysis, which is a standard method for

parallel imaging coil compression/combination [46, 47]. Unless otherwise specified, our LORAKS-

based results also always use the nonconvex regularization penalty from Eq. (2.8), with the rank

threshold r chosen based on the singular values of the LORAKS matrix formed from ACS data.

Specifically, r was chosen as the point at which the plot of the singular values appears to flatten out,

which is a standard approach to matrix rank estimation in the presence of noise. For methods that

use regularization parameters, λ was initially set to a small value (λ = 10−3), and if necessary based

on visual assessment of image ghost artifacts, was gradually increased until good reconstructions

were observed. LORAKS-based reconstructions were performed based on adaptations of publicly-

available code [10].

Figure 2.4 shows a comparison of different parallel imaging reconstruction and EPI ghost cor-

rection methods for in vivo single-shot EPI data. A gold standard image with fully-sampled RO+

data and fully-sampled RO− images was obtained using PLACE [1] with a 32-channel receiver coil

and an 128×128 acquisition matrix. We also acquired standard fully-sampled EPI (acceleration

factor R = 1, with each gradient polarity undersampled by a factor of two) and prospectively

accelerated EPI acquisitions for a range of acceleration factors (R = 2, 3, 4). Additionally, the

acceleration factor of R = 5 was simulated by retrospectively undersampling the PLACE data.
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Figure 2.6: (top) Magnitude and (bottom) phase images corresponding to reconstruction of unaccelerated
(R = 1) single-channel single-shot EPI phantom data.

Reconstructions were performed using unconstrained LORAKS as in Eq. (2.5) but using the LO-

RAKS S-matrix, LORAKS with SENSE constraints as in Eq. (2.14) in both convex (Eq. (2.7)) and

nonconvex (Eq. (2.8)) variations, and LORAKS with AC-LORAKS constraints as in Eq. (2.16). For

SENSE-based reconstruction, sensitivity profiles were estimated using ESPIRiT [8]. For compari-

son, we also performed MUSSELS reconstruction [40, 41] and independent SENSE reconstruction

of each gradient polarity [27] without LORAKS-based regularization (equivalent to setting λ = 0

in Eq. (2.14)).

The figure shows that SENSE without SLM regularization works well for low-acceleration fac-

tors, though faces challenges at high acceleration factors. This behavior is expected as an EPI

acceleration factor of R = 5 is an effective acceleration factor of R = 10 for each readout polarity,

which is a very challenging case for SENSE reconstruction. We also observe that unconstrained

LORAKS reconstruction has severe problems, as should be expected based on our theoretical anal-

ysis of Eq. (2.5). The results also show that the convex SLM approaches (MUSSELS and LORAKS

with SENSE and convex regularization) are effective at low acceleration factors, but start demon-

strating artifacts as the acceleration factor increases. On the other hand, both of our proposed new

formulations are substantially more successful, achieving high quality reconstruction results even

at very high acceleration factors. This result is consistent with our theoretical expectations from

Corollaries 1-3 that nonconvex cost functions can lead to a better-posed reconstruction problem.

At the highest acceleration factors, LORAKS with AC-LORAKS constraints was more effective

than LORAKS with SENSE constraints, which displayed unresolved aliasing artifacts.
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Table 2.1: NRMSE values for the images shown in Fig. 2.8.

R SENSE
LORAKS LORAKS

MUSSELS
LORAKS LORAKS

(unconstr) (SENSE-Conv) (SENSE) (AC)

1 0.17 0.70 0.17 0.17 0.09 0.03

2 0.23 0.86 0.20 0.20 0.10 0.05

3 0.38 1.04 0.27 0.26 0.11 0.06

4 0.53 0.94 0.42 0.49 0.15 0.07

5 0.65 1.00 0.62 0.67 0.25 0.12

The data shown in Fig. 2.4 was also reconstructed using the state-of-the-art DPG method [28]

using the same ACS data, and a comparison against LORAKS with AC-LORAKS constraints is

shown in Fig. 2.5. While DPG generally works well, a close examination of the reconstructed

magnitude and phase images demonstrates that DPG still has small residual ghost artifacts that

are not present in the LORAKS-based reconstruction. These artifacts are particularly visible in

the phase images, since the phase is highly sensitive to ghosting in regions of the image where

the magnitude is small. A deeper examination of the data leads us to believe that the ghost

artifacts we see for DPG are the result of systematic changes (between the relative phases of the

different gradient polarities) that have occurred in part due to the length of time that passed

between the collection of the ACS data and the acquisition of the accelerated EPI data that is

being reconstructed.

The data used in Figs. 2.4 and 2.5 was prospectively sampled, but it is hard to quantify accuracy

for prospectively sampled data because the image phase characteristics (due to eddy currents,

etc.) can vary as a function of sequence parameters like the acceleration factor, and because

our subject is living and breathing (which leads to variations over time). An illustration of the

phase differences between RO+ and RO− for different acceleration factors is shown in Fig. 2.7.

To enable a quantitative comparison of different approaches, we also performed reconstructions of

retrospectively undersampled versions of the fully sampled PLACE data. Results are shown in

supplementary Fig. 2.8, with normalized root-mean-squared error (NRMSE) shown in Table 2.1.

The retrospective results are consistent with our prospective results, and the quantitative NRMSE

results are consistent with our qualitative evaluations.
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Figure 2.7: Phase differences between RO+ and RO− for a representative subset of coils from the prospec-
tively undersampled data shown in Fig. 4. In cases with accelerated data (where no gold standard is avail-
able), we show the phase difference obtained after AC-LORAKS reconstruction. Unlike most other phase
images shown in this paper (which do not include background masking and show the entire phase range from
−π to π), we have taken steps to make the phase images in this figure easier to visualize. In particular, we
have masked the background noise to make it easier to focus on the signal structure. In addition, we have
shown a restricted phase range for both the gold standard (black = 0.95π radians, white = 1.02π radians)
and the reconstructions using AC-LORAKS (black = 0.89π radians, white = 1.21π radians).

The data shown in Figs. 2.4 and 2.5 was acquired with an axial slice orientation, and there-

fore had less phase mismatch between RO+ and RO− than it could have if we had used a less-

conventional slice orientation. In addition, the slice we used was far from sources of field inhomo-

geneity, and therefore had a relatively smooth phase profile. To demonstrate a more complicated

case, we have also performed ghost correction of EPI data acquired with a double-oblique slice ori-

entation. Double-oblique orientation is non-traditional for EPI imaging of the brain, but is known

to give rise to 2D nonlinear phase-differences between gradient polarities due, e.g., to concomitant

field effects [24,28,48–50]. In addition, the double-oblique slice we selected passes close to air-tissue

interfaces and has a substantially less-smooth phase profile. We have performed reconstructions of

prospectively undersampled double-oblique data (similar to Figs. 2.4 and 2.5), and the results are

shown in Figs. 2.10 - 2.12. We have also performed reconstructions of retrospectively undersampled

double-oblique data (similar to Fig. 2.8 and Table 2.1), and the results are shown in Fig. 2.13 and
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Figure 2.8: Comparison of different reconstruction techniques using retrospectively undersampled in vivo
single-shot EPI data to simulate different parallel imaging acceleration factors.

Table 2.2. As can be seen from the phase difference maps in Fig. 2.11, we have more significant non-

linear 2D phase mismatches between RO+ and RO− in this case. Our results with double-oblique

data are consistent with our results from axial data, suggesting that our proposed approaches can

still work well in more challenging scenarios.

The results described above were all based on data acquired with a somewhat loose FOV, which

may be beneficial for the use of support constraints. However, there are also imaging scenarios of

interest in which the FOV is much tighter. To test performance in the presence of a tight FOV,

we acquired similar data to that shown in Figs. 2.4 and 2.5, but with half the FOV along the

phase encoding dimension. This causes our gold standard image to demonstrate aliasing. To make

the reconstruction problem even more challenging, we also simulated an additional 2D nonlinear

phase difference between RO+ and RO−, and this phase difference was chosen differently for the
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Uncorrected ALOHA
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(unconstrained)
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Figure 2.9: (top) Magnitude and (bottom) phase images corresponding to reconstruction of unaccelerated
(R = 1) single-channel single-shot EPI in vivo human brain data.

Table 2.2: NRMSE values for the images shown in Fig. 2.13.

R SENSE
LORAKS LORAKS

MUSSELS
LORAKS LORAKS

(unconstr) (SENSE-Conv) (SENSE) (AC)

1 0.06 0.70 0.09 0.09 0.07 0.03
2 0.07 0.86 0.13 0.15 0.08 0.07
3 0.19 0.91 0.20 0.25 0.11 0.10
4 0.46 0.99 0.35 0.40 0.18 0.12
5 0.61 0.95 0.65 0.74 0.29 0.11

ACS data and the gold standard used for simulation. Since it is difficult to apply conventional

SENSE-based methods in the presence of a tight FOV (because of the presence of aliasing in the

gold standard), we only performed reconstructions using methods that do not use sensitivity maps,

i.e., DPG and LORAKS with AC-LORAKS constraints. The results are reported in Fig. 2.14.

As can be seen, DPG does not perform very well in this very complicated scenario, particularly

because of the phase mismatch between the ACS data and the data being reconstructed. On the

other hand, AC-LORAKS is substantially more successful.

In addition to navigator-free multi-channel settings, the proposed methods were also evaluated

in navigator-free single-channel settings, which are expected to be substantially more challenging.

Single-channel datasets were obtained by isolating the information from a single coil in multi-

channel acquisitions. Reconstructions were performed using ALOHA [39] (Eq. (2.5) with Eq. (2.7)),

unconstrained LORAKS (Eq. (2.5) with Eq. (2.8) but using the LORAKS S-matrix), LORAKS

with SENSE constraints (Eq. (2.14)), DPG [28], and LORAKS with AC-LORAKS constraints

(Eq. (2.16)). Note that, since sensitivity-map estimation is not feasible in the single-channel setting,
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Figure 2.10: Comparison of different reconstruction techniques using prospectively undersampled in vivo
double-oblique single-shot EPI data at different parallel imaging acceleration factors.
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Figure 2.11: Phase differences between RO+ and RO− for a representative subset of coils from the prospec-
tively undersampled double-oblique data shown in Fig. 2.10. In cases with accelerated data (where no gold
standard is available), we show the phase difference obtained after reconstruction using LORAKS with AC-
LORAKS constraints. Unlike most other phase images shown in this paper (which do not include background
masking and show the entire phase range from −π to π), we have taken steps to make the phase images in
this figure easier to visualize. In particular, we have masked the background noise to make it easier to focus
on the signal structure. In addition, we have shown a restricted phase range for both the gold standard
(black = 0.95π radians, white = 1.02π radians) and the reconstructions using AC-LORAKS (black = 0.86π
radians, white = 1.18π radians).

our SENSE-based results used a binary support mask (that has value 1 inside the support of the

image and value 0 everywhere else) in place of a coil sensitivity map. This has the effect of imposing

prior knowledge of the image support on the reconstructed image. Note also that DPG was not

originally designed to be used with single-channel data, although the formulation can still be applied

to the single-channel case. Unaccelerated (R = 1) single-channel single-shot EPI results are shown

for a phantom dataset (64×64 acquisition matrix) in Fig. 2.6 and for one channel of the previous

in vivo human brain dataset in Fig. 2.9. The results are consistent in both cases. Images obtained

without compensating the mismatch between RO+ and RO− have obvious ghost artifacts, and
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(a) DPG
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(b) LORAKS (AC-LORAKS)

Figure 2.12: Comparison between (a) DPG and (b) LORAKS with AC-LORAKS constraints for the real
single-shot EPI in vivo brain double-oblique data from Fig. 2.10. Instead of showing coil-combined images,
a single representative channel is shown to avoid contamination of the phase characteristics induced by coil
combination.



Chapter 2. Navigator-free EPI Ghost Correction with Structured Low-Rank Matrix Models:
New Theory and Methods 33

Gold
Standard

SENSE

LORAKS
(uncon-

strained)

LORAKS
(SENSE-

Convex)
MUSSELS

LORAKS
(SENSE)

LORAKS
(AC-

LORAKS)

.

R = 1

. R = 2

. R = 3

. R = 4

. R = 5

Figure 2.13: Comparison of different reconstruction techniques using retrospectively undersampled in vivo
double-oblique data to simulate single-shot EPI experiments at different parallel imaging acceleration factors.

these artifacts are not solved (and are potentially even amplified) when using unconstrained SLM

approaches (i.e., ALOHA or LORAKS without constraints). The LORAKS reconstruction with

“SENSE” constraints (i.e., support constraints) helps to eliminate some of the ghost artifacts that

appeared outside the support of the original object, although residual aliasing artifacts are still

observed within the support of the object. These artifacts are most visible in the phantom image,

though close inspection also reveals the appearance of aliasing artifacts in the brain image. We also

observe that DPG is unsuccessful in this single-channel case, which we believe is due both to the

difficulties of the single-channel problem as well as systematic differences between the ACS data

and the data being reconstructed. On the other hand, the LORAKS results with AC-LORAKS

constraints are substantially more successful than any of the previous methods.
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Figure 2.14: (top-left) Magnitude and (bottom-left) phase images corresponding to reconstruction of unac-
celerated (R = 1) in vivo axial multi-channel single-shot EPI data acquired with a small FOV, and with
extra simulated nonlinear phase differences between RO+ and RO−. The images on the right show the phase
differences that were used between RO+ and RO−, which were set differently for the ACS data (used for
calibration) than they were for the gold standard (used for reconstruction).

We also applied the different reconstruction approaches to single-channel double-oblique data,

for the same reasons as in the multi-channel case. Results are shown in Fig. 2.17, and are consistent

with the results observed with axial data. One potential criticism of the single-channel results we

have shown is that, at least for these datasets, the phase mismatch between RO+ and RO− is

not very severe, which causes the uncorrected reconstructions to have relatively low levels of ghost

artifact. To demonstrate the performance in a more severe case, we performed reconstruction of

this dataset again with an exaggerated phase mismatch between RO+ and RO−. The results of

this simulation are shown in Fig. 2.18. As can be seen, this case demonstrates much stronger ghost

artifacts without correction. However, similar to the previous cases, LORAKS with AC-LORAKS

constraints is still the most successful at reducing ghost artifacts.

Reconstructions were also performed using multi-shot data. Figure 2.15 shows results using fully

sampled R = 1 two-shot data (128×128 acquisition matrix, 12-channel receiver coil) at different

time points for a phantom with physically-simulated respiration effects [2]. Note that with R = 1

and two-shots, each gradient polarity for each shot has an effective undersampling factor of 4.

LORAKS with AC-LORAKS constraints is compared against DPG for segmented EPI [51], and to

make reconstruction even more challenging for LORAKS, LORAKS reconstruction was performed

from single-channel data while DPG was provided with the full set of multi-channel data. Due to

simulated respiration, there are mismatches between the measured ACS data and the EPI data

being reconstructed. DPG is not robust to these mismatches, and displays residual ghost artifacts
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Figure 2.15: Evaluation with multi-shot EPI data for a phantom with simulated respiratory effects. A
representative set of four segmented images is shown, extracted from a longer acquisition spanning several
minutes. (a) Phase images corresponding to one channel of the data, with images reconstructed without
compensating for the mismatches between different shots and different gradient polarities. (b) Phase images
for one channel of the DPG reconstruction, with reconstruction performed using multi-channel data. (c)
Phase images for single-channel LORAKS reconstruction with AC-LORAKS constraints. (d) Plot showing
the relative respiratory position across EPI shots (TR=60msec), as measured with an ultrasound transducer
coupled to a respiratory phantom [2]. The line-plot peaks show points where the phantom air bag is maxi-
mally inflated. The sampling times for the ACS data and for the shots used to generate each of the two-shot
images from (a)-(c) are marked as labeled in the legend.

with time-varying characteristics. On the other hand, LORAKS with AC-LORAKS demonstrates

robustness against the time-varying changes in this dataset, even despite the challenging single-

channel multi-shot nature of this reconstruction problem.

For further insight, Fig. 2.16(a) shows an even more challenging case where LORAKS with AC-

LORAKS constraints is used to reconstruct a single-shot of the previous multi-shot dataset. Note

that this corresponds to EPI with an acceleration factor of R = 2 (i.e., an effective acceleration

factor of R = 4 for each gradient polarity). Remarkably, we observe that single-channel LORAKS

with AC-LORAKS constraints is still successful in this very difficult scenario, with similar quality

to that obtained using multi-channel LORAKS with AC-LORAKS constraints. However, it is also

important for us to point out that single-channel reconstruction with R = 2 is not always successful,

as illustrated in Fig. 2.16(b) using previously described in vivo human brain data. In this brain case,

we observe that single-channel LORAKS reconstruction is unsuccessful at correctly reconstructing

the image, while the multi-channel case (also shown in Fig. 2.5) yields accurate results as described
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(a) Phantom dataset with simulated respiration

(b) In vivo human brain dataset

Figure 2.16: Images reconstructed using LORAKS with AC-LORAKS constraints for accelerated (R = 2)
data in both single-channel and multi-channel contexts. (a) Phantom dataset with simulated respiration. (b)
In vivo human brain dataset. Phase images from a single channel are shown for zero-filled data reconstructed
without compensating for mismatches between the gradient polarities, LORAKS reconstruction with AC-
LORAKS constraints from single-channel data, and LORAKS reconstruction with AC-LORAKS constraints
from multi-channel data.

previously. We suspect that the difference between the phantom result and the in vivo result is

explained by differences in the size of the FOV relative to the size of the object. Specifically, the

size of the FOV is more than twice the size of the phantom, while the same is not true for the in

vivo data. We expect that LORAKS-based single-channel image reconstruction will be harder for

tight FOVs than it is for larger FOVs that contain a larger amount of empty space.

2.6 Discussion and Conclusions

This paper derived novel theoretical results for EPI ghost correction based on structured low-rank

matrix completion approaches. Key theoretical results include the observation that the correspond-

ing matrix completion problem is ill-posed in the absence of additional constraints, and that convex

formulations have undesirable characteristics that are somewhat mitigated by the use of nonconvex

formulations. These theoretical results led to two novel problem formulations that use additional

constraints and nonconvex regularization to avoid the problems associated with ill-posedness. Our

results showed that these new approaches are both effective relative to state-of-the-art ghost cor-

rection techniques like DPG, and are capable of handling nonlinear 2D phase mismatches between
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Figure 2.17: (top) Magnitude and (bottom) phase images corresponding to reconstruction of unaccelerated
(R = 1) in vivo double-oblique single-channel single-shot EPI data.
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Figure 2.18: (top, middle) Magnitude and (bottom) phase images corresponding to reconstruction of unaccel-
erated (R = 1) in vivo double-oblique single-channel single-shot EPI with strong simulated phase differences
between RO+ and RO−. The middle row shows a different windowing of the magnitude images to more
clearly visualize ghost-artifacts. The top-right image shows the simulated phase difference between RO+

and RO−.
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RO+ and RO−. It was also observed that the proposed variation that uses AC-LORAKS con-

straints appears to be more effective than the proposed variation that uses SENSE constraints in

challenging scenarios with single-channel data or highly-accelerated multi-channel data. In addi-

tion, we were surprised to observe that the variation using AC-LORAKS constraints can even be

successful when applied to undersampled single-channel data. We believe that these approaches

will prove valuable across a range of different applications, but especially those in which navigator-

based ghost correction methods are ineffective, in which the need for navigation places undesirable

constraints on the minimum achievable echo time or repetition time, in cases where single-channel

imaging is unavoidable, or in cases where imaging conditions are likely to change over time over

the duration of a long experiment (e.g., functional imaging or diffusion imaging).

This paper focused on simple proof-of-principle demonstrations of the proposed approaches,

and there are opportunities for a variety of improvements. For example, the choices of r and λ were

made manually using heuristic approaches in this paper, though it is likely that these same decision

processes could be made automatically using standard techniques for rank estimation (e.g., [52]) or

ghost correction parameter tuning (e.g., [23]). Additionally, extensions to the case of simultaneous

multi-slice imaging are possible within the LORAKS framework [53], and are likely to be practically

useful in a range of experiments given the advantages and the modern popularity of combining this

approach with EPI [54].

While we derived our new theory and methods in the context of EPI ghost correction, we

believe that this paper also has more general consequences. For example, we believe that it is

straightforward to generalize our theoretical results to show that unconstrained LORAKS-based

reconstruction will be ill-posed for any application that uses uniformly-undersampled Cartesian

k-space trajectories (also see similar comments in Ref. [35]). We also believe that the combination

of LORAKS with additional constraints will always be beneficial when the constraints are accurate,

and so encourage the use of additional constraints whenever the LORAKS reconstruction problem

is ill-posed. In addition, we believe that our novel LORAKS formulation with AC-LORAKS con-

straints is an important innovation that is likely to be useful in other applications, similar to how

LORAKS with SENSE constraints has already proven to be useful in other settings [35, 55]. For
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example, it may be beneficial to use AC-LORAKS constraints to augment existing SLM approaches

that have recently been proposed for gradient delay estimation in non-Cartesian MRI [56, 57]. Fi-

nally, while recent work has proposed the use of convex LORAKS-based formulations, our empirical

experience since we first started exploring LORAKS several years ago [32,58] has consistently been

that nonconvex formulations are substantially more powerful than convex ones.
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2.7 Supplementary Information

2.7.1 Proof of Theorem 1

Assuming the notation of Eq. (2.5), let B denote the zero-filled LORAKS matrix

B =

[
CP (AH

+ d+
tot) CP (AH

−d−tot)

]
(2.17)

and let D denote the matrix corresponding to the unmeasured data samples

D =

[
CP (AH

−A−y) CP (AH
+ A+z)

]
. (2.18)

Due to the way the LORAKS C-matrix is constructed, if the entry in the mth column and nth

row of the matrix B is nonzero, then the corresponding entry of the matrix D is required to be

zero and vice versa. Note also that the matrix from Eq. (2.10) can be written as B + D, while the

matrix from Eq. (2.11) can be written as B−D.

To avoid additional tedious notation, we will assume in our proof sketch that the rows and

columns of the matrix B have been permuted in such a way that samples from even and odd lines

in k-space are never adjacent to one another in the matrix, which is always possible based on the

convolutional structure of the LORAKS C-matrix. This allows the B matrix to be written in a

“checkerboard” form

B =



b+11 0 b+13 0 b+15 · · · 0 b−12 0 b−14 0 · · ·

0 b+22 0 b+24 0 · · · b−21 0 b−23 0 b−25 · · ·

b+31 0 b+33 0 b+35 · · · 0 b−32 0 b−34 0 · · ·
...

...
...

...
...

. . .
...

...
...

...
...

. . .


, (2.19)
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where b+ij and b−ij are the nonzero entries of the B matrix corresponding to positive and negative

readout polarities, respectively. Using the same permutation scheme, the matrix D can similarly

be written in the corresponding complementary “checkerboard” form:

D =



0 d+
12 0 d+

14 0 · · · d−11 0 d−13 0 d−15 · · ·

d+
21 0 d+

23 0 d+
25 · · · 0 d−22 0 d−24 0 · · ·

0 d+
32 0 d+

34 0 · · · d−31 0 d−33 0 d−35 · · ·
...

...
...

...
...

. . .
...

...
...

...
...

. . .


, (2.20)

Consider the diagonal matrix Q1 which has the same number of columns as B, and whose

diagonal entries alternate in sign in a way that follows the non-zero pattern of the first row of B:

Q1 =



1 0 0 0 0 · · · 0 0 0 0 0 · · ·

0 −1 0 0 0 · · · 0 0 0 0 0 · · ·

0 0 1 0 0 · · · 0 0 0 0 0 · · ·

0 0 0 −1 0 · · · 0 0 0 0 0 · · ·

0 0 0 0 1 · · · 0 0 0 0 0 · · ·
...

...
...

...
...

. . .
...

...
...

...
...

. . .

0 0 0 0 0 · · · −1 0 0 0 0 · · ·

0 0 0 0 0 · · · 0 1 0 0 0 · · ·

0 0 0 0 0 · · · 0 0 −1 0 0 · · ·

0 0 0 0 0 · · · 0 0 0 1 0 · · ·

0 0 0 0 0 · · · 0 0 0 0 −1 · · ·
...

...
...

...
...

. . .
...

...
...

...
...

. . .



. (2.21)
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Similarly, consider the diagonal matrix Q2 which has the same number of rows as B, and whose

diagonal entries alternate in sign in a way that follows the non-zero pattern of the first column of

B:

Q2 =



1 0 0 · · ·

0 −1 0 · · ·

0 0 1 · · ·
...

...
...

. . .


. (2.22)

We make the following observations:

• The matrices Q1 and Q2 are unitary and satisfy Q−1
1 = Q1 and Q−1

2 = Q2.

• The matrix B is structured in such a way that BQ1 = Q2B.

• The matrix D is structured in such a way that DQ1 = −Q2D.

• The matrix Q2(B + D)Q1 simplifies according to

Q2(B + D)Q1 = Q2Q2(B−D)

= B−D.

(2.23)

From Eq. (2.23), we can infer that if we write the singular value decomposition of B + D as

B + D = UΣVH , then the matrix B − D can be written as ŨΣṼH , where Ũ = Q2U and

Ṽ = Q1V. Since Ũ and Ṽ are matrices with orthonormal columns, we must have that ŨΣṼH is

a valid singular value decomposition of B−D. Thus, we can conclude that B−D and B + D have

identical singular values. This completes the proof of the theorem. �

2.7.2 Proof of Corollary 1

Assume that the vectors y and z are chosen such that the expressions in Eq. (2.9) represent an

optimal solution to Eq. (2.5). Theorem 1 then tells us that the vectors from Eq. (2.12) represent

another optimal solution to Eq. (2.5). These two solutions are identical to one another if and only if

AH
−A−y = 0 and AH

+ A+z = 0, in which case both solutions are equal to the zero-filled solution. In



Chapter 2. Navigator-free EPI Ghost Correction with Structured Low-Rank Matrix Models:
New Theory and Methods 43

this case, the zero-filled solution is clearly an optimal solution to Eq. (2.5), and must be the unique

optimal solution if Eq. (2.5) only has a single solution. If either AH
−A−y 6= 0 or AH

+ A+z 6= 0, then

Eqs. (2.9) and (2.12) represent two distinct solutions to Eq. (2.5), indicating that Eq. (2.5) does

not have a unique solution. �

2.7.3 Proof of Corollary 2

Based on the proof of Corollary 1, we know that if Eq. (2.5) has a solution that is not equal to the

zero-filled measured data, then we can use Eqs. (2.9) and (2.12) to obtain a pair of two distinct

solutions to Eq. (2.5). Let k±1 and k±2 denote these two solutions, and notice that by the definition

of an optimal solution, we must have that LC(k±1 ) = LC(k±2 ) and that LC(k±1 ) ≤ LC(k) for all

possible candidate solutions k.

Corollary 2 is easily proven based on the definition of a convex function. Specifically, if LC(y)

is convex, then it must satisfy [45]

LC (αy1 + (1− α)y2) ≤ αLC (y1) + (1− α)LC (y2) , (2.24)

for every possible pair of vectors y1 and y2 and for every real-valued scalar α between 0 and 1.

Setting y1 = k±1 and y2 = k±2 in Eq. (2.24) leads to

LC

(
αk±1 + (1− α)k±2

)
≤ αLC

(
k±1
)

+(1− α)LC

(
k±2
)

= LC

(
k±1
)
,

(2.25)

Combining Eq. (2.25) with the previous observation that LC(k±1 ) ≤ LC(k) for all possible candidate

solutions k implies that LC

(
αk±1 + (1− α)k±2

)
= LC

(
k±1
)
. As a result, αk±1 +(1−α)k±2 must also

be an optimal solution of Eq. (2.5) for every possible choice of 0 ≤ α ≤ 1, and we have successfully

proven that there exist an infinite number of solutions.

Specifically, an infinite set of solutions is given by {k±α ≡ αk±1 + (1 − α)k±2 | α ∈ [0, 1]}.

Additionally, the zero-filled solution is obtained as one of these solutions, corresponding to the

specific choice of α = 0.5. �
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2.7.4 Majorize-Minimize Algorithm

For the sake of completeness, this section provides an operational description of the majorize-

minimize algorithm we use to solve Eq. (2.14). The key observation [10, 32] that enables this

algorithm is that the function Jr(G) from Eq. (2.8) is majorized at a point Ĝ(j) by the function

g
(
G, Ĝ

)
= ‖G− Ĝ(j)‖2F . (2.26)

Using this majorant, Eq. (13) can be optimized by iteratively solving easy-to-optimize surrogate

problems. Specifically, using ρ̂(j) to denote the estimate of {ρ+,ρ−} at the jth iteration, and given

some initial guess ρ̂(0), we minimize Eq. (2.14) by iteratively solving the surrogate problems

ρ̂(j+1) = arg min
{ρ+,ρ−}

‖E+ρ
+ − d+

tot‖22

+ ‖E−ρ− − d−tot‖22

+ λ‖
[

SP (E+ρ
+) SP (E−ρ

−)

]
−G(j)

r ‖2F

(2.27)

for j=0, 1, 2, . . . until convergence, where G
(j)
r is the optimal rank-r approximation (obtained

by truncating the singular value decomposition) of the matrix formed by numerically evaluating[
SP (E+ρ

+) SP (E−ρ
−)

]
at the point {ρ+,ρ−} = ρ̂(j). These surrogate problems have the form

of simple linear least squares problems, and can be solved using standard iterative algorithms like

the conjugate gradient algorithm. See Refs. [10,32] for a more detailed description and justification

of this algorithmic approach.
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Robust Autocalibrated Structured
Low-Rank EPI Ghost Correction

3.1 Introduction

Echo-planar imaging (EPI) is a widely-used high-speed MRI acquisition strategy [59], but is sub-

ject to several undesirable artifacts [18]. Nyquist ghosts are one of the most common EPI artifacts,

and occur because of systematic differences between the interleaved lines of k-space that are ac-

quired with different readout gradient polarities, and/or because of systematic differences between

interleaved lines of k-space data that are acquired with different shots in a multi-shot acquisition.

Despite substantial efforts over several decades to solve this problem [1,14,18–30,39,40,60,61], the

widely-deployed modern ghost correction schemes are still prone to incomplete ghost suppression,

as illustrated in Fig. 3.1.

Recently, structured low-rank matrix methods for ghost correction [14,39,40,60,61] have received

increasing attention for their ability to provide excellent ghost-suppression performance without

the need for additional “navigator” information (i.e., reference scans collected alongside each EPI

readout that allow estimation of the systematic inconsistencies between different gradient polarities

or different shots). These methods can suppress ghosts better than navigator-based methods, and

eliminate the need to acquire navigators for each EPI readout. Among different structured low-rank

matrix approaches, a ghost correction method based on Autocalibrated LORAKS (AC-LORAKS)

[11] was previously demonstrated to yield high-quality results across a range of different scenarios

45
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Uncorrected Navigator RAC-LORAKS

Figure 3.1: Illustration of EPI ghost correction. The top row of this figure shows EPI images obtained
from different methods, while the bottom row shows the same images with 10× intensity amplification to
highlight the ghost characteristics. If EPI data is naively reconstructed without accounting for the systematic
differences between data acquired with positive and negative readout gradient polarities (“Uncorrected”),
then strong Nyquist ghosts appear in the image as indicated with arrows. Modern EPI techniques frequently
try to eliminate these artifacts using navigator information to estimate the systematic differences between
the data collected with different readout polarities. In the navigator-based example we show (“Navigator”),
the navigator information was collected using a 3-line EPI acquisition with the phase encoding gradients
turned off, and the difference between positive and negative gradient polarities was modeled using constant
and 1D linear phase terms. Although this approach substantially reduces Nyquist ghosts, it is common for
some amount of residual ghosting to still be present in the images, particularly in cases where simple 1D
phase modeling is inadequate to capture the differences between the two gradient polarities. We also show an
example of our proposed approach (“RAC-LORAKS”), which can account for more complicated variations
between the different gradient polarities, and which is substantially more successful at suppressing Nyquist
ghosts in this example.

[14]. To eliminate a fundamental ambiguity in structured low-rank matrix recovery from uniformly

undersampled EPI data [14], AC-LORAKS makes use of parallel imaging subspace information

estimated from autocalibration (ACS) data acquired in a pre-scan. This ACS-based approach is

similar to standard autocalibrated parallel imaging methods like GRAPPA [5], SPIRiT [7], and

PRUNO [9].

While the AC-LORAKS approach to ghost correction generally works well when the ACS data is

pristine and well-matched to the EPI data to be reconstructed, there are many situations where ex-

perimental conditions (e.g., subject motion, eddy currents, etc.) can lead to artifacts within the ACS

data or mismatches between the ACS and EPI data. The performance of the AC-LORAKS ghost

correction procedure degrades in the presence of these ACS artifacts and mismatches. Note that this

kind of issue is not unique to AC-LORAKS or to ghost correction, and imperfect ACS/calibration
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data is a longstanding and commonly-reported problem for all calibration-based image reconstruc-

tion methods [28,62–66]. For AC-LORAKS ghost correction, imperfect ACS data can be especially

troublesome in contexts where the prescan would be done once before acquiring a long sequence

of multiple EPI images (e.g., in BOLD fMRI or diffusion MRI applications), and then used to

reconstruct each image in the sequence.

In this paper, we propose an extension of AC-LORAKS for EPI ghost correction that is more

robust to imperfections in the ACS data. The new method, called Robust Autocalibrated LORAKS

(RAC-LORAKS), has two major differences from the previous AC-LORAKS approach. First,

RAC-LORAKS does not completely trust the subspace information learned from the ACS data,

but rather uses a novel structured low-rank matrix formulation that learns subspace information

jointly from both the (imperfect) ACS data and the EPI data being reconstructed. To the best of

our knowledge, no previous methods have used this kind of approach to address the longstanding

issue of imperfect ACS data. And second, RAC-LORAKS uses the ACS data to provide additional

complementary information for the reconstruction of the EPI data within a multi-contrast joint

reconstruction framework [67]. Preliminary accounts of the first strategy were previously reported

in recent conferences [68, 69], although we have not previously reported the combination with the

second strategy.

3.2 Theory

Due to space constraints, our descriptions in this paper will assume that the reader is already

familiar with the basic physics of EPI. Readers interested in a more detailed explanation are referred

to classic references [18, 59]. For simplicity, our description of EPI ghost correction will generally

assume that we are correcting ghosts associated with the differences between data acquired with

different readout gradient polarities in a single-shot EPI experiment. However, since the ghost

model for bipolar gradients is nearly identical to the ghost model for multi-shot acquisition, the

same approach is easily adapted mutatis mutandis to multi-shot acquisition with an arbitrary

number of shots [14].



48 3.2. Theory

3.2.1 Background: Structured Low-Rank EPI ghost correction

Structured low-rank matrix methods for EPI ghost correction [14, 39, 40, 60, 61] can be viewed as

an extension of structured low-rank matrix methods for conventional MR image reconstruction

[8,9,12,31,32,36,37,70], and are based on the same underlying theoretical principles. In particular,

it has been shown that when MRI images have limited support, smooth phase variations, multi-

channel correlations, or transform-domain sparsity, then the MRI k-space data will be linearly

predictable [13], which means that convolutional Hankel- or Toeplitz-structured matrices formed

from the k-space data will possess low-rank characteristics. This observation means that MRI

reconstruction can be reformulated as structured low-rank matrix recovery. Importantly, these

structured low-rank matrix recovery methods can even be successful in calibrationless scenarios

where ACS data or other prior information about the spatial support, phase, or multi-channel

sensitivity profiles is not available [12,31,32].

Structured low-rank EPI ghost correction methods combine these principles with the earlier

observation that EPI data acquired from different gradient polarities or different shots can be

treated as coming from different effective “channels” in a parallel imaging experiment, where the

systematic differences between different polarities or shots lead to different phase or magnitude

modulations of the underlying EPI image [27–30]. Since structured low-rank methods for conven-

tional image reconstruction automatically account for the unknown sensitivity maps that modulate

the underlying image in a parallel imaging experiment, it is reasonable to apply these same types

of methods to handle the unknown polarity- or shot-dependent modulations that manifest in EPI

ghost correction.

For the sake of brevity, we will focus the remainder of our review on the AC-LORAKS method

for EPI ghost correction [14], since our proposed RAC-LORAKS method is a generalization of AC-

LORAKS. The AC-LORAKS method for EPI ghost correction is based on solving the following

regularized optimization problem subject to exact data consistency constraints:

{
k̂+, k̂−

}
= arg min
{k+,k−}

∥∥PC(k+)N
∥∥2

F
+
∥∥PC(k−)N

∥∥2

F
+ λJr([PS(k+) PS(k−)]). (3.1)
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In this expression, k+ and k− respectively represent the ideal fully-sampled multi-channel Carte-

sian k-space data for the positive and negative readout gradient polarities; PC(·) is the LORAKS

operator that maps the k-space data into a structured matrix that should possess low-rank if

the multi-channel image possess limited support and/or interchannel parallel imaging correlations;

PS(·) is the LORAKS operator that maps the k-space data into a structured matrix that should

possess low-rank if the multi-channel image possess limited support, smooth phase, and/or inter-

channel parallel imaging correlations; the matrix N comprises an orthonormal (i.e., NHN = I)

basis for the nullspace of the matrix

PC(kacs+)

PC(kacs−)

, where k+
acs and k−acs respectively represent the

ACS data for the positive and negative readout gradient polarities; λ is a regularization param-

eter; Jr(·) is a regularization penalty that promotes low-rank characteristics; and ‖ · ‖F denotes

the Frobenius norm. Due to space constraints, this paper will not provide a detailed recipe for

implementing the LORAKS operators PC(·) and PS(·), and simply note that our implementations

for this paper are identical to those that are described in detail in earlier LORAKS papers [12,32].

There are theoretical benefits to choosing a nonconvex low-rank regularization penalty [14], and the

previous AC-LORAKS approach for ghost correction [14] used the nonconvex function proposed in

the original LORAKS paper [32] defined by

Jr(X) = min
Y
‖X−Y‖2F s.t. rank(Y) ≤ r, (3.2)

where r is a user-selected rank parameter, X is a matrix representing the point at which we are

evaluating the function Jr(X), and Y is an optimization variable of the same size as X. This

penalty encourages matrices that have accurate rank-r approximations.

The first two terms appearing on the right hand side of Eq. (3.1) respectively impose limited

support and parallel imaging constraints on the reconstructions of the positive and negative read-

out gradient polarities. The constraints that are used in these terms are implicit in the low-rank

characteristics of the structured LORAKS matrices, as captured by the nullspace matrix N. The

nullspace matrix is learned in advance from the ACS data, and as a result, there is an implicit

assumption that the support and parallel imaging constraints that were valid for the ACS data are
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also valid for the EPI data to be reconstructed. Note that if the third term were removed from

Eq. (3.1), then these first two terms would reduce to performing separate PRUNO [9] or conven-

tional AC-LORAKS [11] reconstructions of the data from each polarity. Acquiring ACS/calibration

data is relatively fast and easy, and is already a standard part of most modern parallel imaging

protocols, so is not very burdensome on the acquisition. Using ACS data can also be important

in this context, since it has been mathematically proven that structured low-rank matrix methods

for ghost correction suffer from fundamental ambiguities unless some form of side information is

available [14]. While other options exist for removing ambiguity (e.g., using SENSE-like [6] image-

domain constraints [14,40]), it was previously observed that the AC-LORAKS approach (i.e., using

GRAPPA-like [5] Fourier-domain constraints) offered better performance [14].

The third term of Eq. (3.1) couples the reconstruction of the two polarities together, allowing

the reconstruction of one polarity to benefit from information from the other polarity, while also

introducing phase constraints to allow the reconstruction to benefit from k-space conjugate symme-

try characteristics. In particular, the third term implicitly and automatically imposes the following

constraints whenever they are compatible with the measured data: limited image support, smooth

phase, interchannel parallel imaging correlations, and interpolarity correlations. Notably, these

constraints are all imposed implicitly through the nullspace of a structured matrix, and if a given

constraint is not compatible with the measured data, then that constraint will automatically not

be imposed by the reconstruction procedure [13].

The ACS data for AC-LORAKS ghost correction has typically been acquired using the same

process used by Dual Polarity GRAPPA (DPG) [28, 71–73]. In particular, assuming a parallel

imaging acceleration factor of R, DPG employs a 2R-shot EPI prescan. The data from different

shots and different gradient polarities is then rearranged and interleaved to form one fully-sampled

ACS dataset comprised only of data acquired with a positive readout gradient polarity (k+
acs)

and another fully-sampled ACS dataset comprised only of data acquired with a negative readout

gradient polarity (k−acs). Since this ACS acquisition strategy is based on a multi-shot approach, it

therefore may be prone to ghosting artifacts due to shot-to-shot variations. In addition, since the

ACS data is often acquired only once at the beginning of a long multi-image EPI scan (e.g., in BOLD
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fMRI or diffusion MRI experiments), the ACS data acquired at the beginning of the experiment

may gradually become mismatched with data acquired at later time points due to scanner drift,

subject motion, etc. As noted previously, the ghost correction performance of AC-LORAKS can be

substantially degraded when there are mismatches between the ACS data and the EPI data to be

reconstructed. Although a pre-processing procedure has been previously developed to correct for

shot-to-shot variations in the ACS data for DPG [28], this approach is not sufficient for the present

context. In particular, this approach undesirably modifies the magnitude and phase characteristics

of the ACS data in ways that are not well-suited for AC-LORAKS, and only addresses ACS artifacts

without accounting for mismatches that may exist between the ACS data and the EPI data.

3.2.2 RAC-LORAKS

Our proposed RAC-LORAKS method is based on solving the following optimization problem

{
k̂+, k̂−, N̂

}
= arg min

{k+,k−,N}

∥∥PC(k+)N
∥∥2

F
+
∥∥PC(k−)N

∥∥2

F
(3.3)

+η
∥∥PC(k+

acs)N
∥∥2

F
+ η

∥∥PC(k−acs)N
∥∥2

F

+λJr

([
PS(k+) PS(k−) PS(k+

acs) PS(k−acs)

])

subject to exact data consistency constraints on k+ and k− and subject to orthonormality con-

straints on N such that NHN = I. This optimization problem involves four user-selected param-

eters: the regularization parameters η and λ, the rank parameter r, and the number of columns p

of the matrix N (which determines the dimension of the approximate nullspace).

Equation (3.3) has two main differences from Eq. (3.1). First, instead of choosing a predeter-

mined value of the approximate nullspace matrix N that depends only on the ACS data, N is now

an optimization variable that depends on both the ACS data and the EPI data to be reconstructed.

This allows the reconstruction to be more robust against possible imperfections in the ACS data.

The extent to which the ACS data is trusted is controlled by the user-selected parameter η. In

the limit as η → ∞, the approximate nullspace matrix N will converge to the fixed matrix from

Eq. (3.1).
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The second difference is that the final term of Eq. (3.3) now includes structured matrices formed

from the ACS data, in addition to the previous structured matrices formed from the EPI data to

be reconstructed. By concatenating the ACS data in this way, we are essentially treating the ACS

data in the same way that we would treat additional channels in a parallel imaging experiment.

Although the ACS data may not have the same contrast as the EPI data to be reconstructed, it

has previously been shown that treating multi-contrast information like additional channels in a

parallel imaging experiment often leads to improved reconstruction performance [67]. While this

improvement has been justified empirically, some level of theoretical justification for this approach

can be obtained by modeling different image contrasts as different modulations of some latent

image [13].

Algorithmically, Eq. (3.3) can be minimized using existing algorithms for LORAKS optimization

[12,14,32,74]. In particular, it is not hard to show that the solution to Eq. (3.3) can be equivalently

obtained by solving:

{
k̂+, k̂−

}
= arg min

{k+,k−}
J(C−p)





PC(k+)

PC(k−)

√
ηPC(k+

acs)

√
ηPC(k−acs)




+λJr

([
PS(k+) PS(k−) PS(k+

acs) PS(k−acs)

])
, (3.4)

where J(C−p)(·) is the same as Jr(·) but replacing the rank parameter r with the rank parameter

(C−p), where C is the number of columns of the LORAKS matrix formed by PC(·). Equation (3.4)

is convenient because it takes the same form as previous LORAKS optimization problems involving

multiple Jr(·) terms [32]. For this paper, we use a multiplicative half-quadratic majorize-minimize

algorithm to minimize this objective function [74], which takes advantage of FFT-based matrix

multiplications to improve computational complexity [75].

The RAC-LORAKS solution is obtained through the optimization of a nonconvex cost function.

As such, the algorithm has the potential to converge to an undesirable local minimum. For the

results shown in this paper, we initialize RAC-LORAKS using a naive initialization with minimal
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processing cost as explained in the next section. Other choices could potentially result in even

higher performance, but are not considered here.

3.3 Methods

3.3.1 Datasets used for Evaluation

As described below, we evaluated the characteristics of RAC-LORAKS using data from several

different contexts. All in vivo data were acquired under IRB-approved written informed consent.

3.3.1.1 Gradient-Echo EPI Brain data

In one set of experiments, we acquired in vivo human brain data using a gradient-echo EPI sequence

with parameters that are somewhat similar to a BOLD fMRI experiment. Data was acquired on a

Siemens 3T Prisma Fit scanner using a standard 32-channel receiver array. The data was acquired

using FOV = 220 mm × 220 mm; matrix size = 128 × 128; slice thickness = 3 mm; and TR = 2

sec. In one subject, data was acquired without acceleration (R = 1) with TE = 47 msec. From this

same subject, data was also acquired for parallel imaging acceleration factors of R = 2, 3, 4 with

TE = 35 msec. In a second subject, data was acquired for parallel imaging acceleration factors of

R = 5, 6 with TE = 35 msec. In all cases, fully-sampled ACS data was acquired using the same

interleaved 2R-shot EPI prescan as used for DPG [28].

The previous datasets were acquired with a conventional axial slice orientation. However, be-

cause Nyquist ghost problems tend to be more extreme with oblique acquisitions due to concomitant

fields that can produce substantial nonlinear 2D phase differences between positive and negative

readout polarities [24,28,48–50], we also acquired an additional dataset with a double-oblique slice

orientation from a third subject to test performance in a more challenging scenario. The slice

orientation in this case is nonstandard and likely difficult to interpret for many readers, so we have

depicted its position in Fig. 3.2. For this case the data was acquired with TR = 2.08 sec and TE

= 35 msec for parallel imaging acceleration factors of R = 1, 2, 3, 4, 5, 6.
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Sagittal Coronal Axial

Figure 3.2: Illustration of the orientation of the double-oblique gradient-echo EPI dataset. The double-
oblique slices are shown in red, overlaid on a structural T1-weighted image of the same subject. The
double-oblique slice used for the results in Fig. 3.7 is shown with a yellow rectangle.

3.3.1.2 Diffusion-encoded EPI Brain Data

In another set of experiments, we acquired in vivo human brain data using a diffusion-encoded spin-

echo EPI sequence. Diffusion EPI data might be considered more challenging than the previous

gradient-echo EPI data, due to the fact that diffusion MRI data usually suffers from random image-

to-image phase variations, and can also have lower SNR than gradient-echo EPI. In addition, the

rapid switching of strong diffusion gradients can introduce substantial additional eddy current

effects that can cause systematic differences between the ACS data and the diffusion EPI data if

they are acquired with different diffusion gradient settings [76].

A first diffusion dataset was acquired on a Siemens 3T Prisma Fit scanner using a standard

32-channel receiver array. For the sake of computational complexity, this data was subsequently

reduced to 16 channels using standard coil-compression techniques. The data was acquired using

FOV = 220 mm × 220 mm; matrix size = 220 × 220; slice thickness = 5 mm; TR = 2.8 sec; TE =

63 msec; b-values of 0 sec/mm2 and 1000 sec/mm2; 6 diffusion encoding directions; parallel imaging

acceleration factor R = 3; and 6/8ths partial Fourier sampling. ACS data was acquired using the

same interleaved 2R-shot EPI prescan as used for DPG [28], except that the data was acquired

with lower resolution along the phase encoding dimension (i.e., we only acquired 45 phase-encoding

lines for the ACS data). Due to the random phase variations associated with diffusion encoding

gradients, the ACS data was acquired without diffusion weighting, which means that the ACS data

has very different contrast characteristics from the EPI data. To show results across a broader
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range of acceleration factors, a second set of acquisitions was performed with R = 2, 3, 4, 5. Other

parameters were identical to the previous case, except for matrix size = 110 × 110; slice thickness

= 2 mm; TR = 11.4 sec; TE = 73 msec; and fully-sampled ACS data.

3.3.1.3 Cardiac EPI Data

In a third set of experiments, we acquired in vivo human cardiac data during diastole using a

spin-echo EPI sequence with parameters that are typical for a myocardial arterial spin labeling

experiment [77]. Data was acquired on a GE 3T Signa HDx scanner with an 8-channel cardiac coil.

The acquisition used FOV = 280 mm × 140 mm; matrix size = 128 × 64; slice thickness = 10

mm; TR = 55 msec; TE = 32.9 msec; velocity cutoff = 5 cm/s; no parallel imaging acceleration

(R = 1); and 5/8ths partial Fourier sampling. ACS data was acquired using the same interleaved

2R-shot EPI prescan as used for DPG [28], but with 5/8ths partial Fourier sampling. Data was

acquired with a double-oblique slice orientation to achieve a mid-short axis view.

3.3.2 Simulations

In addition to in vivo data, the different methods were also evaluated using simulations where a

gold standard was present. To form a gold standard with realistic EPI characteristics, we took two

in vivo gradient-echo EPI brain datasets (as described in Section 3.3.1.1) with axial slice orientation

and R = 1 from the same scan session, and reconstructed them both using SENSE. Each gradient

polarity was reconstructed separately, providing a realistic representation of typical interpolarity

image differences. This procedure provides two sets of fully-sampled multi-channel dual-polarity

gold standard images. One of these sets was used for ACS data, while the other was undersampled

(including parallel imaging acceleration, along with interleaving the data from positive and negative

gradient polarities) to simulate EPI data. These datasets were acquired roughly 5 minutes apart,

allowing time for mismatches to evolve. Since ghost correction is frequently more difficult for EPI

datasets with 2D nonlinear phase differences between the two polarities, we applied an additional

2D nonlinear phase pattern to make the problem more challenging. This additional phase difference

was designed to be roughly 3×-larger than we observed in the real data from Fig. 3.7 .
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In a first set of simulations, to mimic the situation where a localized image feature is different

between the ACS data and EPI data (e.g., as may happen in a dynamic experiment), we added

a Gaussian-shaped additive image hyperintensity to the EPI data that we did not add to the

ACS data. The hyperintensity was designed to follow both the coil sensitivity maps (obtained

by applying ESPIRiT [8]) and the phase characteristics of the original data. We also performed

simulations with these two datasets interchanged, i.e., with the hyperintensity in the ACS data but

not in the EPI data.

In another set of simulations, to mimic the situation where the ACS data and EPI data have

very different contrasts, we inverted the magnitude image for the ACS data to create an image with

different contrast [78], while still following the coil sensitivity maps and the phase characteristics

of the original data.

In addition to performing multi-channel simulations, we also performed a simulation in a very

challenging single-channel setting. For this, single-channel data was obtained by a linear combi-

nation of the multi-channel data [79]. Single-channel ghost correction is a difficult setting where

only a few previous methods have had any success [14, 39]. This case is hard because even with

unaccelerated data (R = 1), each polarity has an effective acceleration factor of R = 2 when the

data for each readout gradient polarity is separated, and it can be difficult to reconstruct R = 2

data without multi-channel information.

The fully-sampled ACS and EPI datasets used for all three simulations are illustrated in Fig. 3.3

.

3.3.3 Data Processing

RAC-LORAKS was applied to perform reconstruction and ghost correction on these datasets. For

comparison against existing methods, the datasets were also reconstructed using the previous AC-

LORAKS ghost-correction method [14], DPG [28], and MUSSELS [40].

For some of the datasets we consider, the ACS data may be incomplete due to low-resolution

ACS acquisition (i.e., the first brain EPI diffusion data) or partial Fourier ACS acquisition (i.e.,

the cardiac EPI data). In such cases, we modify RAC-LORAKS to consider the fully sampled ACS
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(ACS Phase diff.) ”
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Figure 3.3: Illustration of the EPI and ACS datasets used in simulation. The first and second top rows
show coil-combined multi-channel data for the case when the EPI and ACS data have similar and inverted
contrast, respectively, while the bottom row shows representative single-channel images. We also show the
interpolarity phase difference for the coil-combined EPI data, as well as the difference in the interpolarity
phase difference between the coil-combined EPI and ACS data.

data vectors k+
acs and k−acs as additional variables to be optimized in Eq. (3.4), subject to ACS data

consistency constraints.

For RAC-LORAKS and AC-LORAKS, the regularization parameters λ and η were selected

manually based on subjective visual inspection reconstruction quality and ghost-reduction perfor-

mance for in vivo data, and to minimize quantitative error measures for simulated data. The

rank-related parameters p and r were selected based on the singular value characteristics of LO-

RAKS matrices formed from the ACS data. The rank parameters were set based on the points at

which the singular value curves begin to flatten out, which is a common rank estimation technique

for noisy matrices. This decision was made manually (based on visual inspection) for the results

shown later in the paper, although fully automatic approaches would also be viable.

DPG is a ghost correction method that treats different gradient polarities like different coils in a

parallel imaging experiment, and uses a dual GRAPPA kernel estimated from ACS data for image

reconstruction [28]. In order to use DPG for the initialization of RAC-LORAKS, we have adapted

DPG to output two sets of images (with calibration based on the raw uncorrected multi-channel
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ACS data), one for the original k+ data and one for the original k− data. This is different than the

original DPG implementation, which applies ACS pre-processing to try and correct for errors in the

ACS data, and then directly fuses information from the two polarities together into a single virtual

“hybrid” output [28]. This hybrid output can have different magnitude and phase characteristics

than the original k+ and k− data, so is not useful as an initialization for RAC-LORAKS. We

refer to our adapted version as modified DPG (mDPG) from now on. In some cases, we also

compare against the original version of DPG (including the original ACS pre-processing procedure

to correct for shot-to-shot variations in the ACS data [28]), although note that such comparisons

are necessarily qualitative, since the magnitude and phase characteristics of the hybrid output DPG

images do not match the images generated using other methods.

MUSSELS is a structured low-rank matrix recovery method that uses SENSE-type parallel

imaging constraints together with nuclear norm regularization to impose low-rank constraints [40].

While MUSSELS was originally developed for multi-shot EPI ghost correction, it can apply equally

well to the ghost correction problem associated with different gradient polarities. Sensitivity maps

for MUSSELS were estimated by applying ESPIRiT [8] to the same ACS data used for the other

methods. The regularization parameter for MUSSELS was selected manually based on subjective

visual inspection of reconstruction quality and ghost-reduction performance in the case of in vivo

data, or to minimize quantitative error measures for simulated data.

Note that DPG and MUSSELS were both developed for the multi-channel setting. We can adapt

DPG to the single-channel setting in straightforward ways [14], and we apply this adaptation to the

single-channel simulated data. We did not adapt MUSSELS to the single-channel case. Note that

the SENSE-based constraints used by MUSSELS would reduce to a simple spatial-domain support

constraint in the single-channel case, which is not strong enough to yield good performance results.

For all methods, results were visualized by using a standard square-root sum-of-squares tech-

nique to combine the images from different coils and different gradient polarities into a single image.

Results from in vivo experiments were evaluated qualitatively, since a gold standard reference was

not available in these cases.
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Simulation results were evaluated quantitatively using the normalized root mean-squared error

(NRMSE):

NRMSE ,

√∥∥∥k̂+ − k+
gold

∥∥∥2

2
+
∥∥∥k̂− − k−gold

∥∥∥2

2√∥∥∥k+
gold

∥∥∥2

2
+
∥∥∥k−gold

∥∥∥2

2

, (3.5)

where k+
gold and k−gold are respectively the gold standard values for the positive and negative gradient

polarities. We also plotted Fourier Error Spectrum Plots (ESPs) to gain further insight into how

the errors were distributed across different spatial resolutions scales [80]. An ESP is designed to

reveal the spectral characteristics of the error, and for example, can discriminate between methods

that make more errors in the low-resolution features of an image versus methods that make more

errors in high-resolution features.

3.4 Results

Figure 3.4 shows ACS data and reconstruction results from the in vivo gradient-echo EPI brain data

with an axial slice orientation. The ACS data in this case does not have strong artifacts, although

close inspection does reveal that ACS ghost artifacts are present. This can be further appreciated

in Fig. 3.5 where the same images are shown with amplified image intensity to highlight ghost

characteristics in the image background. As can be seen, all ghost correction methods work well at

smaller acceleration factors, although performance begins to degrade at larger acceleration factors.

We observe that, compared to other methods, the visual quality of the MUSSELS reconstruction

seems to degrade most rapidly as a function of acceleration factor, which is consistent with previous

observations [14]. The mDPG method had qualitatively better performance than MUSSELS in

this case. However, a close inspection of the images reveals that the mDPG results are not entirely

ghost-free even for the unaccelerated (R = 1) case. This may be expected due to the artifacts and

mismatches that are present in the ACS data. Although mDPG does not attempt to correct the ACS

artifacts, it should be noted that the original DPG method does try to correct them through pre-

processing. Results showing the qualitative performance of the original DPG method are shown in

Fig. 3.6, where we observe that the ghost artifacts still exist, though as expected, are less prominent
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than were observed for mDPG. In spite of the ACS artifacts, the AC-LORAKS reconstruction

still has good performance at low acceleration factors and does a good job of suppressing ghosts

in the background regions of the image at all acceleration factors, although exhibits substantial

degradation in image quality at the highest acceleration factors (with artifacts similar to those

observed for highly-accelerated parallel imaging reconstructions). However, the RAC-LORAKS

reconstruction appears to have much higher quality than the other methods, even at very high

acceleration factors like R = 6. (Note that when R = 6, the effective acceleration factor is R = 12

when each readout gradient polarity is considered separately. This leads to a highly ill-posed inverse

problem).

Figure 3.7 shows results from the in vivo gradient-echo EPI brain data with a double-oblique slice

orientation. This case is more challenging than the previous one due to the complicated nonlinear

2D spatial phase differences we observed between data acquired with positive and negative polarities

(as visualized in the last column of Fig. 3.7), the proximity to air-tissue interfaces that result in

substantial magnetic field inhomogeneity effects, as well as more substantial ghosting artifacts

present in the ACS data. Note that the ACS data corresponding to the R = 5 case is particularly

corrupted, which can be attributed to the unpredictable shot-to-shot variations that frequently

occur in these kinds of multi-shot acquisitions. Despite the more extreme scenario, the different

ghost reconstruction methods have similar characteristics to those observed in the previous case,

with RAC-LORAKS appearing to demonstrate the cleanest overall results.

Figure 3.8 shows reconstruction results from the first set of multi-channel simulations (with

similar contrast between ACS and EPI data, but with a hyperintensity added to the EPI data).

Quantitative NRMSE values are reported in Table 3.1 with corresponding ESPs shown in Fig. 3.10.

Qualitatively, the results from Fig. 3.8 have similar characteristics to the results observed with in

vivo data. Notably, RAC-LORAKS is able to consistently reconstruct a high-quality image that

bears close resemblance to the gold standard image, while methods like mDPG and AC-LORAKS

have artifacts due to the small mismatches between the ACS and EPI data. The visual assessment

of reconstruction quality matches well with the quantitative NRMSE assessment shown in Table 3.1.
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R = 1 ACS data MUSSELS mDPG AC-LORAKS RAC-LORAKS
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Figure 3.4: ACS data and reconstruction results for in vivo gradient-echo EPI brain data with an axial slice
orientation for different parallel imaging acceleration factors. Note that the first four acceleration factors
(R = 1-4) were acquired from one subject during a single scan session while the last two acceleration factors
(R = 5, 6) were acquired from a different subject on a different day, which explains the visual discontinuity
between these cases.

AC-LORAKS and RAC-LORAKS have a similar performance at R = 1 and 2, with RAC-LORAKS

having the best performance at high acceleration factors.

Reconstructions were also performed using the original DPG formulation as shown in Fig. 3.9.

In this case, DPG has similar ghost artifacts to mDPG, which is expected because there are no

artifacts in the ACS data, while there is a problematic mismatch between the ACS data and the

EPI data that neither DPG nor mDPG address. Notably, for both DPG and mDPG, we observe

aliasing artifacts that seem to be associated with the hyperintensity that was present in the EPI

data but was not in the ACS data.
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Figure 3.5: The same results shown in Fig. 3.4 , but with a 5× intensity amplification to highlight the ghost
characteristics.

The ESP plots in Fig. 3.10 enable a more nuanced analysis. These results suggest that RAC-

LORAKS has good (i.e., among the best, even if it is not always the best) performance at all

spatial frequencies, meaning that it is good at reconstructing image features across the whole range

of resolution scales.

Figure 3.11 shows a similar simulation result to that shown in Fig. 3.8, with the main difference

being that the previous EPI images (with the hyperintensity) were used as ACS data and the

previous ACS images (without the hyperintensity) were used to generate EPI data. Consistent

with the previous case, we observe good performance for RAC-LORAKS, and do not observe the
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Figure 3.6: DPG results corresponding to the same data shown in Fig. 3.4 and Fig. 3.5. The same mDPG
results shown in Fig. 3.4 and Fig. 3.5 are also reproduced in this figure for reference. Note that the processing
steps of DPG cause the image intensities to be mismatched from the intensities of mDPG and the other
reconstruction methods, which precludes a quantitative comparison.

features of the hyperintensity being erroneously transferred into the RAC-LORAKS reconstruction

results.

Figure. 3.12 and Table 3.2 show simulation results for the case where the ACS data has an

even more substantial contrast difference (i.e. inverted contrast) with respect to the EPI data. For

this case we observe a degradation in performance for all methods compared to the previous cases,

although RAC-LORAKS still showed the best overall qualitative and quantitative performance.

This result suggests that RAC-LORAKS may have better performance when the contrast is similar

between the ACS and EPI data, although can still provide benefits when the contrast difference is

substantial.

Figure 3.13 shows reconstruction results from the single-channel simulation, with quantitative

NRMSE values reported in Table 3.3. While previous work [14] reported that mDPG and AC-

LORAKS can be reasonably successful for single-channel data with R = 1 when the ACS data is

pristine, our new results demonstrate that this performance can be sensitive to the quality of the

ACS data. In particular, we observe strong ghost artifacts for both of these methods, even though
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R = 1 ACS data MUSSELS mDPG AC-LORAKS RAC-LORAKS Phase Diff. ”

R = 1
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Figure 3.7: ACS data and reconstruction results for in vivo gradient-echo EPI brain data with a double-
oblique slice orientation for different parallel imaging acceleration factors. For reference, we also show the
interpolarity phase difference as estimated from a coil-combined RAC-LORAKS result. The degree of phase
nonlinearity is an indicator of how difficult ghost correction is expected to be. As can be seen, complicated
2D nonlinear phase differences are present in many of these cases.

we do observe that the AC-LORAKS reconstruction has successfully suppressed ghost artifacts in

the image background (outside of the support of the true image). In contrast, RAC-LORAKS

is substantially more successful for R = 1. Notably, RAC-LORAKS also performed well for the

even more challenging R = 2 case, unlike the other methods. For reference, note that even with

high-quality ACS data, the previous AC-LORAKS method did not yield good results with similar

single-channel R = 2 data [14].

Figure 3.14 shows reconstruction results from the first set of in vivo diffusion EPI brain data,

including a 10× intensity amplification to highlight the ghost characteristics. As can be seen,
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Table 3.1: NRMSEs for the multi-channel simulation results shown in Fig. 3.8. For each acceleration factor,
the smallest values are highlighted in bold.

MUSSELS mDPG AC-LORAKS RAC-LORAKS

R = 1 0.059 0.024 0.016 0.020
R = 2 0.104 0.045 0.035 0.042
R = 3 0.271 0.083 0.056 0.055
R = 4 0.572 0.127 0.132 0.064
R = 5 0.741 0.161 0.269 0.085

Table 3.2: NRMSEs for the multi-channel inverted contrast simulation results shown in Fig. 3.12 . For each
acceleration factor, the smallest values are highlighted in bold.

MUSSELS mDPG AC-LORAKS RAC-LORAKS

R = 1 0.098 0.177 0.027 0.025
R = 2 0.131 0.182 0.065 0.045
R = 3 0.280 0.190 0.141 0.077
R = 4 0.532 0.213 0.236 0.117
R = 5 0.754 0.309 0.373 0.160

the ACS data has ghost artifacts in all cases, and both MUSSELS and mDPG reconstructions

also exhibit unsuppressed ghosting artifacts. On the other hand, both AC-LORAKS and RAC-

LORAKS are relatively ghost-free in this example and have only minor differences from one another

(it might be argued that the RAC-LORAKS result has a slightly less-noisy appearance than the AC-

LORAKS result, but if so, this difference is very subtle). While this result does not demonstrate an

obvious advantage for RAC-LORAKS over AC-LORAKS, it should be observed that this diffusion

result is at least consistent with the previous gradient-echo EPI data results, in which we also did

not observe a substantial difference between RAC-LORAKS and AC-LORAKS when R = 3. In

addition, this case involves a very substantial contrast difference between the ACS data and the EPI

data. This difference does not appear to have adversely affected the performance characteristics of

these methods in substantial ways.

Figure 3.15 shows reconstruction results from the second set of in vivo diffusion EPI brain

acquisitions (with different acceleration factors), with zoom-ins shown in Fig. 3.16 for improved

visibility. Consistent with the results shown for the gradient-echo EPI data in Fig. 3.4, we observe

that all methods perform well for low acceleration factors. As the acceleration factor increases, the

performance of each method degrades, with RAC-LORAKS showing a lower qualitative degradation
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Figure 3.8: Reconstruction results for the first set of multi-channel simulations (with similar contrast be-
tween ACS and EPI data, but with a hyperintensity added to the EPI data) with different parallel imaging
acceleration factors.

in comparison to the other methods at the very high acceleration factors R = 4, 5. Note that at

high acceleration factors (e.g., R = 4, 5) the reconstruction quality for RAC-LORAKS is not quite

as good as for the gradient-echo EPI dataset shown in Fig. 3.4. We believe that this should be

expected, since as mentioned before, diffusion EPI data can be considered more challenging than

the gradient-echo EPI data due to SNR issues, eddy current effects, motion-induced phase effects,

and contrast mismatches between the ACS and EPI datasets.

Finally, Fig. 3.17 shows results from the in vivo cardiac EPI data. While this data was not

accelerated (R = 1), this case is challenging because of the double-oblique slice orientation as well

as the substantial artifacts present in the ACS data resulting from cardiac motion-induced shot-

to-shot variations. In addition, this case can also be challenging for SENSE-based methods (like

MUSSELS), due to the use of a small FOV with aliasing. When aliasing is present within the

FOV, it violates the standard SENSE modeling assumption of one sensitivity map value per spatial



Chapter 3. Robust Autocalibrated Structured Low-Rank EPI Ghost Correction 67

hola R = 1 R = 2 R = 3 R = 4 R = 5

mDPG

mDPG
(5×)

DPG

DPG (5×)

Figure 3.9: mDPG and DPG results corresponding to the same multi-channel simulated data from Fig. 3.8.

Table 3.3: NRMSEs for the single-channel simulation results shown in Fig. 3.13. For each acceleration factor,
the smallest values are highlighted in bold.

mDPG AC-LORAKS RAC-LORAKS

R = 1 0.170 0.584 0.046
R = 2 0.494 0.809 0.073

location, which generally leads to artifacts if not properly accounted for. The results demonstrate

that both MUSSELS and mDPG have substantial residual ghosting artifacts, which might not be

surprising given the high degree of corruption that is present in the ACS data. On the other hand,

both AC-LORAKS and RAC-LORAKS are more successful at suppressing the ghosts. Without a

gold standard reference, it is hard to establish definitively whether AC-LORAKS or RAC-LORAKS

is better in this example, although we believe that the RAC-LORAKS result demonstrates slightly

less ghosting than AC-LORAKS, particularly on the left side of the image where the ACS data and

mDPG both have particularly strong ghost artifacts.
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3.5 Discussion

The results in the previous section demonstrated that, in the presence of imperfect ACS data,

RAC-LORAKS frequently offers similar or better performance to the previous AC-LORAKS ghost

correction method that it generalizes, while both of these methods perform substantially better

than methods like MUSSELS or DPG. We also observed that RAC-LORAKS appears to have the

biggest advantage over AC-LORAKS in scenarios where the parallel imaging acceleration factor

was high. For these cases, we observed that RAC-LORAKS was able to mitigate ghost artifacts

both inside and outside the support of the original image, while AC-LORAKS was only able to

mitigate ghost artifacts outside the support but not inside. This advantage for RAC-LORAKS is

likely the result of its improved robustness to ACS errors combined with the multi-contrast linear

predictability constraints which help to make the reconstruction problem less ill-posed. However,

it should be noted that RAC-LORAKS has one more regularization parameter than AC-LORAKS

(i.e., η, which controls the level of trust placed in the information from the ACS data). In our

experience, manual tuning of this parameter is not hard (i.e., we always started from the small

value η = 10−3, and frequently did not have to modify this value to achieve satisfying results). The

method would be easier to use if the selection of η were automated.

Both RAC-LORAKS and AC-LORAKS also depend on the choice of rank parameters, and as

described previously, the results shown in this work made a heuristic choice based on the empirical

rank characteristics of the ACS data. Even though the low-rank characteristics of the structured

matrices might vary between the ACS data and the acquired EPI data due to systematic phenomena

(e.g., thermal noise, subject motion, respiration, artifacts in the ACS data, etc.), we have not

observed major problems associated with inappropriate rank selection in our empirical results. This

might be expected, based on the observation that LORAKS reconstruction results are frequently

not very sensitive to small variations in the rank parameter [12,32]. Nevertheless, the development

of improved automatic RAC-LORAKS parameter selection methods would be an interesting topic

for future work.

Although RAC-LORAKS offers good performance, it should be noted that our current imple-

mentation of RAC-LORAKS can be more computationally expensive than existing methods. For
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example, for the results shown with R = 1 in Fig. 1, RAC-LORAKS used ≈ 45 min of reconstruc-

tion time, while MUSSELS, mDPG, and AC-LORAKS respectively used ≈ 15 min, ≈ 2 min, and

≈ 100 min. All methods were implemented in MATLAB on a standard desktop computer with an

Intel Xeon E5-1603 2.8 GHz quad core CPU processor and 32GB of RAM. While this relatively

long computation time may be a concern, it should be noted that we are reporting the results

of a simple proof-of-principle implementation, and we did not spend much time to optimize the

computational efficiency of this approach. We believe that major improvements may be possible

by leveraging better computational hardware, smarter algorithms, and more efficient implementa-

tions. Given the reconstruction performance offered by RAC-LORAKS, we believe that improving

its computational performance is a promising topic for future research. However, RAC-LORAKS

is notably faster than AC-LORAKS, and it appears that this speed difference results from the

fact that RAC-LORAKS has consistently faster convergence than AC-LORAKS in this setting.

The reason for this faster convergence is unclear at this stage, although we believe that a detailed

analysis of convergence characteristics is beyond the scope of the present paper.

While this paper focused on EPI ghost correction for standard single-slice excitation, we believe

that the extension of these ideas to simultaneous multi-slice EPI acquisitions (similar to Refs. [60,

61,81,82]) is a very promising research direction.

Finally, although the techniques we developed in this work were described and evaluated in

the context of EPI ghost correction, we believe that the overall approach is likely to be useful

across a wide range of parallel imaging applications, particularly those for which the measured

ACS data is not adequate to resolve all of the reconstruction artifacts. Specifically, we believe that

the key principles employed by RAC-LORAKS (i.e., using structured low-rank matrix methods to

avoid placing complete trust in the accuracy of ACS data, and leveraging ACS data to provide

additional information in a multi-contrast framework) are both novel ideas that are applicable

to arbitrary image reconstructions involving ACS data, and are not exclusive to ghost correction

settings. In addition, we are encouraged by the high-quality reconstruction results that RAC-

LORAKS produces even in very highly-accelerated scans. These results suggest to us that there
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may be value in exploring the usefulness of RAC-LORAKS to other parallel imaging experiments

in future work.

3.6 Conclusions

This work proposed and evaluated RAC-LORAKS, a new structured low-rank matrix method for

EPI ghost correction that integrates multiple constraints (including parallel imaging constraints,

support constraints, phase constraints, and inter-image linear predictability constraints) to not

only mitigate artifacts resulting from imperfect ACS data and Nyquist ghosts, but also accounting

for partial Fourier acquisition and reducing parallel imaging artifacts and noise in an integrated

fashion. RAC-LORAKS uses ACS data and k-space domain linear predictive modeling to stabilize

the solution of the ill-posed inverse problem, and was observed to offer advantages relative to

state-of-the-art ghost correction methods like AC-LORAKS, DPG, and MUSSELS.
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Figure 3.10: ESPs for the multi-channel simulation results shown in Fig. 3.8. The vertical axis of each ESP
uses a consistent range to enable comparisons between different acceleration factors.



72 3.6. Conclusions

hola MUSSELS mDPG AC-LORAKS RAC-LORAKS

R = 1

R = 2

R = 3

R = 4

R = 5

Figure 3.11: Reconstruction results for multi-channel simulated data with different parallel imaging acceler-
ation factors. These simulations are identical to those reported in Fig. 3.8, except that the images used to
generate EPI data and the images used to generate ACS data were interchanged.
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Figure 3.12: Reconstruction results for the second set of multi-channel simulations (with inverted contrast
between ACS and EPI data) with different parallel imaging acceleration factors.
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Figure 3.13: Reconstruction results for single-channel simulated data with different acceleration factors.
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Figure 3.14: ACS data and reconstruction results for three representative slices from in vivo diffusion brain
data (R = 3). A 10× intensity amplification is also shown for each slice to better highlight the ghosting
characteristics.
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Figure 3.15: ACS data and reconstruction results for in vivo diffusion EPI brain data for different parallel
imaging acceleration factors. For improved visualization, zoomed-in versions of these results (corresponding
to the spatial region marked with a yellow rectangle in the first column and first row) are shown in Fig.
3.16. It should be noted that the subject appears to have slightly moved between scans, so that there is not
perfect correspondence between anatomical image features across different acceleration factors.
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Figure 3.16: The same results shown in Fig. 3.15, but zoomed-in to a region of interest for improved
visualization.

ACS data MUSSELS mDPG AC-LORAKS RAC-LORAKS

Figure 3.17: ACS data and reconstruction results for unaccelerated in vivo cardiac EPI data. The two rows
show the same results, but the second row has 5× intensity amplification to better highlight the ghosting
characteristics.



Chapter 4

On the Shape of Convolution Kernels
in MRI Reconstruction: Rectangles
versus Ellipsoids

4.1 Introduction

Constrained MRI reconstruction methods that rely on shift-invariant convolution models have

existed for decades. One of the earliest approaches (which still remains quite popular) is to assume

that a missing sample of k-space data can be predicted as a linear shift-invariant combination of

neighboring samples [3, 13]. In particular, it is common to assume that

ρ̂[k] =
∑
z∈Ω

w[z]ρ[k− z] (4.1)

for an appropriately-chosen shift-invariant interpolation kernel w[k], where ρ̂[k] is the missing

sample to be interpolated, the interpolation kernel w[k] has a shape dictated by the support set

Ω, and the neighboring samples correspond to ρ[k− z] for z ∈ Ω. In many cases, the interpolation

kernel w[z] is a quantity that must be learned from some kind of training data. Methods that rely

on these kinds of concepts include popular approaches like SMASH [4], GRAPPA [5], SPIRiT [7],

and structured low-rank matrix reconstruction methods [31, 32, 36, 37], as well as related subspace

methods like ESPIRiT [8]. Another group of methods adopts the same basic structure, but moves

from shift-invariant linear prediction to shift-invariant nonlinear prediction relationships to improve

77
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performance [83–86]. And in recent years, due to the growing excitement about machine learning

and deep learning in MRI, a huge number of different convolutional neural network (CNN) methods

have been proposed [87,88].

Each of these methods can be implemented using shift-invariant filtering with appropriate con-

volution kernels. Most of the existing methods use a rectangular kernel shape, in which the support

set Ω of the kernel has a rectangular geometry. For example, the support set of an 11×11 rect-

angular kernel in 2D could be defined as Ω = {k = (nx∆kx, ny∆ky) : max(|nx|, |ny|) ≤ 5}, where

∆kx and ∆ky are the Nyquist sampling intervals along each dimension. In contrast, an ellipsoidal

kernel shape would have a support set Ω with an ellipsoidal geometry, and could be defined for an

11×11 kernel in 2D as Ω = {k = (nx∆kx, ny∆ky) :
√
|nx|2 + |ny|2 ≤ 5}. Although we [12, 32, 86]

and other researchers [89] have sometimes used ellipsoidally-shaped Ω, we are not aware of any

previous systematic comparisons of rectangular and ellipsoidal kernel shapes.

In this work, we perform a detailed evaluation of rectangular versus ellipsoidal kernel shapes,

and the results we obtained (to be described later) suggest that ellipsoidal kernels can indeed offer

several advantages over more-common rectangular kernels. A preliminary account of portions of

this work was previously presented at a recent conference [90].

4.2 Theory

Many of the earliest convolutional reconstruction methods were designed for 1D reconstruction

problems, in which case there is no distinction between a rectangular kernel and an ellipsoidal kernel.

For more recent higher-dimensional methods, it is easy to access rectangle-shaped subcomponents

of a higher-dimensional array in most programming languages (e.g., in Python, for a 2D array

denoted by B, the code B[1:3,1:3] will yield access to a 2D rectangular subcomponent), while

accessing an ellipsoid-shaped subcomponent of an array is generally more involved to code. This is

likely a major contributing factor to the widespread modern use of rectangular kernels.

However, there are some theoretical reasons why an ellipsoidal kernel might be preferred over

a rectangular kernel. One reason is that an ellipsoidal kernel can be viewed as a rectangular kernel

with the corners removed, which implies that for ellipsoidal and rectangular kernels with “matched
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size” (i.e., the principal axes of the ellipse have the same lengths as the sides of the corresponding

rectangle), an ellipsoidal kernel has smaller area/volume and fewer coefficients. In particular, in

2D, the area of an ellipse is more than 20% smaller than the area of the rectangle that inscribes

it, while in 3D, the volume of an ellipsoid is nearly 50% smaller than the volume of the inscribing

hyperrectangle [91]. This difference in the number of coefficients is illustrated for the 2D case in

Fig. 4.1. Practically, this means that ellipsoidal kernels are associated with fewer degrees-of-freedom

(i.e., fewer coefficients w[z] that need to be learned in the linear case) than rectangular kernels of

the same basic size.

3× 3 5× 5 7× 7 9× 9 11× 11

9 25 49 81 121

5 13 29 49 81

Figure 4.1: Rectangular kernels (first row) versus ellipsoidal kernels (second row) for different kernel sizes.
The center of the kernel is marked in red, while other locations within the support are shown in white.
For each configuration, the total number of kernel coefficients is indicated in yellow in the right-bottom
corner. As the kernel size increases, the ellipsoidal kernels have substantially fewer coefficients than the
corresponding rectangular kernels.

Choosing the number of parameters of a reconstruction model represents a classical trade-off.

A reconstruction model with too few parameters may not have enough representational capabilities

to accurately capture the important features of the desired image to be reconstructed. On the other

hand, a model with too many parameters can be prone to overfitting, can be sensitive to noise, and

can require more training data than models with fewer parameters. As a result, it is important to

choose a kernel shape that balances these factors appropriately.
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Another factor to consider is that reconstruction methods that use convolution in k-space can

always be interpreted as using multiplication in the image domain [7,8,13,32,92,93]. In that sense,

the shape of the support set Ω implicitly determines the characteristics of the spatial-domain func-

tion corresponding to the convolution kernel w[k]. Interestingly, it is well-established that functions

with rectangular k-space support are expected to have highly-anisotropic spatial resolution (with

much higher spatial resolution along diagonal lines), while functions with ellipsoidal k-space sup-

port are expected to have more isotropic spatial resolution characteristics [91]. This has led some

authors to suggest that, in the context of data sampling to achieve a certain target resolution,

it suffices to acquire an ellipsoidal region of k-space and acquiring the corners of k-space is often

inefficient [91]. By the same logic, it is reasonable to hypothesize that the corners of rectangular

convolution kernels may not be very important in practice, and that ellipsoidal convolution kernels

may be able to achieve similar capabilities with better efficiency.

4.3 Methods

We carried out a systematic comparison between the rectangular and the ellipsoidal kernel shapes,

by assessing the performance and efficiency of seven representative k-space convolutional reconstruc-

tion methods: GRAPPA, SPIRiT, ESPIRiT, SAKE, LORAKS , AC-LORAKS, and a CNN-based

approach.

In what follows we give a very brief explanation of the selected methods. GRAPPA [5] is

a noniterative reconstruction method that interpolates a missing point as a shift-invariant linear

combination of neighboring samples (with the set of neighbors defined by the kernel shape) using

kernel weights previously estimated from autocalibration (ACS) data. SPIRiT [7] is an iterative

reconstruction method that uses the constraint that every point in k-space (regardless of whether

that point was sampled or missing in the original acquisition) can be predicted as a shift-invariant

linear combination of neighboring samples. As before, the set of neighbors is defined by the ker-

nel shape, and the kernel weights are estimated using ACS data. The ESPIRiT [8], SAKE [31],

LORAKS [32], and AC-LORAKS [11] methods are all based on structured matrices, in which

convolution-structured (i.e., Hankel or Toeplitz) matrices are formed from k-space data such that
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multiplying the structured matrix with a vector is equivalent to a convolution with the k-space

data. In all of these methods, the kernel shape influences the way that the structured matrices

are constructed. Each method uses structured matrices in slightly different ways. ESPIRiT is a

sensitivity-map estimation method that forms a structured matrix from ACS data, and obtains

sensitivity maps from the eigenvectors of this matrix. SAKE is a reconstruction method that re-

covers missing k-space samples by enforcing a constraint that a structured matrix formed from the

reconstructed k-space data is expected to have low-rank characteristics due to parallel imaging and

image support constraints. Similarly, LORAKS uses similar low-rank matrix constraints to recover

missing k-space samples, but constructs the structured matrix and enforces the low-rank constraints

differently than SAKE does. For the results shown in this work, we utilized the version of LO-

RAKS based on the “S-matrix”, which simultaneously imposes parallel imaging, image support,

and smooth-phase constraints. AC-LORAKS is an autocalibrated version of LORAKS, in which the

nullspace of the LORAKS matrix is estimated from ACS data. This allows image reconstruction to

be reformulated as a simple least-squares problem instead of a more complicated low-rank matrix

recovery problem, greatly improving computation speed. The CNN-based method we considered

is the U-Net approach that has been used as a benchmark in the FastMRI challenges [94]. This

approach uses a CNN to remove the artifacts from coil-combined images formed through simple

zero-filled reconstructions, where the convolution filters are trained using thousands of reference

datasets. It should be noted that the U-Net is based on image-domain convolution instead of

k-space convolution (which all of the other methods are based on).

We assessed the performance of GRAPPA, SPIRiT, SAKE, LORAKS, and AC-LORAKS by

reconstructing retrospectively-undersampled data using the ten different kernel supports shown in

Fig. 4.1, comprising five rectangular (square) kernels with different side lengths and five ellipsoidal

(circular) kernels with different radii. Two datasets were used: 12-channel T2-weighted brain data

acquired with a 256 × 187 matrix size; and 4-channel T1-weighted brain data acquired with a

258 × 256 matrix size. These datasets are shown in Fig. 4.2. Retrospective undersampling was

performed for several different sampling patterns as shown in Fig. 4.2. The sampling patterns

always include 24 fully-sampled lines at the center of k-space to be used as ACS data. Outside
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of this region, we used conventional uniform undersampling with acceleration factors of R = 2, 3,

and 4. In order to test both kernel shapes with other undersampling schemes, the T2-weighted

dataset was accelerated using a partial Fourier acquisition scheme with the same number of k-

space lines used for the T1-weighted dataset. The lines outside the ACS region were distributed

proportionally such that only 6/8 of the k-space includes fully-sampled lines. Reconstruction results

were evaluated using normalized root-mean-squared error (NRMSE), and we also evaluated the

amount of computation time and the amount of RAM used in each case. These results were

obtained on a computer with an Intel Xeon E5-1603 2.8 GHz quad core CPU processor and 32GB

of RAM.

’ ’ R = 2 R = 3 R = 4

’ ’ R = 2 R = 3 R = 4

Figure 4.2: The T2-weighted (first row) and the T1-weighted (second row) datasets with the corresponding
sampling patterns used in our experiments. We show results after coil combination (root sum-of-squares).

ESPIRiT was evaluated using the same two datasets, using the same ten kernel supports and

the same 24 lines of ACS data described previously. The quality of the estimated sensitivity maps
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was assessed by calculating the size of the residual error (quantified as NRMSE) after projecting

the fully-sampled data onto the subspace spanned by the estimated sensitivity maps [8].

The U-Net was evaluated with knee data from the 2019 FastMRI challenge [94]. We compared

the original U-Net (which used 3 × 3 rectangular kernels) against a modified U-Net (which used

3× 3 ellipsoidal kernels, which was achieved using 3× 3 rectangular kernels but forcing the values

in the corners to be zero). Both the original and modified U-Nets were trained for 27 epochs

from the same random initialization using 3, 474 single-channel training examples. We used the

undersampling scheme used in [94]. For validation, we used 7, 135 single-channel datasets that were

not part of the training set.

4.4 Results

Figure 4.3 shows the NRMSE results for the T2-weighted dataset obtained for GRAPPA, SPIRiT,

ESPIRiT, SAKE, LORAKS, and AC-LORAKS, when using the kernel shapes and kernel sizes

shown in Fig. 4.1, with the corresponding results for the T1-weighted dataset shown in Supporting

Information Fig. S1. For both datasets it can be observed that, in most cases, the NRMSE achieved

by both kernel shapes was quite similar, which can likely be attributed to the fact that both shapes

have practically the same base spatial resolution. It should also be noted that for GRAPPA, the

3× 3 rectangular kernel has significantly better performance than the 3× 3 ellipsoidal kernel. This

is expected since, for this small kernel size, the ellipsoidal kernel only uses two neighboring k-space

samples (one on each side) to interpolate each missing sample, which is much smaller than the six

neighboring k-space samples used by the rectangular kernel. For SPIRiT we observed a similar

NRMSE for both kernel shapes comparable to the values obtained for the other methods, however,

for the T1-weighted dataset, both kernel shapes exhibited a substantial decrease in performance

when the kernel size was 11×11. The same phenomenon was observed for the T2-weighted dataset

but only for the rectangular shape. This poor performance can be attributed to the fact that these

large kernels have a large number of parameters that were difficult to estimate reliably based on

the relatively small number of ACS lines.
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Figure 4.3: NRMSE for different reconstruction methods for the T2-weighted dataset as a function of kernel
size and kernel shape.

Figure 4.5 and Supporting Information Fig. S2 respectively show corresponding computation

times for the T2-weighted and T1-weighted datasets. We observe that the elliptical kernels shapes

constitently yielded faster computation times than the rectangular kernel shapes, with generally

bigger differences for larger kernel sizes. This matches the theoretical expectations described pre-

viously.

Supporting Information Figs. S3 and S4 respectively show the corresponding memory usage for

the T2-weighted and T1-weighted datasets. Analogous results are shown in Supporting Information

Fig. 4 for the T1-weighted dataset. In all cases, the ellipsoidal kernels used less memory than the

rectangular kernels, as expected based on previous theoretical arguments.

Figure 4.9 shows the histogram of NRMSE values obtained from the validation set of images for

CNN-based reconstruction. As can be seen, there is negligible difference in NRMSE performance

for the two different kernel shapes, despite the fact that the network based on ellipsoidal kernels had

substantially fewer parameters (i.e., ≈ 4×106) than the network based on rectangular kernels (i.e.,
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Figure 4.4: NRMSE for different reconstruction methods for the T1-weighted dataset as a function of kernel
size and kernel shape.

≈ 7× 106). This difference could be potentially leveraged to reduce the complexity of the training

process, although for simplicity, we utilized a naive implementation that did not (and would not

be expected to) demonstrate computational benefits.
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Figure 4.5: Computation times for different reconstruction methods for the T2-weighted dataset as a function
of kernel size and kernel shape.
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Figure 4.6: Computation times for different reconstruction methods for the T1-weighted dataset as a function
of kernel size and kernel shape.
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Figure 4.7: Memory usage for different reconstruction methods for the T2-weighted dataset as a function of
kernel size and kernel shape.
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Figure 4.8: Memory usage for different reconstruction methods for the T1-weighted dataset as a function of
kernel size and kernel shape.
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Figure 4.9: Histograms of the NRMSE values obtained on the validation set by the CNN-based reconstruction
for the different kernel shapes.
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Discussion and Conclusions

To the best of our knowledge, this work represents the first systematic evaluation of kernel shapes

for convolution-based MRI reconstruction methods. Although ellipsoidal kernels are not very pop-

ular in the modern literature, our results suggest that ellipsoidal kernels often offer advantages

(in computation time, memory usage, and the number of model parameters) over more-common

rectangular kernels, with largely similar NRMSE performance. We expect that these new insights

may be valuable for improving the efficiency of MRI reconstruction in the future.

In our evaluations, we have focused only on square-shaped and circle-shaped kernels, without

taking full advantage of the degrees of freedom offered by rectangles and ellipses (with different sizes

along different axes). We anticipate that additional improvements might be obtained by leveraging

this untapped degree of freedom. It should also be noted that the ellipsoidal kernel shape is not

necessarily optimal, and that other shapes (perhaps learned directly from empirical data) might

achieve even better results. Exploration of such ideas is a potentially interesting direction for

further research, though is beyond the scope of the present work.
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Chapter 5

New Theory and Faster Computations
for Subspace-Based Sensitivity Map
Estimation in Multichannel MRI

5.1 Introduction

Most modern magnetic resonance imaging (MRI) experiments are performed using multichannel

phased-array receiver coils [4–7, 9, 95–106]. For acquisitions involving Q receiver channels, the

measurements obtained in a multichannel MRI experiment are usually modeled using the Fourier

transform as

dq(km) =

∫
cq(x)ρ(x)e−i2πk

T
mxdx + ηqm (5.1)

for m = 1, . . . ,M and q = 1, . . . , Q. In this expression, M represents the total number of measured

k-space positions km ∈ RD, where D is the dimension of the image;1 dq(km) represents the complex-

valued k-space data measured from the qth receiver channel at the mth position in k-space; ρ(x) is

the complex-valued underlying MR image (reflecting the state of the excited magnetization at the

time of data acquisition) as a function of the spatial position x ∈ RD; cq(x) is a complex-valued

sensitivity map describing the sensitivity of the qth receiver channel to excited magnetization

1For simplicity, we have adopted the use of “spatial” notation throughout this paper, which is consistent with
typical use cases in 2D or 3D imaging. In these cases, we would have either D = 2 with x = [x, y]T and k = [kx, ky]T

or D = 3 with x = [x, y, z]T and k = [kx, ky, kz]T . However, it should be noted that our approach is also compatible
with other scenarios such as spatiotemporal imaging with time-varying sensitivities, which, for example, might use
D = 3 with x = [x, y, f ]T and k = [kx, ky, t]

T .
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at spatial position x; and ηqm represents complex-valued measurement noise. We will also use

ρq(x) , cq(x)ρ(x) to denote the qth sensitivity-weighted image.

This paper is focused on the problem of estimating the sensitivity profiles cq(x) from a set of

calibration measurements (i.e., a set of k-space data samples that are sampled at the Nyquist rate).

While prior knowledge of the coil sensitivity maps is not always required, there are many tasks that

can benefit from estimated sensitivity maps, including coil combination (in which the underlying

MRI image ρ(x) is estimated from the multichannel images ρq(x) [95, 107, 108]) and accelerated

image reconstruction (in which the underlying MRI image ρ(x) is estimated from multichannel

k-space data dq(km) that is sampled below the Nyquist rate [4, 6, 102–106]).

Over the years, many different sensitivity map estimation methods have been proposed [4,6,8,

66, 107–116]. Among these, subspace-based approaches [8, 113–115] have proven to be particularly

powerful and popular, with the subspace-based ESPIRiT method [8] rising to become the most

widely-used sensitivity map estimation method in the modern literature because of its simplicity

(with few tuning parameters) and excellent performance.

The mathematical principles underlying subspace-based sensitivity map estimation are nontriv-

ial and are not always easy to understand. In the first part of this work, we present a novel theo-

retical derivation of subspace-based sensitivity map estimation that is based on a nullspace/linear

predictability perspective [13], and makes use of concepts from the recent literature on structured

low-rank matrix modeling [11–13, 31, 32, 36, 37, 117]. This approach is distinct from and comple-

mentary to existing theoretical explanations, and we personally find it to be more intuitive than

the alternatives.

In the second part of this work, we introduce several new computational approaches that can

substantially reduce the time and memory required for subspace-based sensitivity map estimation.

This can be important because existing subspace-based methods can be computationally demand-

ing, with substantial memory requirements and slow computation times. While slow computations

can already be problematic when considering individual datasets, they can be especially limiting

in modern machine learning contexts where it may be of interest to calculate sensitivity maps for

every image within a database containing hundreds or thousands of datasets.



Chapter 5. New Theory and Faster Computations for Subspace-Based Sensitivity Map
Estimation in Multichannel MRI 95

Our computational contributions include the following:

• We leverage our previous observation that using ellipsoidal convolution kernels instead of

rectangular convolution kernels can lead to substantial reductions in memory usage and com-

putational complexity, without sacrificing accuracy [16].

• We introduce a fast FFT-based approach that allows us to rapidly calculate the nullspace

vectors associated with a multichannel convolution-structured matrix, without ever having

to directly construct the actual convolution-structured matrix (which would normally require

substantial memory and time to assemble). This approach can be viewed as a multichannel

generalization of an approach that was previously developed for the single-channel case [75]. In

addition to being useful for subspace-based sensitivity map estimation, this type of approach

may also be useful for the broad class of structured low-rank modeling methods for multi-

channel MRI image reconstruction [11–13, 31, 32, 36, 37, 117]. Note that a similar FFT-based

approach was proposed for multichannel MRI reconstruction in Ref. [118]. Compared to that

approach, our implementation uses substantially fewer FFTs, which is enabled by making use

of substantial redundancies that are present in the convolution-structured matrix.

• Noting that sensitivity maps arise from Maxwell’s equations and must be smooth, we observe

that estimating sensitivity maps at the nominal desired spatial resolution can be computa-

tionally wasteful. Instead, we propose a method that first estimates the sensitivity maps on

a low-resolution spatial grid, and then uses a fast FFT-based spatial interpolation procedure

to obtain sensitivity maps at the desired spatial resolution.

• Subspace-based sensitivity map estimation methods often require assembling a large number

of small-scale matrices (e.g., one matrix for every spatial location in the image) which in

total require substantial memory. We propose a memory-efficient approach based on signal

processing techniques to calculate these matrices.

• Subspace-based sensitivity map estimation methods and coil combination methods often re-

quire computing a large number of small-scale singular value decompositions (SVDs) (e.g.,
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one SVD for every spatial location in the image) [8, 107]. We introduce an efficient itera-

tive approach (based on classical power iteration [119]) to calculate many small-scale partial

SVDs simultaneously. While this approach is directly useful for subspace-based sensitivity

map estimation, we expect that it may also have some utility for a range of locally low-rank

modeling and denoising methods that also require calculating partial SVDs over local image

patches for every spatial location in the image [120–124].

Combined together, these algorithmic improvements — which we collectively call PISCO (Power

iteration over simultaneous efficiently-assembled patches, Interpolation, ellipSoidal kernels, and

FFT-based COnvolution) — enable a substantial (roughly 100-fold in some cases) computational

acceleration for subspace-based sensitivity map estimation.

5.2 Characteristics of the Inverse Problem

Before describing our novel theory and methods, we will first review some important characteristics

of the sensitivity map estimation problem.

As mentioned in the previous section, the problem we consider in this paper is the estimation of

the sensitivity maps cq(x) for q = 1, . . . , Q from a set of Nyquist-sampled calibration measurements.

We will assume that these calibration measurements consist of a collection of M k-space samples

from each of the Q channels, for a total of MQ observations. Our goal will be to calculate the

values of the sensitivity maps on a discrete voxel grid of N spatial locations xn, for n = 1, . . . , N ,

resulting in a total of NQ unknowns. Most practical scenarios will involve substantially more spatial

locations than k-space samples (i.e., NQ�MQ), such that the inverse problem is underdetermined

(with fewer measurements than unknowns) unless additional assumptions are made about the

characteristics of cq(x). To overcome this issue, the literature on sensitivity map estimation typically

makes the assumption that the sensitivity maps cq(x) are spatially smooth, which can be justified

based on physical principles (e.g., Maxwell’s equations).

A more pernicious issue is that, while our goal is to estimate the unknown sensitivity maps

cq(x), the image ρ(x) that appears in Eq. (5.1) is also generally an unknown. This means that
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Eq. (5.1) can be viewed as a bilinear inverse problem, which is problematic because bilinear inverse

problems have well-known scaling ambiguities. In particular, given one set of estimated sensitivity

maps cq(x) for q = 1, . . . , Q and a corresponding estimated image ρ(x) that together provide

a good fit to the measured data, it is straightforward to observe that another equally-good fit

to the measured data can be obtained by combining a rescaled version of the sensitivity maps

α(x)cq(x) for q = 1, . . . , Q together with a rescaled version of the image 1
α(x)ρ(x). The complex-

valued scaling function α(x) must be nonzero for every point x within the field of view (FOV),

but is otherwise completely unconstrained, and can have arbitrary spatial variations. As such,

unless additional strong assumptions are made, there will be infinitely many ways of choosing α(x)

that all lead to sensitivity map estimates that provide equally-good fits to the measured data.

Practically, this means that both the magnitude and phase of the estimated sensitivity maps are

inherently ambiguous, and we can only hope for sensitivity map estimates that are unique up to

these ambiguities.

Because of the inherent ambiguity, it is common for sensitivity map estimation methods to

search for one set of estimated sensitivity maps cq(x) that fit the data well, and subsequently

rescale them with a heuristically-chosen scaling function α(x) that can be designed to endow the

scaled sensitivity maps (and the corresponding scaled image) with properties that are deemed to

be useful.

Note also that the sensitivity map values cq(x) will have no impact on measured data at spatial

locations where ρ(x) = 0. As a result, the values of the sensitivity maps are completely unidentifi-

able at spatial locations outside the support of ρ(x), leading to additional ambiguity.

5.3 Nullspace/Linear Predictability Theory for Subspace-Based
Sensitivity Map Estimation

In this section, we present a novel derivation of subspace-based sensitivity map estimation from a

nullspace/linear predictability perspective [13]. We will start with a quick summary of the relevant

linear predictability relationships that are known to exist for multichannel MRI, before making

novel links to sensitivity map estimation.
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5.3.1 Summary of Linear Predictability for Multichannel MRI

Define the spatial support of ρ(x) as the set of points Ω = {x ∈ RD : |ρ(x)| > 0}. In what

follows, we will assume (without loss of generality) that the spatial coordinate system has been

normalized such that the support Ω is completely contained within a hypercube Γ with sides of

length one, defined as Γ , {x ∈ RD : ‖x‖∞ < 1
2}. We will refer to Γ as the FOV. This assumption

allows us to equivalently represent the continuous images ρ(x) and ρq(x) using infinite Fourier series

representations as

ρ(x) = 1Γ(x)
∑
n∈ZD

s[n]ei2πn
Tx (5.2)

and

ρq(x) = 1Γ(x)
∑
n∈ZD

sq[n]ei2πn
Tx (5.3)

for q = 1, . . . , Q, where s[n] and sq[n] respectively represent samples of the Fourier transforms of

ρ(x) and ρq(x) on the rectilinear Nyquist grid (taking ∆k = 1 along each dimension, as enabled by

our assumptions about Γ), and 1Γ(x) is the indicator function for the FOV, with

1Γ(x) =

 1, x ∈ Γ

0, else.
(5.4)

A basic assumption of the linear predictability formalism [13] is that the multichannel collection

of sequences {sq[n]}Qq=1 will be autoregressive, satisfying multiple multichannel shift-invariant linear

predictability relationships [5,7–9,11–13,31,32,36,113–115,117,125]. Specifically, there should exist

multiple different Q-channel finite impulse response (FIR) filters hr[n, q] that each satisfy

Q∑
q=1

∑
m∈Λ

hr[m, q]sq[n−m] ≈ 0 for ∀n ∈ ZD (5.5)

for r = 1, . . . , R, where R is the number of different filters and Λ ⊂ ZD is a finite index set describing

the support of each FIR filter.
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There are many different situations in which the existence of such filters hr[n, q] has been

theoretically proven [13]. We review a few of these below:2

• Limited Image Support [13,32,125]. In many situations, the actual spatial support Ω of

the original image ρ(x) will be smaller than the FOV Γ, such that the complement of Ω in Γ

(denoted by Ω{ , Γ \Ω), is a measurable nonempty set. In such cases, it is possible to define

nonzero functions f(x) that have their supports contained within Ω{. Since ρ(x) and f(x)

have nonoverlapping support, we must have f(x)ρ(x) = 0 for ∀x ∈ Γ. If we let f̃ [n] denote

the Nyquist-sampled Fourier series representation of f(x), then taking the Fourier transform

of f(x)ρ(x) and applying the Fourier convolution theorem yields that

∑
m∈ZD

f̃ [m]s[n−m] = 0 for ∀n ∈ ZD. (5.6)

If Ω{ is large enough, then it becomes possible to choose relatively smooth functions f(x) that

satisfy the conditions specified above. If we assume that these functions are smooth enough

that they satisfy f̃ [n] ≈ 0 for ∀n /∈ Λ (i.e., the functions f(x) are approximately bandlimited

to the frequency range defined by Λ),3 then we can approximate f̃ [n] as an FIR filter, and

obtain ∑
m∈Λ

f̃ [m]s[n−m] ≈ 0 for ∀n ∈ ZD. (5.7)

Note also that if we have f(x)ρ(x) ≈ 0 for ∀x ∈ Γ, then the relationship between ρ(x) and

ρq(x) implies we must also have that f(x)ρq(x) ≈ 0 for ∀x ∈ Γ for q = 1, . . . , Q. This implies

that the multichannel FIR filter

hr[n, q] =

 αqf̃ [n], n ∈ Λ

0, else
(5.8)

2Note that shift-invariant linear predictability relationships can also be proven for images that possess smooth
phase [13, 32, 126] and sparsity characteristics [13, 36, 37, 70, 117, 127], although these relationships are not directly
relevant for sensitivity map estimation and we do not discuss them further.

3While we can often obtain very accurate approximations of this form, this must always be an approximation,
and will never be exact. Specifically, since f(x) is assumed to have finite support, then f̃ [n] cannot have exactly-
limited support by the Fourier uncertainty principle [128]. While this paper describes this approximation informally
to simplify the exposition, more formal treatments exist in the literature [13].
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will satisfy Eq. (5.5), for any choices of αq ∈ C for q = 1, . . . , Q. It is easy to obtain many

different hr[n, q] filters from this relationship because of the flexibility offered by choosing

different functions f(x) and different coefficients αq. Using similar arguments, additional

channel-specific filters can also be obtained in common situations where some sensitivity-

weighted images ρq(x) have smaller support than the underlying image ρ(x).

• Smooth Sensitivity Maps [13,113,115,117]. As mentioned previously, it is often assumed

that the sensitivity maps cq(x) are spatially smooth. Linear predictability relationships can

be derived if we make the assumption that they are smooth enough that they can be treated

as approximately bandlimited to the frequency range defined by Λ, such that

cq(x) ≈ 1Γ(x)
∑
n∈Λ

c̃q[n]ei2πn
Tx (5.9)

for appropriate Fourier coefficients c̃q[n]. In this case, it can be observed that ci(x)ρj(x) −

cj(x)ρi(x) = 0 for ∀x ∈ Γ for any choices of i and j, which is sometimes called the “cross-

relation” in the multichannel blind deconvolution literature [129–131]. Taking the Fourier

transform of the cross-relation and applying the Fourier convolution theorem leads to

∑
m∈Λ

c̃i[m]sj [n−m]−
∑
m∈Λ

c̃j [m]si[n−m] ≈ 0 for ∀n ∈ ZD. (5.10)

This implies that the multichannel FIR filter

hr[n, q] =


−c̃j [n], n ∈ Λ, q = i

c̃i[n], n ∈ Λ, q = j

0, else

(5.11)

will satisfy Eq. (5.5) for any choices of i and j with i 6= j. As before, it is easy to obtain

many different hr[n, q] filters using different choices of i and j.
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• Compressible Receiver Arrays [46,47,132]. It is frequently observed that the different

channels in a multichannel receiver array possess linear dependencies, such that there exist

multiple distinct choices of linear combination weights wq that will each satisfy

Q∑
q=1

wqρq(x) ≈ 0 for ∀x ∈ Γ. (5.12)

This observation is often used for dimensionality reduction (“coil compression”) [46,47,132].

However, this observation also implies that a relationship in the form of Eq. (5.5) will hold if

hr[n, q] is chosen as

hr[n, q] =

 wq, n = 0

0, else.
(5.13)

Since there often exist multiple distinct choices of wq that satisfy Eq. (5.12), there can also

be many different filters hr[n, q] that arise from this kind of relationship.

The preceding arguments all support the existence of multiple filters hr[n, q] that satisfy Eq. (5.5).

In addition, if we were given full information about the support Ω and the sensitivity maps cq(x),

then we would be able to calculate filters hr[n, q] directly from Eqs. (5.8), (5.11), and (5.13). How-

ever, in practice, we do not have information about Ω or cq(x) (these are quantities that we are

interested in estimating!), and we must instead resort to other methods to obtain the FIR filters

hr[n, q].

Towards this end, an important observation from the literature on structured low-rank matrix

modeling [11–13,31,32,36,37,117] is that the convolution appearing in Eq. (5.5) can be represented

in matrix form as Ch ≈ 0, where the matrix C is given by

C ,

[
C1 C2 . . . CQ

]
; (5.14)

the matrix Cq ∈ CP×|Λ| is a convolution-structured matrix (i.e., a Hankel or Toeplitz matrix)

formed from Fourier samples sq[n], with each row of Cq corresponding to one value of n from

Eq. (5.5); P represents the number of different n values that are used in the construction of each
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Cq matrix; and h ∈ CQ|Λ| is the vector of hr[n, q] samples. See Ref. [12] for a detailed description

of the matrix construction we use.

Even though the filter coefficients h may be a priori unknown, all filters hr[n, q] that satisfy

Eq. (5.5) must appear as approximate nullspace vectors of an appropriately-constructed C matrix.

Importantly, it is possible to directly form such a C matrix from Nyquist-sampled calibration data,

and its approximate nullspace can be identified by applying the SVD. It is therefore possible to learn

a set of R linearly independent filters hr[n, q] (with R equal to the dimension of the approximate

nullspace of C) in a data-driven way, without requiring any additional prior information [11]. Note

that this nullspace-based method of computation will not result in filters that directly match the

forms given in Eqs. (5.8), (5.11), or (5.13). Instead, the obtained nullspace vectors are likely to be

linear combinations of such filters. In addition, the full set of approximate nullspace vectors for an

appropriately-constructed C matrix is expected to form a basis for the set of all hr[n, q] filters that

are consistent with the FIR filter support Λ that was used in the construction of C.

5.3.2 Linear Predictability and Sensitivity Map Estimation

In what follows, we assume that we have access to R filters hr[n, q] that each satisfy Eq. (5.5),

which can, e.g., be obtained from the nullspace of a structured calibration matrix as described in

the previous subsection.

Observe that the linear prediction relationship from Eq. (5.5) can be rewritten in the image

domain as
Q∑
q=1

hr(x, q)ρq(x) ≈ 0 for ∀x ∈ Γ, (5.15)

where

hr(x, q) ,
∑
n∈Λ

hr[n, q]e
i2πnTx. (5.16)

Using the relationship between ρ(x) and ρq(x), Eq. (5.15) can be further simplified to

ρ(x)

Q∑
q=1

hr(x, q)cq(x) ≈ 0 for ∀x ∈ Γ. (5.17)
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Since |ρ(x)| > 0 for ∀x ∈ Ω (by the definition of Ω), this implies that the summation

Q∑
q=1

hr(x, q)cq(x) ≈ 0 for ∀x ∈ Ω, (5.18)

demonstrating that the sensitivity maps cq(x) and the spatial-domain representation of the filters

hr(x, q) are strongly related to each other, and that must hold for all x ∈ Ω. On the other hand,

the summation in Eq. (5.18) could result in arbitrary nonzero values for x ∈ Ω{, since the fact

that ρ(x) = 0 at these spatial locations will still ensure that Eq. (5.17) is satisfied regardless of the

properties of hr(x, q) and cq(x).

Since we have R filters hr[n, q] that each satisfy Eq. (5.5), the relationship from Eq. (5.18) can

be expressed simultaneously for all R filters in matrix form as

H(x)c(x) ≈ 0 for ∀x ∈ Ω, (5.19)

where H(x) ∈ CR×Q has entries [H(x)]rq = hr(x, q), and c(x) ∈ CQ is the vector of cq(x) values.

Importantly, this demonstrates that the sensitivity map values at location x ∈ Ω will be one of the

approximate nullspace vectors of the corresponding matrix H(x).

Ideally, the matrix H(x) will only have a single approximate nullspace vector for each spatial

position x ∈ Ω, since that would allow us to estimate cq(x) for x ∈ Ω by calculating a basis for the

approximate nullspace of H(x) (which can, e.g., be done using the SVD). Note that singular vectors

associated with distinct singular values are always unique up to scaling ambiguities, which would

allow us to obtain unique sensitivity map values cq(x) up to the same type of scaling ambiguities

that are inherent to sensitivity map estimation (see previous discussion in Sec. 5.2).

Importantly, the ability to estimate unique sensitivity maps cq(x) (up to scaling ambiguities)

for x ∈ Ω is predicated on the matrix H(x) being approximately rank Q−1. A necessary condition

for this to be true is that R > Q. However, having R > Q is not sufficient to ensure that H(x)

possesses the desired rank characteristics. For example, filters associated with limited image support

(Eq. (5.8)) will satisfy hr(x, q) ≈ 0 for ∀x ∈ Ω, and will therefore not contribute significantly to



104 5.3. Nullspace/Linear Predictability Theory for Subspace-Based Sensitivity Map Estimation

the rank of H(x). In practice however, we have observed empirically4 that if we use the entire

collection of filters from the approximate nullspace of C, then the H(x) matrices always have an

approximate rank of Q − 1 for x ∈ Ω under the assumptions made in this paper.5 Interestingly,

when x ∈ Ω{ (i.e., the situation where the sensitivity maps are unidentifiable) and we use the entire

collection of filters from the approximate nullspace of C, we empirically observe that the matrix

H(x) always has rank Q rather than Q−1, which provides a simple mechanism for identifying both

Ω and Ω{.

In what follows, we will use G(x) ∈ CQ×Q to denote the positive semidefinite matrix formed

from H(x) as G(x) , (H(x))HH(x). The G(x) matrix is useful because it can be much smaller

than H(x) in the common case that R � Q, while the two matrices share many characteristics.

Specifically, the singular values and right singular vectors of H(x) have a one-to-one correspondence

with the sorted squared eigenvalues and eigenvectors of G(x).

Empirical demonstrations of the nullspace characteristics of H(x) are presented in the next

subsection.

5.3.3 Empirical Demonstration of Nullspace Characteristics

Throughout this paper, we will use the following three multichannel MRI datasets to illustrate

theoretical principles and to validate our proposed methods:

• Brain MPRAGE. We used an MPRAGE sequence on a 3T scanner to acquire a T1-weighted

human brain image using a 32-channel receiver array, as depicted in Fig. 5.1(a).

• Brain TSE. We used a turbo spin-echo sequence on a 3T scanner to acquire a T2-weighted

human brain image using a 32-channel receiver array, as depicted in Fig. 5.1(b).

4Our experience is based on identifying the approximate nullspace by applying a heuristic thresholding rule to the
SVD. Specifically, if σn denotes the nth singular value of C (with singular values indexed in order from largest to
smallest), then our thresholding rule includes the nth right singular vector within the approximate nullspace whenever
σn < 0.05σ1. The threshold we chose of 0.05σ1 was determined heuristically and is unlikely to be optimal, although
worked well for the datasets considered in this work.

5Note that different rank characteristics may be observed under different assumptions. For example, if the image
support Ω is larger than the FOV Γ and if aliasing occurs within the FOV, then we empirically observe multiple sets
of nullspace vectors at the spatial locations where the image support aliases onto itself. This is expected since such
aliased voxels will be a linear combination of multiple sets of sensitivity-weighted images with distinct sensitivity
maps. This enables the computation of multiple sensitivity maps, similar to what has been described previously in
work on ESPIRiT [8], although we do not belabor this point as this scenario is not our primary interest.
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(a) Brain MPRAGE (b) Brain TSE (c) Knee TSE

Figure 5.1: Depiction of the three datasets we use for illustration and validation.
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(c) Knee TSE

Figure 5.2: Normalized singular value curves for the C matrices corresponding to the three datasets from
Fig. 5.1.

• Knee TSE. We used a 15-channel knee dataset from the fastMRI database [94], as depicted

in Fig. 5.1(c). This image was acquired using a fat-suppressed turbo spin-echo sequence on a

3T scanner, producing a proton-density weighted image.

To illustrate the low-rank characteristics of the C matrix as described in Sec. 5.3.1, Fig. 5.2 plots

the singular values of C for all three datasets. In each case, the C matrix was calculated assuming

a 7 × 7 rectangular FIR filter support (i.e., Λ = {n ∈ Z2 : ‖n‖∞ ≤ 3}), and the central 24×24

k-space samples from the Nyquist grid. As expected from theory, the singular values decay rapidly

in each case, and all three C matrices are approximately low-rank with a substantial approximate

nullspace.
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Figure 5.3: Spatial maps of the 32 eigenvalues of the G(x) matrices for the Brain TSE dataset. The
eigenvalues have been normalized by |Λ| and sorted from largest to smallest, with the largest in the top right
and the smallest in the bottom right.
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ESPIRiT

Nullspace
+ PISCO

Figure 5.4: Magnitude of sensitivity maps for 16 representative coils estimated using the nullspace-based
method (first row), ESPIRiT (second row), and the nullspace-based method combined with the PISCO
techniques (third row).

To illustrate the characteristics of the H(x) and G(x) matrices described in Sec. 5.3.2, Fig. 5.3

shows spatial maps of the Q = 32 eigenvalues of G(x) for the Brain TSE dataset. As expected, the

smallest eigenvalue is approximately zero within the support of the image (i.e., H(x) and G(x) are

approximately rank = Q− 1 for x ∈ Ω), while the matrices have full rank (i.e., rank = Q) outside

the image support.

5.3.4 Naive Algorithm for Nullspace-Based Sensitivity Map Estimation

Based on the theoretical framework described in the previous subsections, a naive nullspace-based

algorithm for calulating sensitivity maps would proceed as follows:

1. Choose an FIR filter support set Λ, and construct the corresponding C matrix from calibration

data.

2. Calculate a set of R approximate nullspace vectors of the C matrix using the SVD. (In our

implementation, we will compute the SVD of CHC rather than the SVD of C, since the two

matrices have the same nullspace while CHC is generally much smaller.)

3. Using the nullspace vectors from Step (2), calculate the H(x) matrices for each spatial position

x, which can be simplified into the G(x) matrices as described in the previous subsection.
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4. Calculate the eigenvalue decomposition of G(x) for each spatial location x, and set cq(x)

equal to the qth entry of the eigenvector associated with the smallest eigenvalue of G(x).

5. (Optional) If desired, choose a scaling function α(x) that has useful properties, and use it to

normalize the sensitivity maps.

6. (Optional) If desired, apply thresholding to the spatial map of the smallest eigenvalue of G(x)

to obtain a binary mask for the image support Ω.

As we will demonstrate in the sequel, this naive algorithm works well although can require substan-

tial computation and memory usage, while a modified algorithm that uses our proposed PISCO

approach leads to substantial computational accelerations and memory savings.

5.3.5 Memory Requirements of the Nullspace Algorithm and the Direct Calculation
of G(x)

One of the limiting factors in the previously described nullspace-based algorithm occurs in Step

(3), where it is necessary to calculate the R spatial-domain multichannel filters hr(x, q) in order to

construct the H(x) matrices for each spatial location x. This can be computationally demanding

in terms of memory usage when R is big, which is commonly observed in practice. To overcome

this limitation, we propose a computational procedure to directly calculate the matrices G(x) for

each spatial location x without constructing H(x) first. This procedure correspond to the first

of the proposed PISCO techniques. Before describing how this task is carried out, we introduce

the matrix V ∈ CQ|Λ|×R which columns correspond to the approximate nullspace vectors of C or,

equivalently, to the Fourier-domain multichannel filters satisfying Eq. (5.5). Specifically, V has the

form

V ,



h
(1)
1 h

(1)
2 . . . h

(1)
R

h
(2)
1 h

(2)
2 . . . h

(2)
R

...
. . . . . .

...

h
(Q)
1 h

(Q)
2 . . . h

(Q)
R


, (5.20)
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where h
(q)
r ∈ C|Λ| is the vectorized version of hr[n, q],n ∈ Λ. Now we describe our efficient procedure

to calculate G(x). The entries of this matrix are given by [G(x)]pq =
∑R

r=1 h̄r(x, p)hr(x, q), where

h̄r corresponds to the complex conjugate version of hr. This expression can also be calculated using

the vectorized Fourier-domain filters as follows

[G(x)]pq = fH(x)

(
R∑
r=1

h(q)
r (h(p)

r )H

)
f(x), (5.21)

where f(x) , [e−i2πn
T
1 x e−i2πn

T
2 x · · · e−i2πn

T
|Λ|x]T is the vector of complex sinusoids associated

to the frequency components {ns}|Λ|s=1 within Λ. Equation (5.21) is important since the matrix

Wqp ,
∑R

r=1 h
(q)
r (h

(p)
r )H ∈ C|Λ|×|Λ| can be easily extracted from the projection matrix VVH ,

which is not expensive to calculate. Then, if we denote the sth column of Wqp by w
(s)
qp , we have

that Wqp =
∑|Λ|

s=1 w
(s)
qp eHs , where es corresponds to the canonical vector with only zeros except for

the sth entry which is equal to one. This allows us to write

[G(x)]pq = fH(x)

 |Λ|∑
s=1

w(s)
qp eHs

 f(x)

=

|Λ|∑
s=1

w(s)
q (x, p)e−i2πn

T
s x, (5.22)

where w
(s)
q (x, p) corresponds to the spatial-domain filter associated to w

(s)
qp . Alternatively, we can

perform the previous calculation in the Fourier domain. Denoting by w
(s)
q [n, p] the Fourier repre-

sentation of w
(s)
q (x, p) (which nonzero components are the entries of w

(s)
qp ) and by F−1 the inverse

Fourier transform operator, we have that [G(x)]pq corresponds to F−1
(∑|Λ|

s=1w
(s)
q [n + ns, p]

)
at

location x. Therefore, in order to calculate the matrices G(x) for each location x, we only need to

store Q spatial-domain multichannel filters (i.e., w
(s)
q (x, p) for ∀q ∈ {1, . . . , Q}), which is usually

substantially smaller than R. It should also be noted that a more efficient calculation of VVH is

possible using the row-space vectors of C, which are usually considerably less than the approxi-

mate nullspace vectors. In fact, we have that VVH = IQ|Λ| −UUH , where U is the matrix which

columns correspond to the row-space vectors, and IQ|Λ| corresponds to the Q|Λ| × Q|Λ| identity
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matrix. In the following we consider this approach to calculate the projection matrix VVH , given

that calculating UUH is faster than calculating VVH .

In the following experiments the proposed nullspace-based algorithm is implemented considering

the previously described approach to calculate the G(x) matrices in Step (3). Otherwise, the

memory requirements become restrictive making the nullspace-based algorithm unfeasible.

5.3.6 Comparisons of the Nullspace Algorithm and ESPIRiT

Before moving on to describe the rest of our novel PISCO computational acceleration techniques, we

will first spend a little time to describe how PISCO compares to the popular ESPIRiT approach for

sensitivity map estimation [8], which is also subspace-based. While the two approaches are derived

using very different arguments, the resulting approaches end up having quite similar structure.

Specifically, in our nullspace-based approach, we use the nullspace vectors of the C matrix to

identify matrices G(x) that satisfy G(x)c(x) ≈ 0, where c(x) ∈ CQ is the vector of cq(x) sensitivity

map values. This causes us to estimate sensitivity maps using the eigenvector associated with the

smallest eigenvalue of G(x). In contrast, ESPIRiT extracts the rowspace vectors of the C matrix,

and uses these to construct matrices B(x) ∈ CQ×Q that are expected to satisfy B(x)c(x) ≈ c(x).

As a result, the sensitivity maps in ESPIRiT can be estimated using the eigenvector associated

with the largest eigenvalue of B(x). Interestingly, it can be derived (with a substantial amount

of tedious-but-straightforward derivations that are too involved to reproduce here) that the B(x)

matrix used by ESPIRiT will satisfy

B(x) = IQ −
G(x)

|Λ| . (5.23)

In addition to theoretical similarities between ESPIRiT and the nullspace-based approach, the

two approaches also empirically produce sensitivity map estimates that are nearly identical to one

another. Results are illustrated in Fig. 5.4, where we show representative sensitivity maps estimated

from the Brain TSE dataset. For both methods we chose an FIR filter support Λ of dimensions

7 × 7 and a calibration data set of dimensions 24 × 24 to calculate C. We calculated the singular
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Figure 5.5: Quantitative comparison between the nullspace-based approach and ESPIRiT for the Brain TSE
data in terms of (a) accuracy (as measured through the normalized projection residual) and (b) speed (as
measured through the total computation time).

vectors of CHC corresponding to singular values which were greater than the 5% of the greatest

singular value. These singular vectors are supposed to approximate a basis for the rowspace of

CHC, and can be used to calculate the matrices B(x) for each spatial location. Analogously, we

calculated the singular vectors of CHC corresponding to singular values smaller than the 5% of the

greatest singular value (i.e., approximate nullspace vectors), and use them to directly calculate the

matrices G(x) (i.e., using the method described in Sect. 5.3.5). Then, we estimated the sensitivity

maps at each spatial location by calculating the first eigenvector of B(x) in ESPIRiT, and the last

eigenvector of G(x) in the nullspace-based algorithm. Next, the estimated sensitivity maps for both

methods were normalized in magnitude using a sum-of-squares approach, and referenced in phase

with respect to the phase of the sensitivity map estimate corresponding to the first channel. Finally,

both sets of sensitivity maps were masked by identifying locations where the smallest eigenvalue

of G(x) was smaller than the 8% of the greatest eigenvalue. From the results in Fig. 5.4 it can

be observed that the visual differences between the two approaches are negligible. Figure 5.4 also

shows that the results are negligibly different from those obtained when combining the nullspace-

based approach with PISCO (which leads to dramatic improvements in computation speed and



Chapter 5. New Theory and Faster Computations for Subspace-Based Sensitivity Map
Estimation in Multichannel MRI 111

Table 5.1: Normalized Projection Residual with 32×32 calibration data.

Dataset ESPIRiT ESPIRiT Nullspace Nullspace
+PISCO +PISCO

Brain MPRAGE 0.136 0.140 0.136 0.140

Brain TSE 0.081 0.087 0.081 0.087

Knee TSE 0.292 0.293 0.292 0.293

Table 5.2: Computation Time (secs.) with 32×32 calibration data.

Dataset ESPIRiT ESPIRiT Nullspace Nullspace
+PISCO +PISCO

Brain MPRAGE 44.3 1.0 NA 1.0

Brain TSE 99.2 1.1 NA 1.1

Knee TSE 66.2 0.3 NA 0.3

memory usage), although we will save that discussion for later in the paper after we have discussed

the remaining details of PISCO.

To evaluate the quality of a sensitivity map estimate in a more quantitative way, we have also

computed a “normalized projection residual” to quantify how well the estimated sensitivity maps

match the fully-sampled data. Specifically, we first take the fully-sampled multichannel data and

project it onto the subspace spanned by the sensitivity maps. If the sensitivity map estimation

procedure worked well, then the projection onto the sensitivity maps should capture all of the true

signal, with only noise remaining in the residual after projection [8]. Our “normalized projection

residual” metric is obtained by taking the `2-norm of the difference between the original multichan-

nel data and the projected data, and normalizing by the `2-norm of the original multichannel data.

A smaller value of this metric is indicative of better sensitivity map estimation performance. Figure

5.5(a) shows plots of this metric for the Brain TSE data, for both ESPIRiT and the nullspace-based

approach, using a 7×7 FIR filter support Λ and different calibration data sizes. As can be seen,

both methods have very similar residual values. Table 5.1 also shows the normalized projection

residual for all three datasets for both ESPIRiT and the nullspace-based approach, this time using

32×32 calibration data while still using a 7×7 FIR filter support. As before, the differences between

ESPIRiT and the nullspace-based approach are negligible. (This table also shows PISCO results,

although we will defer a detailed discussion of these results until after we have described PISCO).
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Table 5.3: Memory Usage (GB) with 32×32 calibration data.

Dataset ESPIRiT ESPIRiT Nullspace Nullspace
+PISCO +PISCO

Brain MPRAGE 1.01 0.55 25.33 0.55

Brain TSE 1.71 1.44 68.20 1.44

Knee TSE 1.91 0.43 18.89 0.43

To evaluate the speed of different algorithmic approaches, we measured the computation time

employed by both approaches using a MATLAB in-house implementation on a computer with an

Intel Xeon E5-1603 2.8GHz quad core CPU and 32GB of RAM. Table 5.2 shows the computation

time for all three datasets for ESPIRiT, the nullspace-based approach, and the combination of

these two algorithms with the PISCO techniques. We have not included the time corresponding

to the nullspace-based approach since its implementation makes use of the procedure to directly

calculate the matrices G(x) described in Sect. 5.3.5. Therefore, comparing its computation time

against ESPIRiT would be an unfair comparison given that this type of techniques is not used

in the original ESPIRiT description. However, as we will discuss later in the paper (and as is

already evident from Table 5.2), there is no computational speed difference between ESPIRiT and

the nullspace-based method when these are combined with all the PISCO techniques.

We also evaluated the memory usage for the nullspace-based algorithm and ESPIRiT, by mea-

suring the RAM memory associated to the most expensive variables needed in each algorithm.

These correspond to the spatial-domain multichannel filters needed to naively calculate the matri-

ces G(x) and B(x) in the nullspace-based algorithm and ESPIRiT, respectively6. We also added

the RAM memory associated to the convolutional matrix C, which is also considerable. These

results are reported in Table 5.3 from where it can be observed how massive the memory require-

ments are for the nullspace-based algorithm in comparison to ESPIRiT (if a naive implementation

is used). However, we can also observe that the memory associated to the considered variables is

reduced drastically for both algorithms when combined with the PISCO techniques, making them

similar in terms of memory usage. The detailed explanation of these memory savings will be given

after our description of the rest of the PISCO techniques in the next section.

6It should be noted that in this assessment we are not considering the memory savings due to the procedure
described in Sect. 5.3.5. This type of memory savings are only considered in the reported PISCO results.
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Overall, these results demonstrate strong theoretical, empirical, and computational similarities

between ESPIRiT and the nullspace-based algorithm. Of course, another contribution of this paper

is to introduce PISCO, which will enable substantial improvements in computational complexity

for the nullspace method, ESPIRiT, and a number of related techniques. The remaining details of

PISCO and a numerical evaluation of its performance will be presented in the next section.

5.4 Proposed Computational Methods

Now we describe the remaining of our computational contributions included in PISCO, noticing

that one of them has already been described in Sect. 5.3.5. As we explain next, each of these compu-

tational methods provides important improvements either in memory usage and/or computational

complexity when incorporated into the naive algorithm described in Section 5.3.4. Notably, these

efficiency improvements do not compromise estimation quality and, given the structural similarities

between ESPIRiT and the nullspace-based method, it is also straightforward to incorporate PISCO

into ESPIRiT. In the following, besides providing a theoretical description of the computational

methods in PISCO, we empirically assess efficiency improvements when including these methods

individually into the nullspace-based algorithm. In all the cases we use the Brain TSE dataset and

consider different sizes for the calibration data as in Fig. 5.5. It should be mentioned that one of

the PISCO techniques was introduced in Sect. 5.3.5, which makes the nullspace-based algorithm

feasible in terms of memory usage. In the following experiments, the reported results regarding

accuracy and computation time of our baseline nullspace-based method were obtained using the

procedure described in Sect. 5.3.5 for the calculation of the G(x) matrices. However, unless it

is specified, the reported results regarding memory usage were not necessarily obtained using the

procedure described in Sect. 5.3.5.

5.4.1 Ellipsoidal versus Rectangular Convolution Kernels

In previous work we have shown that considering an ellipsoidal support for the FIR filters in the

construction of C offers significant efficiency improvements in comparison to using a rectangular
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Figure 5.6: Assessment of the nullspace-based algorithm using filters with a rectangular (Nullspace) and an
ellipsoidal support (Nullspace + S).

support [16]. Specifically, if we consider the ellipsoidal neighborhood Λe = {n ∈ Z2 : ‖n‖`2 ≤ τ}

in Eq. (5.7), instead of the rectangular neighborhood Λr = {n ∈ Z2 : ‖n‖∞ ≤ τ}, the size of C is

considerably reduced given that |Λe| < |Λr|. Then, memory usage and computation time should

be reduced when using the ellipsoidal support instead of the rectangular support, given that C has

smaller dimensions and therefore it is faster to construct. In Fig. 5.6 we assess the nullspace-based

algorithm when using both types of support. In order to have a fair comparison we considered an

ellipsoidal support Λe with τ = 3, and the rectangular support Λr with size (2τ + 1)× (2τ + 1). We

can see from Fig. 5.6(a) that both types of support obtained similar accuracy, however, there are

considerable gains in memory usage when using the ellipsoidal support as we see in Fig. 5.6(b). In

this case we are reporting the RAM memory associated to the spatial-domain multichannel filters

needed to calculate the G(x) matrices in addition to the RAM memory associated to C. The

computation time for both types of support was similar in this case, given that the difference in

size for both supports is not big enough. We should expect bigger differences in memory usage and

computational complexity for higher values of τ as shown in [16]. We have decided to only consider

τ = 3 for the results in Fig. 5.6 and in the following sections, given that the estimation quality

varied negligibly for higher values of τ .



Chapter 5. New Theory and Faster Computations for Subspace-Based Sensitivity Map
Estimation in Multichannel MRI 115

5.4.2 FFT-Based Calculation of Nullspace Vectors

One important step in the nullspace-based method and ESPIRiT is the calculation of nullspace and

rowspace vectors of C, respectively. As indicated in the Step (2) of the nullspace-based algorithm

in Section 5.3.4, it is convenient to work with CHC instead of C, since CHC has the same nullspace

vectors and usually much smaller dimensions. Even though the small dimensions of CHC permit

a fast calculation of the SVD, we still need to calculate C in prior, which is a demanding task in

terms of memory usage and computation time. Following previous work [75, 118], we propose to

calculate CHC directly without calculating C first. In [75] the authors proposed an FFT-based

approach to calculate CHC directly in the single-channel case (i.e., Q = 1), which was extended

to the multichannel case in [118]. However, the multichannel approach proposed in [118] can be

demanding in terms of computation time. In the following we make the observation that it is

possible to rapidly calculate CHC in the multichannel case by leveraging on its structure and

signal processing techniques.

In the proposed approach the idea is to calculate each column of CHC separately. Let ei ∈ CQ|Λ|

be the ith canonical vector. Then, if we write ei using a stack of Q subvectors {e(i)
q }Qq=1 of size |Λ|,

we have that all but the q(i) , bi/|Λ|c + 1 subvector has a nonzero components. Then, the ith

column of CHC would be given by

CHCei =


CH

1

...

CH
Q

Cq(i)e
(i)
q(i), (5.24)

which reduces to calculating Q products of the form CH
p Cqf where p, q ∈ {1, . . . , Q} and f ∈ C|Λ|

is a canonical vector. Given the convolutional structure of the matrices {Cq}Qq=1, it is possible to

approximate these products efficiently using the FFT [74, 75]. It can be theoretically shown that

this procedure to calculate approximations of the columns of CH
p Cq is equivalent to performing a

sliding-window that extracts a series of patches of size |Λ| from

F−1(F(Z(ρ̃p))�F(Z(ρ̃q))),
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Figure 5.7: Assessment of the nullspace-based algorithm calculating the nullspace vectors in Step (2) with
(Nullspace + CO) and without (Nullspace) the FFT-based approach.

where each patch is centered at a different frequency component in Λ. In the last expression

ρ̃p , F(ρp); Z(ρ̃p) correspond to a zero-padded version of ρ̃p; and � denotes the element-wise

product. It should be noted that this sliding-window approach has been previously proposed

in [75] for the single-channel. To the best of our knowledge this is the first time that this approach

has been extended to the multichannel case.

In Fig. 5.7 we show how the performance and memory usage of the nullspace-based algorithm

changes when calculating CHC directly instead of calculating C first. In this case we only report

the RAM memory associated to C and CHC given that all the other variables remain the same.

We observe that there are dramatic improvements in memory usage for big calibration data sizes,

which correspond to the cases when the dimensions of CHC are considerably smaller than the

dimensions of C. It should be noted that there are cases where the memory usage is worse for

the proposed approach. These cases correspond to calibration data sizes where the dimensions of

CHC are higher than the dimensions of C. However, in these cases the memory consumption by

both matrices is not considerable. Notably, the improvements provided by the proposed approach

negligibly affect estimation accuracy and computation time (not reported).
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5.4.3 Smoothness-Based Interpolation

In the nullspace-based algorithm proposed in Sect. 5.3.4 Step (4) corresponds to a location-wise

estimation where the vector c(x) is estimated for every location x using the eigenvalue decomposi-

tion of G(x). This can be expensive in terms of computation time given that usually the number

of locations is big. In this work we make the observation that it is possible to reduce the number

of locations where the previously described process is performed, and estimate c(x) for the rest of

locations using a fast interpolation procedure. In fact, sensitivity maps arise from Maxwell’s equa-

tions and therefore they possess smooth spatial characteristics. Based on this principle, we propose

to estimate c(x) for a low-resolution spatial grid using the eigenvalue decomposition of G(x), and

then use an FFT-based interpolation procedure to obtain c(x) for the rest of locations considered

at the desired spatial resolution. However, for this approach to be successful, it is necessary to

obtain smooth sensitivity map estimates for the low-resolution spatial grid. This is not usually the

case when conventional computational methods are used to calculate the eigenvalue decomposition

of G(x), since the phase of the resulting sensitivity map estimates commonly exhibits a random

structure. To solve this issue, we reference the phase of the low-resolution spatial grid sensitivity

map estimates to the phase of a low-resolution image obtained from the calibration data. To obtain

this low-resolution image we propose to use the low-resolution spatial grid sensitivity map estimates

(with random phase) and a filtered version of the calibration data to obtain a SENSE-based recon-

structed image [6]. We have observed that filtering the calibration data with a Gaussian window

produces a smooth SENSE-reconstructed image with adequate phase characteristics to be used as

reference. However, the Gaussian window might not be necessarily optimal, and other windows

could achieve even better results. In Fig. 5.8 we show how the performance and computation

time of the nullspace-based algorithm change when using the proposed FFT-based interpolation

approach in Step (4). We can see that there are negligible variations in accuracy and dramatic

improvements in computation time.
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Figure 5.8: Assessment of the nullspace-based algorithm using (Nullspace + I) and not using (Nullspace)
the FFT-based interpolation approach in Step (4).

5.4.4 Power Iteration

One of the most expensive steps in the nullspace-algorithm given in Sec. 5.3.4 corresponds to Step

(4), where c(x) is estimated by calculating the eigenvector corresponding to the smallest eigenvalue

of G(x). One possible approach to do this is to calculate the SVD of each G(x) for every location x,

and then extract the last eigenvector of each matrix. However, this process can be computationally

expensive when the number of locations is big. We make the observation that, given that the

nullspace of G(x) tends to be unidimensional, it would be enough to only calculate one vector in

this subspace instead of the whole SVD. For this purpose, we propose to use an iterative algorithm

based on Power Iteration [119]. Remarkably, the steps of this algorithm can be easily implemented

in parallel for all the locations, which highly improves the computation time. Before introducing

the proposed algorithm, we review how to use Power Iteration to estimate c(x) for a particular

location x, and then we show how we can perform the same procedure for multiple locations at the

same time. The power iteration procedure for a particular location is summarized in Algorithm 1,

where η corresponds to an upper bound for the magnitude of the eigenvalues of G(x). Even though

this process is faster than SVD, repeating it for all the considered locations can still be slow. We
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Algorithm 1 Power Iteration procedure to estimate c(x) for a particular location x

Input: G(x)
Output: c(x)

Initialization: Initialize c(x) randomly

for k ← 1 to K do
c(x)← (ηIQ −G(x))c(x)
c(x)← c(x)/‖c(x)‖2

end for

propose a computational method to execute the steps in Algorithm 1 for all the locations at the

same time. For this purpose we first define the vectors {gpq}Qp,q=1, where gpq is a vector which

contains the (p, q) entry of every matrix G(x). Then, we define the vectors {g̃pq}Qp,q=1 such that

g̃pq =

 ηmax1− gpq, if p = q

−gpq, if p 6= q

where ηmax corresponds to an upper bound for the eigenvalues of all the matrices G(x) and 1 is a

vector with all entries equal to one. Given the structure of G(x), a simple choice for this bound

corresponds to ηmax = |Λ|. Then, we also define the vectors {cq}Qq=1 where cq correspond to the

vectorized version of cq(x) considering every location x. It should be noted that estimating c(x) for

every location, as indicated in Step (4) of the nullspace-based algorithm, is equivalent to estimating

the vectors {cq}Qq=1. Using these definitions, we propose Algorithm 2, which is equivalent to execute

the steps in Algorithm 1 for all the locations in an all-at-once fashion. Notably, Algorithm 2 can be

efficiently implemented using programming languages like MATLAB or Python, where vectorization

techniques can be used to rapidly calculate summations and reduce the number of for-loops. In

our in-house implementation we only consider the outer for-loop associated to the variable k. The

inner for-loop and summations are all performed using vectorization techniques.

A fast convergence of the previous algorithms depends on having a big difference in magnitude

between the last two eigenvalues of the matrices G(x). In practice we have observed that this is

usually the case (e.g., see Fig. 5.3), therefore, only a few iterations are needed for convergence.

However, there are cases where the last two eigenvalues are close to each other, which corresponds
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Algorithm 2 All-at-once PowerIteration-based Algorithm

Input: {g̃pq}Qp,q=1

Output: Estimated sensitivity map vectors {cq}Qq=1

Initialization: Initialize {cq}Qq=1 randomly

for k ← 1 to K do
cp ←

∑Q
q=1 g̃pq � cq for all p ∈ {1 . . . , Q}

Compute the vector α with entries

[α]m = 1/

√√√√ Q∑
p=1

|[cp]m|2

cp ← α� cp for all p ∈ {1 . . . , Q}
end for

to situations where more than one sensitivity map is required to describe a specific location. It

should also be mentioned that there are other more advanced algorithms besides Power Iteration

which can also be used to compute only one eigenvector of the matrices G(x), such as the Lanczos

algorithm, which theoretically has better convergence that Power Iteration. However, we have

decided to use Power Iteration since its steps can be easily implemented in all-at-once fashion

as we previously described, while algorithms like Lanczos include normalization steps which are

more involved to implement for multiple matrices at the same time. In Fig. 5.9 we show how

the performance and computation time of the nullspace-based algorithm change when using the

proposed PowerIteration-based approach instead of a location-wise SVD decomposition approach in

Step (4). We can see that there are negligible variations in accuracy and significant improvements

in computation time. For each case we selected K = 10 as the number of iterations in Algorithm

2. The same number of iterations is used in the experiments in the following subsection where all

the PISCO techniques are used at the same time.
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Figure 5.9: Comparison between using the location-wise SVD approach (Nullspace) and the all-at-once
PowerIteration-based approach (Nullspace + P) in Step (4) of the nullspace-based algorithm.
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Figure 5.10: Comparison between the nullspace-based algorithm with (Nullspace + PISCO) and without
(Nullspace) the PISCO techniques.
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5.4.5 Combined Approach

Now that we have introduced each of the PISCO computational techniques, we empirically show

the efficiency improvements that are achieved when they are all integrated at the same time to the

nullspace-based estimation algorithm. In Fig. 5.10 we compare the nullspace-based algorithm with

its enhanced version after integrating all the PISCO techniques. Remarkably, it can be observed

that massive improvements in computation time and memory usage are achieved while maintaining

estimation accuracy. For the memory usage analysis of the naive nullspace-based algorithm we

have considered the RAM memory associated to the spatial-domain multichannel filters needed

to calculate the G(x) matrices, in addition to the RAM memory associated to C. As expected,

this memory usage is huge for each of the considered calibration data sizes. Notably, the memory

usage is reduced drastically when using PISCO. In this case, we are considering the RAM memory

associated to the G(x) matrices (which are calculated efficiently using the method in Sect. 5.3.5), in

addition to the RAM memory associated to CHC (which is calculated efficiently using the method

in Sect. 5.4.2). In Fig. 5.11 we show the estimated sensitivity maps for four representative channels

of the three considered datasets when using the nullspace-based algorithm and its enhanced version

using PISCO. For both algorithms we used a calibration data size equal to 32 × 32. For the

three datasets it can be observed that there are strong similarities between the sensitivity maps

estimated with each of the methods. In addition, we report estimation accuracy, computation times,

and memory usage in Tables I, II, and III, respectively. For the sake of completeness, we also report

the results of integrating the PISCO techniques into ESPIRiT, which is straightforward given the

strong similarities in structure between the nullspace-based algorithm and ESPIRiT. From these

tables it can be observed that the nullspace-based algorithm and ESPIRiT provide similar results

when including PISCO, which is expected given the theoretical analysis provided in Sect. 5.3.6.

We obtained that in all the cases PISCO offers massive improvements in computation time and

memory usage without compromising estimation accuracy.
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Figure 5.11: Estimated sensitivity maps using the nullspace method with and without PISCO for the three
considered datasets. We show the magnitude of the sensitivity maps of four representative coils.
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5.5 Discussion and Conclusions

In this work we have proposed a novel theoretical framework for the subspace-based sensitivity map

estimation problem. In comparison to the existent literature, our results offer an alternative and

complementary theoretical description that in our opinion provides a more intuitive mathematical

explanation. Using this framework, we have proposed a sensitivity map estimation method that

relies on nullspace and structured low-rank matrix modeling theory. We showed that the proposed

nullspace-based method possesses strong theoretical and structural similarities with ESPIRiT. In

the second part of this work we proposed a set of powerful computational methods that allow

an efficient implementation of the proposed nullspace-based method, and that can be straightfor-

wardly integrated into existent methods like ESPIRiT. Remarkably, we showed that our proposed

computational techniques produce massive improvements in memory usage and computation time

in comparison to naive implementations of subspace-based methods, while maintaining estimation

accuracy. As an example, roughly a 100-fold acceleration can be achieved when integrating our

techniques to ESPIRiT.

For the results shown in this paper we used an in-house MATLAB implementation for all the

considered methods. It should be mentioned that even bigger gains in performance could be ob-

tained with more efficient implementations and other programming languages like C. As an example,

the BART software package [133] provides a C-based implementation of ESPIRiT which is expected

to be much faster than MATLAB implementations. Notably, using our PISCO-based MATLAB

implementation we were able to estimate sensitivity maps much faster than the C-based implemen-

tation of ESPIRiT provided in BART. For instance, using the Brain TSE dataset and a calibration

data of size 24 × 24, our PISCO-based MATLAB implementation completed in ∼ 1 second while

the BART C-based implementation completed in ∼ 19 seconds. It should be mentioned that both

implementations obtained similar estimation accuracy. Therefore, substantial efficiency improve-

ments should be expected if the computational methods of this paper are implemented using more

powerful programming languages. Moreover, the automatic selection of the different parameters

in the proposed computational methods should also contribute to improving the obtained results.
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For instance, approaches based on the SURE estimator, as the one proposed in [134], could be

combined with the proposed methodology.

Finally, it should be highlighted that the computational methods developed in this work can

also be applied beyond the sensitivity map estimation context. For instance, many accelerated

MRI reconstruction methods are based on the construction of convolutional structured matrices

as the ones considered in this work (e.g., SPIRiT [7], PRUNO [9], SAKE [31], LORAKS [32],

ALOHA [36]). Therefore, these methods could be benefited from the the proposed computational

method described in Sect. 5.4.2, which efficiently calculates this type of matrices using FFT-based

convolutions.
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Chapter 6

Conclusion

During the last five decades MRI has been constantly evolving in terms of performance and ef-

ficiency, providing researchers and clinicians with an outstanding imaging technology capable of

generating high-quality images of the living tissue in a safe and noninvasive manner. Even though

MRI is an omnipresent resource in modern medicine, there are still several challenges that have

limited MRI from reaching its full potential. Particularly, the time needed for the data-acquisition

process can be restrictively long, which affects scanning throughput, patient comfort, and acces-

sibility to MRI technology. To address this problem, widely used approaches have consisted of

accelerating the data-acquisition process by considering advanced hardware and/or the acquisition

of only a fraction of the data. In the case of partial acquisition, the accelerated data need to be

efficiently reconstructed before the generation of the corresponding images. In this work we made

significant contributions in this area. Firstly, we provided powerful algorithms able to success-

fully reconstruct accelerated MRI data in challenging acquisition scenarios. Secondly, we provided

computational techniques which allow substantial efficiency improvements for reconstruction algo-

rithms without compromising image-quality performance. A more detailed description of our main

contributions is given in the following:

1. We have theoretically and empirically studied reconstruction algorithms based on structured

low-rank modeling, which are capable of leveraging on constraints learned from reference

datasets in order to improve reconstruction performance. These algorithms account for the
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missing data samples by automatically identifying linear predictability relationships embed-

ded in the data, and complement the reconstruction task with in prior knowledge learned

from correlated datasets. We empirically showed that the use of reference data constraints

in the Fourier domain offers performance advantages over constraints in the spatial domain.

We showed that, in the case of accelerated data acquired using an uniform undersampling

scheme, the use of a nonconvex cost-function leads to better reconstruction performance than

the use of a convex cost-function. Notably, we show that these developments allow the re-

construction of highly accelerate data in important MRI applications such as Echo Planar

Imaging acquisition.

2. We have developed a robust reconstruction method based on structured low-rank modeling

which is able to account for imperfections in the reference data. Additionally, this reconstruc-

tion method is able to learn linear predictability relationships between the reference data and

the accelerated data, which produces important improvements in reconstruction performance.

We have empirically shown that this method is able to successfully reconstruct data in high

acceleration regimes.

3. By making a systematic comparison we showed that the efficiency of MRI reconstruction

methods based on linear predictability principles can be substantially improved by a simple

modification in the underlying model used for prediction. When predicting missing data

samples, we showed that using an ellipsoidal neighborhood of samples instead of using a

rectangular neighborhood of samples has a negligible effect on reconstruction performance.

However, the computational time and memory usage are substantially improved. We showed

this effect empirically by implementing both neighborhood shapes in several conventional and

state-of-the-art reconstruction methods.

4. We provided a novel theoretical description of the parallel imaging MRI sensitivity map es-

timation problem based on linear predictability and structured low-rank modeling theory.
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These theoretical results provide an intuitive mathematical perspective to study subspace-

based sensitivity map estimation methods. In addition, by relying on advanced signal pro-

cessing techniques, we developed and tested powerful computational techniques which allow

massive efficiency improvements when integrated to conventional sensitivity map estimation

methods. For instance, we showed that approximately a 100-fold acceleration in computa-

tional time can be achieved without compromising estimation accuracy. Therefore, the overall

reconstruction time of MRI reconstruction methods that estimate sensitivity maps in prior

should also be substantially reduced.

Even though MRI can be considered as one the most remarkable technologies in medicine, there

are still many areas where MRI can be improved, as the time needed for the data-acquisition. In

this work we have developed theoretical and computational tools that have a direct impact on

reducing the acquisition time, and we have empirically shown how they allow substantial improve-

ments in performance and efficiency. However, there are still exciting research lines that we have

not explored in this work. For example, in the first part of this work, we have focused the analysis of

our proposed reconstruction methods on performance by following a proof-of-principles approach,

and we have not necessarily provided the most efficient computational implementation. There-

fore, the exploration of a more efficient implementation appears as a compelling research line with

the potential of allowing the translation of our developed technology to clinical settings. Conse-

quently, given that our proposed methods offer substantial advantages over conventional methods,

we expect that their use in clinical applications will open new exciting research opportunities for

the MRI community. There are also promising research lines related to the methods developed

in the second part of this work. We have focused the assessment of the proposed computational

techniques in specific contexts related to MRI reconstruction, however, these techniques can be

straightforwardly translated to other important medical imaging applications such as computed

tomography. Moreover, the proposed computational techniques can also be used to improve the

efficiency of computational imaging applications in areas beyond medical imaging.
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