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Abstract

Recently, fourth-order cumulants were successfully applied in the
area of narrowband array signal processing. For example, the
virtual- ESPRIT-Algorithm (VESPA) [8] for direction-finding and
recovery of independent sources can also calibrate an array of
unknown configuration. Furthermore with extended VESPA [16]
direction-finding of highly correlated or coherent sources is possible.
In addition, fourth-order cumulants can also be used for estimation
of the range as well as the angle in the near-field case [2].

This large number of new algorithms motivates a performance
analysis to compare the higher-order statistics based algorithms
with the conventional second-order statistics based algorithms. Up
to now, for higher-order statistics based algorithms only asymp-
totic results are available for direction-finding. These results are
restricted to a certain class of communication signals [1].

In this technical report we avoid these restrictions by deriving

the finite-sample covariance of
e the second-order sample cumulant (moment),
o the third-order sample cumulant (moment), and
e the fourth-order sample cumulant

for: finite data length, any kind of random signals, any kind of
noises, any array shapes, and, arbitrary sensors. We do this, be-
cause most performance analyses are based on one of these covari-
ances. Consequently, this report provides the fundamentals for very
general performance analyses of second- and higher-order statistics

based array-processing algorithms.
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Chapter 1
Introduction

Since existing second-order statistics based methods cannot solve numerous
problems in narrowband array signal processing, many higher-order cumu-
lant based algorithms have been recently proposed. For example, the virtual-
ESPRIT-Algorithm (VESPA) for direction-finding and recovery of indepen-
dent sources can also calibrate an array of unknown configuration [8]. Also,
VESPA has been extended to direction-finding of highly correlated or coher-
ent sources [16], which happens in practice due to multipath propagation or
smart jammer. In addition, higher-order cumulants can be used to increase
the effective aperture of an arbitrary antenna array [8]. Since higher-order
cumulants are insensitive to additive, white or colored Gaussian noise, Gaus-
sian noise suppression is always accomplished by them. Non-Gaussian noise
suppression using higher-order cumulants is often possible, too [9]. Further-
more, fourth-order cumulants can also be used for estimation of the range
as well as the angle in the near-field case [2]. These new cumulant-based
algorithms motivate a performance analysis not only among themselves, but
also with second-order statistics based methods.

In the domain of second-order statistics, many performance analyses have



been done. First approaches were for deterministic situations. Cox [7] com-
pared the effects of mismatch in the signal direction of some optimum beam-
formers. COMPTON [5] showed that the steering vector accuracy is essentially
a question of the signal dynamic range. The greater the dynamic range, the
more accurate the steering vector must be. ZAHM [27] calculated the output
signal-to-noise ratio and showed the serious performance degradation due to
steering vector mismatches.

Later approaches were for stochastic situations. COX ET AL. [6] investi-
gated the effects of amplitude and phase errors in the steering vectors. They
assumed that these errors can be modeled as zero-mean random variables
that are independent among the sensors, and showed the impact of these
errors on the power response of a linear predictive beamformer. Phase errors
lead to a sharp peak but at the wrong position, whereas amplitude errors
can lead to peak splitting. COMPTON [4] computed the output signal-to-
interference-plus-noise ratio (SINR) in case of additive steering-vector errors.
He showed the remarkable result that increasing the number of sensors can
lead to a decrease of the SINR as long as the steering-vector error variance is
high enough. Besides the steering-vector errors, GODARA [15] considered the
impact of weight vector errors, modeled also as zero mean uncorrelated ran-
dom variables, on some different beamformers. FRIEDLANDER AND PORAT
[13] calculated the output-interference-to-signal ratio (OISR) of a particular
class of null-steering algorithms. For a list of more error sources see VURAL
[24], who investigated their impact on optimum beamformers, or NG (18],
who investigated the impact of wavelength, gain, and steering-vector phase
errors.

In the past decade, array signal processing methods based on eigen-
decomposition of the (second-order) covariance matrix have received consid-

erable attention, since they provide high resolution with low computational



complexity. Many authors have analyzed the performance of eigendecompo-
sition based algorithms. FRIEDLANDER [13] derived an expression for the
sensitivity of the well-known MUSIC algorithm using a first-order Taylor ex-
pansion of the inverse of the MUSIC spectrum. He found that the sensitivity
of MUSIC for linear arrays to phase errors is relatively small and is prac-
tically independent of source separation, whereas the sensitivity of MUSIC
for circular arrays is inversely proportional to source separation. Further-
more, he observed that increasing the array aperture reduces the sensitivity
of the system to modeling errors. XU AND BUCKLEY [25] presented a bias
analysis of the MUSIC location estimator using a second-order Taylor ex-
pansion of the derivative of the MUSIC spectrum. In these results, all the
performance analyses are based on the asymptotic case (infinite data case);
XU AND BUCKLEY showed in their simulations that the bias expression can
be accurately applied to a very limited number, N, of independent snap-
shots (N = 20). REED ET AL. [20] derived an exact output SINR formula
as a function of N for an optimum beamformer. Unfortunately, their re-
sults are limited to Gaussian source signals and sensor noises. FELDMAN
AND GRIFFITH [12] also investigated the SINR formula of Reed and they
showed by simulation, that Reed’s formula can be well approximated by a
simple expression if N is larger than approximately fifty. These results sug-
gest that perhaps a small number of samples is sufficient for practical use
of many asymptotic performance analyses; this can only be proven if the
finite-sample covariance can be calculated so that small-sample performance
analyses can be performed.

Some performance analyses for higher-order cumulant based methods
have already been done. CARDOSO AND MOULINES [1] have derived closed-
form expressions of the asymptotic covariance of MUSIC-like direction-of-

arrival (DOA) estimates based on two different fourth-order cumulant ma-



trices, and have compared these results with the standard covariance-based
MUSIC estimate. They showed that, in case of a single source and a linear
array with sensors spaced at regular intervals of half a wavelength, fourth-
order MUSIC achieves the same performance as second-order MUSIC, for
a special class of signals and in the high-SNR limit. In the low-SNR limit
and the single source case, fourth-order MUSIC outperforms second-order
MUSIC, if the source kurtosis divided by the source variance is large enough.
Furthermore, in the multiple independent sources case and for large SNR,
the variance of the DOA of a weak source is significantly increased for fourth-
order methods in contrast to second-order MUSIC, where this phenomenom
does not occur. YUEN AND FRIEDLANDER [26] presented an asymptotic per-
formance analysis of VESPA, and a second-order and another fourth-order
ESPRIT algorithm (see CHIANG AND NIKIAS [3]). Despite the fact that
VESPA requires less sensors, it can perform just as well as second-order
ESPRIT in some cases and outperforms fourth-order ESPRIT in almost all
cases. However, YUEN AND FRIEDLANDER only consider 4-QAM communi-
cation signals and additive white Gaussian noise.

Most all of the performance analyses just described are based on the
asymptotic covariances of either second-order or fourth-order sample cumu-
lants. In this report, we derive the finite-sample covariances of the second-,
third- and fourth-order sample cumulants. This gives us more insight in the
dependence of the model parameters; for example, we used this formula to
derive an exact expression for the relative error between the asymptotic co-
variance and the finite-sample covariance [17]. This expression can be used
to give good advice on how many data are necessary for practical use of an
asymptotic performance analysis. Furthermore, based on the finite-sample
covariance, rules can be given about which cumulants should be used for

accurately estimating the array processing model parameters (for example,



the steering vector).
Because the formulas, especially the finite-sample covariance of the fourth-

order cumulant are extremely tedious to implement, we have published all of
them as Mat.lab@ M-Files on the Internet *World Wide Web” under

http://fb9nt-1n.uni-duisburg.de/mitarbeiter/kaiser
/tech_rep.96/tech_rep.html

The implementation of our formulas in other programming languages, like

7C” and Ma.thema,tica@, is planned for the near future. Due to the fast
growing Internet, you should contact the first author if you have problems
receiving the files.

After the problem statement, we derive, in chapters 2-4, the finite-sample
covariance of the second-, third-, and fourth-order sample cumulants, respec-

tively. Chapter 5 contains all necessary M-Files.

1.1 Problem statement

The received M x 1 signal vector r(t) of an array consisting of M sensors can

be modeled under the narrowband assumption as
r(t) = As(t) +n(?), (1.1)

where s(t) is a P x 1 zero-mean vector which contains the independent source
signals at time £, A is an M x P steering matrix, and n(t¢) is the M x 1
independent, but not necessarily Gaussian, zero-mean measurement noise

vector. Any noise signal n,(t), m = 1(1)M is' independent of any source

!m = 1(1)M is a more compact form of m = 1,2,..., M. The number in parentheses

means the increment of the sequence.

(]



signal s,(t), p = 1(1)P. Furthermore, any signal s,(t) (n(t)) is modeled as
a sequence of independent and identically, but arbitrarily distributed (i.i.d.)
complex random variables with finite moments up to the eighth-order. This
model is commonly used in the far-field case, but it can be extended to
coherent signals (see GONEN ET AL. [16]) and to the near-field case (see
CHALLA AND SHAMSUNDER [2]).

The second-order cumulant (moment) is then defined as
(2) _ E Hre(t 1.2
Crl {re()ri ()}, (1.2)
the third-order cumulant (moment) as
itm = EAre (07 (O)rm (1)} (1.3)

and the fourth-order cumulant as

mn = E{m(O)ri (&) (t)ra(t)}
—E {re(t)ri (¢} E {r},(t)ra(t)}
—E {re(t)r (1} B {rf (t)ra(t)}
—E {re()ra(t} E {7 (O ()}, (1.4)

since 1y, (t) is also zero-mean for m = 1(1)M. By replacing the expected val-

ues by time averages we obtain the second-order sample cumulant (moment)

y L .
&2 = ﬁZrk(t)n(t), (1.5)
t=1

the third-order sample cumulant (moment)

\ 1 & .
Eetm = 37 2 RO (O)rm(?) (1.6)
t=1



and the fourth-order sample cumulant

lN

& o= -—2:?korwt 5 (1)ra(t)

1 x al
—~ Z re(t)rr(t) Z} o (P)ra(p)

N
—%zummnzﬂ@mm, (1.7)

where N € N is the data length and a and f are functions of N. If the

fourth-order sample cumulant is an unbiesed estimate,

N*—N X
a = m, VN > 1 (16)
B = N*-N, VN>I1 (1.9)

otherwise, « = N and # = N? is commonly used. Note that the second-
and the third-order sample cumulants are always unbiased. In the follow-
ing section we will derive the finite-sample covariance of all of these sample

cumulants for the model defined in (1.1).

1.2 The finite-sample covariance of the second-

order sample cumulant

The finite-sample covariance of the second-order sample cumulant can be

written as
2)  A(2).H A(2) A2).H A(2 (2),H
Cov (CL]:”CL}:z) = E{ City 1y Chaly } { &L} E {Ck,,tz (1.10)

with

=1



A(2) A(2),H
E{ €y IICLE 1'2

ZZE{?‘H i)’h t)?iz(p)?fz( )}

t=1 p=1

= — E {rk t r}:(t)rzz(t]r;z(t)} + (1.11)

N NB {r.l; t)'r'{] }r {?"L )rf'z(t)}'!

where the summations dissolve due to the i.i.d. property of r,(t) Ym =
()M
Since E {ck] !1} E {r K (8)r7 (1) } (1.10) yields
Cov (cﬁ)h , cgj;;q)
1 . (Yt
= (B {ru (Ori, (i, (Or ()}
E {ri, (t)r7, (1)} E {ri, ()rs(1)}) - (1.12)

In order to evaluate (1.12) we must calculate the fourth- and the second-order

moments of the array output signal for the model defined in (1.1).

1.3 Fourth-order moment

In the following we often omit the time variable ¢ in order to simplify the

notation.

E {ri, (t)rf! (t)rf (8, ()}
= E {(akis +ng, ) (s7ay + nj, )(s"aj, +nf,)(als + mz)}
= E {afl ssHal, s akzalLra } +E {aM ss ah} E {nk2 n;z} +
E {afl ss”akg} {nhmz} +E {aklsaf: } E {n,lnkz} +



E {s”afl sHa,c2 } E{nin,}+E {s"[’rafl a;‘; } E {m—l n;_g} +

E {s”a *, ags} E {nk, n[l} +E {m-l n“n,\_zazh} (1.13)
where .':1',{1 is a steering row vector, since it is the k;th-row vector of the
steering matrix A. For further calculating the expected value in eq. (1.13),

the random variables (s) must be separated from the deterministic variables

(ar). Since we are faced with this problem in the following chapters again, we

H T

are looking for a general notation. Between the scalars s”ax, ais, we can

simply introduce a Kronecker product and using the rule for the Kronecker-

product (@)
(AB)® (CD) = (AQRC) (B®D) (1.14)

yields

E{m(f)rﬁ (ki (O (0)}

(af; Ra/ ®ay! ®a,2) E {s®s*®s"®s} +

(a}; ®a ) E{s®s"} E {”L-z ?%} +

(a’;{, @a{’;) E{s®s"} E {nf-: nb} +

(a;‘:l ®a,€) E{s®s} E {n;‘l 1;;7} i

(ah ®ak ) E{s"®s"} E {ng,ni, } +

(ah ®a; ) E {s"®s} E {”hnz-g} +

(all ®al) E {s*®s} E {nj,n;, } +

E {ne,nj,ni,mn } (1.15)

Therefore, given the statistics of the signals and the noise up to order 4,

the fourth-order moment can be calculated. For example, the P* x 1 vector



E {s®s*®s*®s} can be written for P = 2 as

(Ef{sisisisi} N [ E{si)'t

E {s1s]s]s2} 0
E {s1s]s3s1} 0
E {si1s7s3s2} E{|s1[*} E {|s2[*}
E {s1s38]s1} 0
E {s1s3s]s2} E {[s1]*} E {|s2[*}
E {s1s3s5s1} E {s{} E {(s3)*}
E {s155s552} _ 0
E {s2s7s]s1} B 0
E {s;57s7s2} E{(s})’} E {s?}
E {s2s7s5s1} E {s:°} E {|s2[*}
E {s287s32} 0
E {s2s3s7s1} E {|s1[*} E {]s2]*}
E {s283s7s2} 0
E {s283s5s1} 0

\ E {SQS;S;SQ} ) \ E {ISQIJI} /

Note that P* — P? elements of this vector are always equal to zero due

to the independence of sources and the zero-mean assumptions.

10



1.4 Second-order moment
Again, applying the Kronecker product leads to

E {r;q (t)ri (¢ } = (a{l ®a”) E{s®s"} + E {”M”Z}
E {rkz {1 } = (ah@ab) E{s"®s} +E {nhnh}

1.5 Final formula

Now, the finite-sample covariance of the second-order sample cumulant is
given by
Cov (cif’h, &k )
= N ((afl ®af®a£‘;®ag) (E {s®s*"®Rs*Qs} — E {s®s*} QE {s*"®s}) +

(afl ®af) E{s®s"} E {n}‘l n,a} +
(a;_l ®a.'2) E {s®s} E {n}'1 n;,} +
(a;1 ®ak ) E{s*®s*} E {ng,n, } +
(a,1 Qa;, ) E{s"®s} E {nk1 n}‘cg} +
E {nkln,lnhn;z} -E {nkln}'l } E {nzzn;z }) : (1.16)

11



Chapter 2

The finite-sample covariance of
the third-order sample

cumulant

The finite-sample covariance of the third-order sample cumulant can be writ-

ten as
3 A(3),H
COV (ci]}ll] W ? EQJJQ ‘nlg) =
2 [4(3) ~(3),H 2(3) A(3),H
I {c.’\.] !llm1c;~2 fg mz} {C-l-] I[ I'TH} { kg !'2 Tn‘z} (2'1)
with
o ~(3),H
B { E Lyymy }fz}lz mz} = Na tzl: Z E {”l (t)r {(t)?.ml( ?Lg (p)riz (p)rﬂ‘lg (}U)}
p=1
1 nl
- EIL{rkl(t]rfl(t)rm,(t)r{.’;(t)rgz(t)ri‘,(t]}+
N*—N
— 7B {ru Or] Orm, (O} E {r (Or ()71, (0}

where the summations dissolve due to the i.i.d. property of r,(t) Vm =

1(1)M



Since B {&0, ., } = E {r, ()rfl (t)rm, (1)}, (2.1) yields
Cov (6 mr 8 ) =
- (B {ri Ol @ (O O, (0} -
E {ri, (0)rf ()1, () } B {rfl (@), ()2, (1)) (2.2)

In order to evaluate (2.2) we must calculate the sixth- and the third-order

moments of the array output signal for the model defined in (1.1).

2.1 Sixth-order moment

Let by = al's. Then

B {ri, (0)rf! (), (O (8, ()i, (O}

= B {(be, + )6+ nl0) (b, + i, JOFL + ) (b + i, (B, + 2,

= E{b,bfTbm,bf1b,b7 } + E {61, b7 byn, b by, 1 g+
B {br, b7y, b1, b, } + B { b, b by, bfL 11,1 mz} g
E {bk, by, L by, b} + B {br, bfT b, nfl biylt, } +
E {bk, b1, nfing, b2} + B {bg, bfT b, nfl iyl } +
B {b, bf m, b2 b1, b2, } + B { b, bff rm, b b L} +
B {br, b nm, b b8} + B {bg, b, b, mz} g
E {br, b}, b, b5} + B {bg, bfT 1, nfl iy} +
E {bhbi; Tny e, b } +E {bhbllnmlnh”lz mz} +
B {bi, i by, b2 by, b2, } + B {bg, nf by, b byl +
B {bg, 8 by, b 1,0, } + B {bg, nfT by, b 01,1 mz} iy
E {bk, 0 b, 0l b,b7 ) + B {bg, nf b, nl b0} +
{bhnh bm,n!‘?nhb‘q } +E {b,rf1 ny, bm,n,t2 ny,n mz} +

13
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E {bi,nf 1, bbb b + B { by nfIng, bl b0l ) +
E {br, nf i, b b1} + B {bg nflnm, b mg,nll 1 +
E {bg, nf! nm, nft b6, } + E {bg, nf i, nftbiynl } +
{bk. ny, nm,nh2 n;gbﬁg} +E {bk,??h ?1,,,,n£_’;ng2 nmz} +
B {ng, bf by, b i, b1+ B {0k, bfT by, bfT b, Y+
E {ns, bf! by, bt i, b2, } + B {1 by, bl iyt } +
E {”hbh mlnk';b;zbfiz} +E {mlb,l m1nkzbh mQ} +
B {1k, bfT by 0l b1} + B {rg, bl b, nfl iy} +
B {1k, bfT 1m, b1 b1, 1L, } + B { ok, bfT i, b b, |+
E {:mc1 bh nmlbhnbbﬂz} + B {nk1 b}‘frﬂm,bkzn,-2 mz} +
E {nhbh nmlnkzb;zbf,t} +E {“hbn nm,nkzblz m} R
E {nhbi nmlnhn;?_ mz} +E {m,bfl MmN MM mg} +
E {nk! n.h by, bY , 01, m} +E {mlnh bin b Lo, m} -+
E {nkl n, b, bf nbbﬂz} +E {”klnll bm:bkznb m} +
E {?lkl n,’l e")mlnj,\2 b;,bf,‘:z} +E {n;‘lnh b,,,,,l:ffal,c?b;2 mz} -
E {nkl nf bmn"h n;zb‘qr } +E {nk, n, 1’),,“%2 n;znmz} +
E {nkl g i, Lzblzb,{{g} +E {nk, nfnml bgb;zngz} 4
E {nkl n, nmlbkznbbf,{z} +E {nhnh Tom, OFF Ny ,ﬁz} +
E {nklnll My M, b;,b” } + E {nkl n,lnmlnhb;znmz} -
E {n;,lnh Mgy B n_:zbgz} +E {nhnfnm,ngnb ﬁ{} (2.3)
Close inspection of eq. (2.3) reveals that many terms are very similar to each

other; hence, only the followings terms must be developed further:

a) B {by, b} by, bl by, b1 }
b) E {bk,bf b, bitni,nlt,

14



¢) E {bu, bl b, nflnpyntl |
d) E{bklb”nmlniimzn” }

ma
e) E {nhlnhnmlngmzn"{ }
Note that
E{bhb bon, bF b;zniﬁ,‘,} L{bk,nhnm,ngm?n }— 0
due to the independence and zero-mean assumptions of all signals and noises.
The remaining terms in (2.3) can be easily obtained by proper change of
indices in the formulas for a), b), c), d), e).
Proceeding as we did on page 9, we obtain:
a)
E {bk, bl by, b1 by, b1} =

b

(al,,\l ®af®aml®aﬁ®arz®am?) E {sQs"Rs®s " Rs®s™} (2.4)

b)
E {bg, bf b, bl iyt } =
(a,cl ®af‘r®aml®ak2) E {s®s*®s@s*} E {n;._,nﬁz} (2.5)
c)
E{bklbf bmlnhmzngz =
(af @al!®@al, ) E {s®s*®s} E {nfln,nl } (2.6)
d)

E {bklbt, ., nkzmz m;,} =
(ak1 ®ah) E{s®s} E {nmlngnhngz} (2.7)

and e) can be calculated directly from the given noise moments.

15



2.2 Third-order moment

E {u rh Vi t)}

(af, ®a®al, ) E {s®s"®s} + E {ns, ni!nm, } (2.8)
E{rfl () ()t (1)}

(::1;_2 ®af,‘:2) E {

s"®s®s*} + E {ngn&ngg} (2.9)

2.3 Final formula

The finite-sample covariance of the third-order sample cumulant (moment)
can be finally calculated by substituting (2.4)- (2.7) into (2.3) and (2.3),(2.8)
and (2.9) into (2.1).

16



Chapter 3

The finite-sample covariance of
the fourth-order sample

cumulant

The finite-sample covariance of the fourth-order sample cumulant can be

written as

1),H
COV (Cil)fl my,ng? (E\.Q)IQ T, T tz) =
A(4) a).H A(4),H
E{C;‘ Jpmy,my Lz la,ma, nz} L{C-‘.[ Jymy nl}E Lz l3,ma, ng}' (31]

Using (1.7) in (3.1) we obtain

A(4) JhH —
L{CL] 1'1 T, T Lz 12 T, T 12} =

N N
—%gg (ot O @, Oy (OFE (D)1 (P ()28 1)}
2

)

N N N
{ZX_ZZ B {re, ()] (t)rm, (Or u(f)?"ii(P)?":z(p)?"mz(q)?'i(q)}}

17



‘ N N
-aiﬁ Re {g > 3B {rk (Ot (O, (O (ks (0)rma (P)7ia () (q)}}

9 N N N
-5 {g: > B {rk (Ol (O, (Orm (O ()7 (P (q)nz(q)}}

N N N N

423 3 5B {rw Ot Ot (P (S (@ (@ () ()

) t-lp—lq—fvs—jv -
+5 Re{zgz B {re, ()] (O, (p)rs (p)ry (@)ma( @) () ”(8)}}

9 N N NN (3.2)
+3 Re{ZZZZE{m(t) 7l (U7 my (P)s ()7 (@) (9)7ma () (s )}}

%Re{zZEZE{T-h( it (Ot (P, (p)mﬁ;(q)rf;(q)v-mz(s)m(@}}

t=1 p=1 q=1 s=1

N N N N
+2 2 S S Bk (O Ol () () fh (@) (@) rma ()7 (5) }

t=1 p=1gq=1 s=1

where the real operation comes from (a + b)(a” + b%) = |a|® + 2 Re ab* + |b|*.
Since many terms in (3.2) can be easily obtained by proper change of

indices, only the following terms must be calculated:

=

)
M=

E {ri, (0)rf () (8)rn, (O f (9)r1a (p)rms ()L (1)}

o~
1]

A
n
Il

A

=

M=
M=
Mz

E {ri, ()] (O)rst, (o (Ory (0)r (P)rans (97 (0) }

i
i
-
]_I_

E {ri, 0l ()P (0)ro ()P (@) (@)rma ()T EL (5)}

M=
M=
M=
M=

-
Il
-
p=}
Il
—
=]
L
—
ta
Il
-
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First term a):

SYE {7 @ @2 (O, (O () () (P)i (P) }

t=1 p=1

= fn{n, (tyrf (O, (), (OPfL (), (), ()i ()}
+(N? — N)
E {ri, ()rf () ()7, (O} B {rfE (t)rs, (4)rmy (D)7 (2)},(3.3)

because rx(t) is independent of r(p) for t # p.

Second term b):

; ;}qzu {ra @ )8 @), @ ()i (P)rma (9)r i (a) }

= NE {r, (t)rfl (¢ )v-f,{l(t)rm(t)rii(t)nz(t)rmz(t)rﬁiu)}

+(N? = N)E {ri, (0)rf (O)rH (O)ra, (O} E {rf ()i (O)rmy ()rEL ()}
+(N? = N)E {ri, ()rf (0)rE (0rn, (O (0)riy (8) } B {rma (L (D)} (3.4)
+(N? = N)E {rie, (Orf (rH ()7, (O)rma ()2 () } B {rfl (6)riy(2) }

+(N® —3N? +2N)

E {u, ?,1 f)?”n,(f } {?Lz(t )71,(t) } {"'mz }
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Third terrn c)

Z Z Z Z E {Tkl Tll (t)rml (p)? ni (p)rkg( )?‘52 (Q)Tmz(s) ,’:;(S)}

t=1 p=1 g=1 s=1

= NE {ri, 0)rf! (&) (t)ra, () FL (0)riy (V) 7my (8)r (1)}

HLN*—

+(N? —

+(N? —

+(N? -

+(N?

+H(N? -

+(N? =

+(N3 —

HHP—

+(N3
+(N? -

+(‘N3

+(N* -

B {rk(

N)E {ri, @)rf (&)} B {rH (t)ra, (O (O, (8)rmy ()7 (2)}

NYE {rH (t)rm, (8) } B {ri (rfT (0)r L (£)r0, (8)rms (1) 2L (2) }
N)E {rf (£)ri, ()} E {ra, ()rf (00 (8)rm, (8)rms (1)L (1)}
N)E {rm, ()7 (8) } B {re, ()rf (02 (8)r, (E)r L (8)r, (8)}

— N)E {ri, @)rf (O)rH (), (1) } B {rf (872, (8)rm, ()7L (1)}

N)E {r, ()l (0)rE (8)r,(0)} B {rH (£, (8)rma (V)L (1)}
N)E {r, (t r,l(t)rmz(t)r’q(t}E{ml ), (Orf () (2) }

—3N? +2N)E {r, (1)rf( ruy ()} E {r,ﬂ r;z(t)} E {rm, ()2 (t)}
3N? 4+ 2N)E {rk: (t)yrf ()l ( 1;2(15)} E{rf (t)ra, ()} E {rm,(t)r
— 3N2 4+ 2N)E {ri, )rf ), () ()} B {rH ()7, (0) } B {rf (87, (1) }
— 3N2 4+ 2N)E {rH (t)r, ()rf (871, (8) } B {ri @)l (0)} B {ram, () (1) }
— 3N2 4+ 2N)E {rH (£)rn, ()rmy () ()} E {re, ()l (8) } B {rl (£, (1) }

+(N® = 3N? + 2N)E {rf (O)riy(O)rm, ()2 (O} B {7, ()rf () } B {rH (&), ()}

6N? + 11N? — 6N)E {ri, ()rf (1)} E {r, (t)ra, (1)}

Oy (8) } B {rm, (O (1)} -
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Again, many terms in a, b and ¢ can be obtained by changing indices. The

key terms are:

U B {rrdirtl rarfirgrn,rtt )
I E{rrfs ,’ermr{in,}

111 E{rerfrd ra, }

v E{rrf’}.

Closed-form formulas for II, III, IV were derived in the previous sections,

so only term I must be calculated for the model defined in (1.1).

3.1 Eighth-order moment

For the eighth-order moment, we obtain the following 2® terms:

E{rklr{f ;‘,{,1n1?{§f,2r,nzrg}

= E{(bs +n)(bf] +nf))(ngn, + 77, ) (b, + 1my)
(B2 + nfl)(bry + 1) by + 10n,) (B + 1)}
bt b by b by, b b } + B {b, 0B b, b8 by bl } +
by, b0 b, bf b;znm,bH}-l-E{bhb "o b b by, L} +
iy IO by bfF 11, by UL )+ B { by BT b, b4 g, byl } +
biy OB b, bt 1y b} + B {bg, BTV by, b gy mm )+

bty BB b2l by, by 1L} + B { by b6 by, it by, bt} +

E{
E{
B {
E{
E{
B { by, b7 b5 bo, gt by ny bIL } + B {bg, b7} by, ! biymm,nlt |+
E {ka b!: mlbnlnk mebm?bf__,} +E {b;_,be” bm"kzﬂfz g T m} SE
E {bk, bh b{,‘:l bmn n,aglmzbm} +E {b;,l bh b,‘:{l bn, n;‘? nhnmznnz} +
E {bi, b7 6 1 b1 by, by 1L } + B { g, b 611 i, b b, b lL |+
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bty BT 11, L bt 1, L + B { g, bETOEL 1, B b, L } +
by, b mznmbhm?bmzbnﬁ} +E {bhbt, b7 1y, bf n;,bmnn} +
bty BT BT 1y b 1y B+ B { b, OfTOH 10, O gy 1yl } 4
bt O 11, 8 b1, by DI} + B { g b7 BE 0, el by, by} +

{b;,. be nnlnhbfznm?bf?} +E {bk, b;: mlnnlnkzbbnm?nnz} +
B {bk, bfT6H 11, nfl 11, oy b2} + B {bg, bTE L b lh } +
E {bk, 765 nny gy, b8} 4+ B {bg, W16 1, it iy} +
E {br, b0 o, b8 b1y b bl } + B {bg, b 0 b, bbbyl } +

m 1 m2""ng

B {bk, b0t by b1 b1, bIL } -+ B { by, b 1 b, b by} +

E {bg, b0 b, bl 0, byugbiL } + B {bg, b 02 b, b8 byl } +
E {bk,bffn b,llbkz'.'z,-,n,,,,2 bn } +E {b,glbﬂn b,,,bH n;znmznm} +

Il my

E {bL,bH H bn1'n‘£2b12b‘m pH } +E {bklbffnb’ bmnkabhbmznfz} +

B
E{
B {
E{

U, 2%n2

E {bi, bf!n m]bmn ! b1y 7my 018 } + B g, b0t b, b nm, L} +
B {br, b0l byl b, b} B {br b byl byl } +
E {bk:bh T bnlnk?m:nmzbg} +E {bhb,] mlbmnk?n;znmn } +
E {br, b0l rin, b by, b, UL } + B { by, b0 i, bbbl } +
E {bg, b2 11, bty 1y b1} + B {bg, b0 1, b b, lL }
E{bklbfn” My b1,y UL } 4 B {bj b 1 b by} +
E {bh E’!‘: nml N, bhmznm?bn} + B {bhbh nl T, bt Nl M, “2} +
E {bk, 50l 1y nfL by, by} + B {b, b0 1, it by, byl 1+
E {bhbﬂnmlnmnhb;gnm, ,‘2} +E {bkle H My T, H by, } 4
E {bhbﬁ ;?:lnmnﬁn;z - ,,2} + E {b;_lbffnh’ n,uaf.v,h::"?,.-zbm2 nfz} +
E {bhbfnﬂ nmn{.}mznma } +E {bhbfnglnmnhnhnmz m} -+
E {bi, nffbl1 b, b0, b0t } + B { by, nfTbH by, b by, bl } +

B {by, nfT b by, b b, 1L } + B { by, nf! mlbmb by, } +
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bty AT B by, b 1,010, b1 Y+ B { by nfTBH b, b 2, by} +

1 maUn,

b, nl! b b, bkznlznmzbh’}+E{bhn:,bﬂb bty m}+

my

{
{
5 {bgy B by b0y b b+ B { b a6 byl bt } 4
{b nhb” bmnk?bgznmzbm} +E {bhnhb” l)nlrv,k,‘,tfnznn,l2 }+
{

my

e B e I o B <5 B 5

bty b by by B} 4+ B {bg, nfT 6 b, gt g, byl } +
E {b T, bmlbn, nkzmznmzbm} +E {bh”i. b by, n;,‘,nmgnnz} +
& { bk, nf b 7, b by, b0 1+ B { by nfTbH 120, 0L b1y by}
E {bhnt, b" nmbgbbnmgb }+ E {bh b" nmb bbn,,,zn,n} +
E {bhnt, bl nmb 1,0, ,,2} +E {bi.. n, bfil Tim, bl n;zbm,n } +
E {bh nh mlnm bkzn,rﬁnm2 bm} +E {!T)k1 ny, il Py bkznbnmz Ty } +
E {bg, 012 iy nfl bbb} + B {bg, nfT6 0, 0l by b, nf ) +
E {b, 0! b gl bynn b2} + E {bg, nff b8 n, 0l by} +
E {bkl n b o, L niy b, m} +E {bkl n, bf,‘:lnm ny, n;zbmznnz} +
E {bkl n, bmlnmnfn;gnmbﬂz} +E {bh "b nmnf n,-znmznnH?} +
E {b,nf 0l ba, bl by, b, b} + B {bg,nfnlt by, b b;zbmznffg} £
E {bt,nf 0l bo, bl by, n, L b + B { by nfInf by, 0L byl } +
E {bhnh Ny bn:bkznh - nz} +E {bklnn nmlbnlbkznbbmznw} +
E {b;,, ny, n,,ubmbk?n;?nmz ,,2} +E { n{l"nﬁl b,,“bhtmzn,,,2 m} +
E {bk, n, nf,’:l bmnkzb;zbm2 } +E {b i b g by by, } +
E {bhnhnmlbmnhzb;gnmbnz} +E {bk, ny; n bmn;_zb;znmz } +
E {bh”h . 5 Jf:,;inkz'.rz,-?bm2 ng} +E {bk; niinf bn]nbn;.‘,bmznnz} +
E {bkl ny, ”mlbm nkznhnmzbm} + E {bk1 nan bnlnfznhnmznnz} +
E {bk1 nfn” nmbf;b;? i nz} +E {bkl nfn” Ny, bf 501,00, nH } +
E {b;,, ny My, nn,bkgbizn,n?bnz} +E {bklnf - Tny ) bi,‘,nmgnm} +
B {br, nf nll 1, bl 0, b8, } + B { by nfInff n, bty bmym L} +
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{bklnfnglnnlb nhnmzbm} +E {bhnan nmbkzn;?nmgn}{} +
{b; n}qnn ir'z,,,ni'z,\2 ! b1y, b 2} +E {bkl nfn” nmnkzblzbm:n‘q} +
{bk nfnfilnmnh bi,"m, b 2} +E {bkl nfnglnmn,‘zblznmz } +
{b;‘ nfnglnnlnk?mzbmz {} +E {b;~1 nf glnmnhn;?bmgn } -+
{b;lnfn” nnlnhn;)n,,.,bnz} +E {bhnf?n” nn,n,{‘; TR ) ng} +
B {rg, b7 by, bbby, b1 } + B {ras, b1 b1 b, b bggbmnm} +

mg

E {rs, b7 b by, b1 by, 1, b }+E{nkleb” by L b1yl +

my

E {nklb bf,‘:ib bh,m2 - nz} +E {nhbff)‘q b,llbbn;zbmznf } -
E{nk,b bf,‘:lb bhnfﬁnm, nz} +E{nhb b bmbk2m2nm2n }_+_
E {rg, b7 b1 byl bbb } + B {ag 0B bl by by} +

E {nk, beH bmn_ b1y, by, }-}— E {n.klb mlb,unhbbnmzni’;} +

B {1, b7 b, 2l 2ty by b, } -+ B ok, BTOEL by fl i byl ) +
E {ne, b7 0L b, nf i, my UL} + B {161 byl iy, } +
E {rk, b0 11, b b1, by b } + B g, bITOH 1, b b, by} +

E {ni b7 b1 1, b by, b, + B {71 10, bt by, L } 4
E {mlb bfilnﬂlbhnf,‘, Vs O } +E {nhbemInmbkznhbmzn } +
E {nhb 168 n, b n;?nm?bnz} +E {m,b b nnle n;Bannnz} +

my

E {nklb bmlnnl nh b1, by M} + B {nhb my Ty ey H b1,bm, n“?} +
E {nklb bf,‘:lnmnhbbnmz } +E {nklb ,,,Hn,,ua'l]k2 b;znmz nz} +
E{n b b Ny nf nt by n2}+ E{nk,bﬁ' nnlnhn;zb nH} +

my ng

E {nklb bff;lnnlnk nhnm,bﬂz} +E {”h biTb} nmn{‘;n;gnm,nfz} +
E{nklb n” b b 501, mzb:?;} + E{nk,b nH by, b b1, by, }—l-
E {m.l bh nH bmb_ b;2nm2bH} +E {m,b nH b, b bbnmzn } +
E {nklbfn" b, bl,wng2 i nz} +E {nhbfng]bm bk;”b m?nm} +

my

H H
E {m.1 b{fn” bn, bF n;271,,12bn2} +E {mlb mlbnlbhn.-?nm,n“z} +

my

24



E {n5, bf 0 bl b1, b, b } + B g, b7l b mfl by b, nlL } +
E {n;,, bf:rnH bn,nbb;,nmz bm} +E {m,b nf,’:l Hiy nkzbggnmz ", } +
I {nhb,l My bmnkzn;,‘,b b } +E {mlbhn bnlnkzmzbmnm} +
E {nkl biink, 1’;',,,n,{_‘,:n.-l,'.'tmzbH } +E {nki bfni{lbm n g, n } S
B {rue, bf nft m, bt by b, b1 § -+ B {rs, bt m, b by by} +
E {nkl bh nH nmbkzb.-?nm,b } +E {nhbhnmlnmb by nm,n ﬂz} +
E {nk, an i bE 7, By ng} +E {m, bfn” 5 bbnh m?nﬂ?} -+
E {nh b{:nH nmbkgnbnm?bm} + E {”Mbh nmlnnl bk; R ) ,12} +
E {nk, biink nang bfgb,nzb’u} +E {ﬂk; bfnf,{lnnlﬂh by, by, } +
E {nhb nml nnlnkzbgznmbm} +E {n;_lb_,ln (i ”kz by T, 0t } +
E {mlb” H n,,lnk?mzbm?bH} +E {mlbfnfilnmnhmg - m} +
E {ﬂ;LI bh n, n,,lngn;:nmzbnz} + B {m1 bh nll nﬂ,n{‘; Ny My M m} +
E {”h”h bH b, b bbbmbi} +E {n;,l ny, mlbf11 bkzbhbmgnm} g

E {m,n,l bH b, O bhnm:bnz} +E {m, n,.lb bmbk?b;,nm2 nz} +
B {nk, 2fT bFL b, bty b b7 |+ B {10k, mf7 b1 b, B iy bomy i, | +
E {m.1 n, bmlbmbhn;znm?bm} +E {nhn,l bf,‘:lb bhn;znmgnm} +
B {ng, nfT 0 by 1t by, b, b } + E {rg, nff b b nfl by, byl +
E {ni nf b8 by, 0l by, b b+ B {ni nf b8 by nfl byngn,nlt ) +
E {m, b,,lnhn;,bm? nz} +E {nhn,l bmlbmnkzn,-zbmznn?} +
) {ﬂk1 ), L nkzngznm,‘,bnz} +E {mi n, bi{ibmnk T } +
E {nh“t, My b b;?bmzbf;} +E {m,n“ oy P bkzb;zbm,‘,ni';} +
E {nk,nh nn,b 201 Nm, bm} +E {nhnhb nn]b , 0, 1m, nn?} +
E {nkln,{b‘q nﬂlb;q:rz,-‘,z‘)m2 m} +E {ﬂhnh bfmnm bkg”tzbm;a nnz} “+
E {nkl nffbmlnmb_ mznmzbnz} +E {nh o My favh_:rz,-,‘,zra,n2 nz} -+
B {ne,nfT b2 n, 0l by,by, L } o+ E {mi nfT b0 2, it by byl } +
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E {m,nh mlnmnk?b;,_,nm?bH } +E {nklnnbﬂlnn,ng b;znm?nf;} +
E {nkl nh n,,lnhn;zbm,‘,bf}} +E {”L; n;l nmnkz 7 1, bm,nt } +
E {nk: n;' bm n,,lnkzn,-znmzbﬁ } +E {nklnfbH nmnkz ngznmnnz} +
E {minfﬂﬂ bmbgb;gbmzbg} +E {”kl nin bmbkzbgzb,,wnm} +
E {nhnfn‘” mb{.’; b_fgn,,l?bf;} +E {lel n), nm:b,,,bbb;,nmznnz} +
E {nkl nan i.')man;2 mzbﬁ‘;} +E {nkln,ln b,nbkzmz il }—i—
E {nhn{fn‘q bn, ;. nggnmbm} +E {nklnﬂlnH by, bkzmznm n:} +
E {mln,l i bnl?lkzbfzbm2 ,u} +E {nk, ny, nmlbmnk?b;zbmzn:";} +
E {m,lnh nE by g bl Mm, ne} +E {n n” B byl biynm,n nz} +
E {”kln.', ni bnlnkznbbm?bf;} +E {nkl niH & bmnk2 i, b, ni‘;} +
E {nL; nf]lnf Ui nf;n,-znmzb’ } +E {nkl n“ ;o bnlnhn;znm,nnz} S
E {nhn}qn‘q Ty DI b;zbm?bf;} +E {n,:,1 Nl M, b biybm n”} +
E {nhnan Tn, b by ey ﬂz} +E {nkln“n n,,lb by, T, }—}-
E {nkl nfn” n,, b 2Tz bm, ﬂ2} +E {nkl n{{nﬁln,,lbhnbbm? nz} +
E {nkl nan nn,bbn;snmb”} +E {nk n{an n,,lbk?n;gnm n,} +
E {nklnh n, nmnkgbt’z m2b:{;} +E {nklnh nH nﬂlnknb;zbmgni} +
E {nhn, Ny n,;lnkzbbnmzbnz} +E {nkl n,:'ng] N, N, b;2n,n2n” } +
E {ml n,l s nmnfznbbmzbii} +E {nkl np kg ng,bm,n nz} +

H_H H H H H H
E {nk, 1, Moy Moy Ty T2y MmO } +E {nh”f, Moy Ty Moy Ty Ty My,

(3.6)



Following the same idea of changing indices, only 7 Terms in (3.6) need

further examination. They are:

1) E {be, b1 by, bfl by, b, b } =

(akl®af®a” @a,{l@aﬁ@ai@a,ﬂ?@afg) E {s®s*Qs*Rs®s*Rs@s@s*}
2) B {be, bl by, b byt } =

(akl®a TQall ®a;‘:1®af2®ah) E {s®s"®s*Rs®s s} E {nm?nf;}

3) E{bk[b!{?b‘q bﬂlbkgnhnnhnf;} =
(ah®a{f®aﬁ ®a7 ®a ) {S®S*®S*®S®S‘} ) {nbnmzn{:;}

4) E{b;_lb b b, nkzn;znm?ni} =
(ak1®af®a£1®a,ll) E{sQs*®s*®s} E {nkzmznmzn;’;‘;}

5) E {bhb bﬁ{lnmnkzmznmgnn}i} —
(ah®a ®aml) E {s®s*®s*} E {nmm2 n;znm,n,’f;}

HL _

%)

6) E {by,bIn!l

m,

(ah®a! ) E {s®s*} E { [ Tny nhn;znm?nfz}

Tz n{‘; NN, N

H_H H H
7) E{nk,nhnmlnmnkan;?nmznn?

where 7) can be directly obtained from the given noise moments. To complete

the work, we must compute the expected value of the fourth-order sample

cumulant.
N
E{emm} = = 2B {rm @ (2, (0 ()
i_ N N T
5L 2E {ri (O ()2 (p)rmy (p)}
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ri (Ol (P)rH (O, (P)

M=
Mz

.
I
-

o
I
-

E{n
{? kl :((p Tmy P Tn, (t)} (37)

7:.::I'—' T.hl
i M=
uMz

= Mg {rk,(t)rf(t)rfz,(t)rn,(-s)}

%E {r (O)rf (O (8, (1)} = %ﬂ[]{rh (Ol (O} E{rE (O (1)}
_%E {ri (e (@) (0 (D)} = Nﬁ;ﬂL{ml i (O} E {rfl (D)ra, (1)}
BB {ra (O (O, (O, (0} — ﬂ—gf—\”n{rk,( ran(DYE {rfl ()t (1)}

_ (% 3BV B {ra, (Ol (Ot (D (1))

= (ﬂ%—rﬁ) [E{ri @)l &)} B {r (t)ra, (1)} +
E {re, (0)rH (O} E{rf (t)ra, (8) } +
E {ri, (t)ra, (O} E {rf () (1)}] -

Note, that if

N%2—-N
N+2

the fourth-order sample cumulant is an unbiased estimator.

and B=N*—N

o=
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3.2 Finite-sample covariance of the fourth-
order sample cumulant as a function of

N

Since we deal with the finite-sample case, the principal behaviour of the
finite-sample covariance of the fourth-order sample cumulant as a function

of N is interesting. Using eqgs. (3.2), (3.3), (3.4), (3.5), it can be shown that
3 1
E {cr({:)h Jmy,mny cg.:)l;qmz ng} = ? (NQCI +- li'\'r':2)

+L (N?‘c;; + N2¢y + Ncs)

ﬁ
ﬁ2 (N ce + Nocr + Ncs + N(:g)
and (3.7) can be written as
1 1
2(4)
E{ Chy ml,nl} = ;NCIO + 3 (N2011 + NCu) 3 (3.8)

where ¢y, ..., ¢;2 are independent of N. This leads to

4(4) A(4),H -
COV (C}q s my,mny? CL) l;; ma, ng) -

E {&E)h O P Ai;}f'?mz “2} D {éﬁ)“ my,ng } {A'{:}‘;qm?M}

= E}E (J.’V?'bl + Nbg)

+—]E (N3b3 + N, + Nbs)

+ (N“b6 + N%; + N?bs + Nby) , (3.9)

where by, ..., by are independent of N. By some tedious calculation it can be

shown, that

by =b3=0bs=0,



which confirms that Cov ('H} gl ) is OON™Y) if @ ~ N and

Chy l1,my ny 2 Gk lymang

3 ~ N2, Hence, the functional behaviour of the finite-sample covariance for

the biased estimator (a« = N, 3 = N?) is given by

Cov (6(4) (4.4 ) =3, G i 43

k1,01 ,mi,n 0 Cha,lz,ma ng

where a;, as, az are independent of N.
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Chapter 4

M-Files

In this section we show how the finite-sample covariance can be implemented
under MATLAB™ in so-called M-Files. We provide the code for:

1. "cov2all.m”: Calculation of the finite-sample covariance of the second-

order sample cumulant (moment).

2. "cov3all.m”: Calculation of the finite-sample covariance of the third-

order sample cumulant (moment).

3. "cov4all.m”: Calculation of the finite-sample covariance of the fourth-

order sample cumulant.

4. "xmaln.m”: Calculation of the expected value

)

of the product of J complex random variables X;. The moments of
these random variables must be given up to J. The only purpose of

this M-File is to simplify the notation in the other M-Files.
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For reasons of clearness, the important equations in the M-Files are cross-

referenced with the former sections and chapters.

4.1 cov2all.m

function [cov2,E2alll,E2all2]=cov2all(N,index,A,gs,gn)
%COV2ALL Calculation of the covariance of the correlation estimator

%

% c™ = 1/ #sum_t=1"N r_k(t) * r_1"H(t)

%

% by an analytic formula in case of the usual model in narrowband

% array processing:

%

Y r_vec(t) = A_mat s_vec(t) + n_vec(t)

%

% where s_vec(t) includes the independent source signals, matrix A_mat
% consists in the steering vectors and n_vec(t) is measurement noise
% of the M sensors with arbitrary distribution. This M-File can be

A also used if some or all of the signals are coherent by a proper

% modification of the matrix A_mat (see "Applications of Cumulants

% to Array Processing: Direction Finding in Coherent Signal

% Environment", E. Goenen, M. C. Dogan, J. M. Mendel, 28th. Asilomar
% Conference, October 31-November 2, 1994, Pacific Grove, CA.).

% Furthermore the near-field case can be also investigated by matrix
% modification (see "Higher-Order Subspace Algorithms for Passive

| Localization of Near-Field Sources", R. H. Challa and S. Shamsunder,
% 29th Annual Asilomar Conference on Signals, Systems and Computers,
A Pacific Grove, CA, October 30 - Hovember 1, 1995.

%

% Syntax:

% [cov2,E2al11,E2a112]=cov2all(N,index,A,gs,gn)

h

% where

%

A cov2 = Covariance of the correlation estimator (as a function of H).
% E2alll = Expected value of the correlation estimator for the first
% two indices [ki 11] (as a function of N).

% E2all2 = Expected value of the correlation estimator for the second
% two indices [k2 12] (as a function of ).

% H = vector with data lengths.

Y% index = signal indices, index=[k1 11 k2 12], if k2=k1,12=11, then

32



% calculation of the variance otherwise of the covariance

A A = Steering vector matrix

% gs = [gRs1,2 gRsl,4

% gIs1,2 glst 4

% : 3

% gRsP,2 gRsP,4

% glsP,2 gIsP,4 ]

%

% Matrix that contains the second and the fourth of the
% source signals. The following example explains the

e abbrevations:

%

% gRs1,4 = 4th moment of the realpart of signal 1

%

% gn = [gRn1,2 gRni,4

% gIn1,2 gini,4

% : -

% gRnM,2 gRnM,4

% gInM,2 gInM,4]

%

% Matrix that contains the second and the fourth moment of the
% noise signals. The abbrevations are analogous to '"gs".

%Inserting the first- and third order moment only for a more systematic
%M-file regarding "cov3all.m" and “cov4all.m".

[H,gs_cols]l=size(gs);

gs=[zeros(H,1) gs(:,1) zeros(H,1) gs(:,2)]; gs_cols=gs_cols+2;

%Inserting the third order moment only for a more systematic

%M-file regarding "cov3all.m" and “cov4all.m" (The first order moment
%is setting to zero by the M-file "xmaln.m".

[H1,gn_cols]=size(gn); gn_cols=gn_cols+l;

gn=[gn(:,1) zeros(H1,1) gn(:,2)];

%Checking for correct parameter dimensions
P=ceil(H/2); % P=Number of sources
if (gs_cols™=4)

disp(’gs-Matrix not valid’)

return
end

=ceil (H1/2); % M=Number of Sensors
if (gn_cols™=3)

disp(’gn-Matrix not valid’)
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return

end

[A_rows,A_cols]=size(A);

if (A_cols"=P)|(A_rous™=M)
disp(’A-Matrix not valid’)
return

end

#Index-abbrevations
ki=index(1); li=index(2); k2=index(3); 12=index(4);

%Noise-abbrevations: Ek111H means E{n_k1 n_11H} and so on ...
EkiliH=xmaln([k1 j*11],gn);

Ekik2H=xmaln([k1 j*k2],gn);

Ek112=xmaln([k1 121,gn);

El11Hk2H=xmaln([j*11 j*k2],gn);

E11H12=xmaln([j*11 12],gn);

Ek2H12=xmaln([j*k2 12],gn);

Ek111Hk2H12=xmaln([k1 j*11 j*k2 12],gn);

%Calculation of modified steering vectors
A=[A sqrt(-1)#*A]; Ya_k(1:H)= A(k,:)

%Calculation of the source signal based Kronecker-products:

%E2malS means E{s \kron s*}, E4malS means E{s \kron s* \kron s* \kron s} ...
z2=1;z4=1;

E2malS=ones(1,H"~2) ;E4malS=ones(1,H"4);

iSteering vector abbrevations
aki=A(k1,:);
aliH=conj(A(11,:));
ak2H=conj(A(k2,:));
al2=A(12,:);

for a=1:H
for b=1:H
%Begin 2nd signal moment vector
sig_ind=[sort([a bl) -1];
momz2=1;
for i=2:2+1
if sig_ind(i)==sig_ind(i-1)
momz2=momz2+1 ;

else
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E2malS(z2)=E2malS(z2)*gs(sig_ind(i-1),momz2);
momz2=1;
end
end
z2=22+1;
%End 2nd signal moment vector
for c=1:H
for d=1:H
%Begin 4th signal moment vector
sig_ind=[sort([a b c d]) -1];
momz4=1;
for i=2:4+1
if sig_ind(i)==sig_ind(i-1)
momz4=momz4+1;
else
E4malS(z4)=EdmalS(z4)*gs(sig_ind(i-1) ,momz4) ;
momz4=1;
end
end
z4=z4+1;
%End 4th signal moment vector
end
end
end

end

%Kronecker-product abbrevations: Kkilih means (a_ki \kron a_11H) and so on...
Kk1liH=kron(aki,alil);

Ek1k2H=kron(aki,ak2H) ;

Kkil2=kron(akli,al2);

KliHk2H=kron(aliH,ak2H) ;

K11H12=kron(alil,al2);

Kk2H12=kron(ak2H,al2);

Kk111Hk2H12=kron(akl ,kron(aliH,kron(ak2H,al2)));

JCALCULATION OF a) See Section "Fourth-order Moment"

%

% E{rkt rliH rk2H rl2)}

%

Rk111Hk2H12=Kk111Hk2H12#E4malS’+Kk111H*E2malS *+Ek2H12+. .
Kk1k2H#E2malS '+E11H12+Kk112*E2malS **E11Hk2H+. . .
K11Hk2H*E2malS’+*Ek112+K11H12*E2malS’*Ek1k2H+. ..
Kk2H12#E2malS’+Ek111H+Ek111Hk2H12;
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%CALCULATION OF b1l) See Section "Second-order Moment"

%
%
%

E{rkl rliH}

Rk111H=Kk111H*E2malS ’+Ek111H;

#CALCULATION OF bl) See Section "Second-order Moment"

)
)
%

E{rk2H r12}

Rk2H12=Kk2H12¢E2malS '+Ek2H12;

E2allil
E2all2

Rk111H;
Rk2H12;

cov2=(Rk111Hk2H12-Rk111H#*Rk2H12)./N;

4.2

cov3all.m

function [cov3,E3alll,E3all2]=cov3all(N,index,A,gs,gn)

%COV3ALL Calculation of the covariance of the cumulant estimator

)
%
%
)
)
%
%
%
%
%
%

¢ = 1/alpha*sum_t=1"N r_k(t) * r_1"H(t) * r_m~H(t)

by an analytic formula in case of the usual model in narrowband

array processing:
r_vec(t) = A_mat s_vec(t) + n_vec(t)

where s_vec(t) includes the independent source signals, matrix A_mat
consists in the steering vectors and n_vec(t) is measurement noise
of the M sensors with arbitrary distribution. This M-File can be
also used if some or all of the signals are coherent by a proper
modification of the matrix A_mat (see "Applications of Cumulants

to Array Processing: Direction Finding in Coherent Signal
Environment", E. Goenen, M. C. Dogan, J. M. Mendel, 28th. Asilomar
Conference, October 31-November 2, 1994, Pacific Grove, CA.).
Furthermore the near-field case can be also investigated by matrix
modification (see "Higher-Order Subspace Algorithms for Passive
Localization of Hear-Field Sources", R. N. Challa and S. Shamsunder,

29th Annual Asilomar Conference on Signals, Systems and Computers,
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= 32 32

T2 52 3T o2 32 32

= o2

Pacific Grove, CA, October 30 - November i, 1995,

Syntax:

where

cov3
E3allil

E3all2

index =

gs

[cov3,E3alll, E3al12]=cov3all(H,index,A,gs,gn)

Covariance of the cumulant estimator (as a function of N).
Expected value of the cumulant estimator for the first
three indices [k1 11 mi] (as a function of H).

Expected value of the cumulant estimator for the second
three indices [k2 12 m2] (as a function of N).

= vector with data lengths.

signal indices, index=[k1 11 mi k2 12 m2], if k2=ki,12=11
and mi=m2, then calculation of the variance otherwise of
the covariance.

Steering vector matrix

[gRks1,2 gRs1,3 gRsi,4 gRs1,6

gls1,2 gIs1,3 gIsi,4 glsi,6

ghsP,2 gRsP,3 gRsP,4 gRsP,6
glsP,2 gIsP,3 gIsP,4 gIsP,6 ]

Matrix that contains the second, third, fourth and sixth
moment of the source signals. The following example

explains the abbrevations:

gRs1,4 = 4th moment of the realpart of signal 1

gn = [ghn1,2 gRnl,3 gRni,4 gRni,6

gIn1,2 gIn1,3 gIni,4 gIni,6

gRnM,2 gRnM,3 gRnM,4 ghnM,6
gInM,2 gInM,3 gInM,4 gInM,6]

Matrix that contains the second, third, fourth and sixth-
moment of the noise signals. The abbrevations are

analogous to "gs".

%Inserting the first- and fifth-order moment only for a more systematic

%M-file regarding "cov2all.m" and "cov4all.m".

[H,gs_cols]=size(gs);
gs=[zeros(H,1) gs(:,1:3) zeros(H,1) gs(:,4)]; gs_cols=gs_cols+2;
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Inserting the fifth order moment only for a more systematic

YM-file regarding "cov3all.m" and "cov4all.m" (The first order moment
%is setting to zero by the M-file "xmaln.m".

[H1,gn_colsl=size(gn);

gn=[gn(:,1:3) zeros(H1,1) gn(:,4)]; gn_cols=gn_cols+i;

YChecking for correct parameter dimensions
P=ceil(H/2); % P=Number of sources
if (gs_cols™=6)

disp(’gs-Matrix not valid?’)

return
end
M=ceil (H1/2); % M=Humber of sensors
if (gn_cols™=5)

disp(’gn-Matrix not valid’)

return
end
[A_rows,A_cols]=size(A);
if (A_cols™=P)|(A_rows™=M)

disp(’A-Matrix not valid’)

return

end

%Index-abbrevations
ki=index(1): 1l1=index(2); mi=index(3);
k2=index(4); 12=index(5); m2=index(6);

YHoise-abbrevations: Ek111H means E{n_k1 n_11H} and so on ...
%Sixth moment
Ek111Hm1k2H12m2H=xmaln([k1 j*11 m1 j*k2 12 j*m2],gn);

%Fourth moments

Ek1liHmik2H=xmaln([k1 j*11 mi j*k2],gn);
Ek111Hm112=xmaln([k1 j*11 m1 12],gn);
Ek1liHmim2H=xmaln([k1 j*11 m1 j*m2],gn);
Ek111Hk2H12=xmaln([k1 j*11 j*k2 12],gn);
Ek111Hk2Hm2H=xmaln([ki j*11 j*k2 j*m2],gn);
Ek111H12m2H=xmaln([k1 j*11 12 j*m2],gn);
Ekimik2H12=xmaln([k1 m1 j*k2 12],gn);
Ekimik2Hm2H=xmaln([k1 m1 j*k2 j*m2],gn);
Ekim112m2H=xmaln([k1 m1 12 j*m2],gn);
Ek1k2H12m2H=xmaln([k1 j*k2 12 j*m2],gn);
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El1Hm1k2H12=xmaln([j*11 m1 j*k2 12],gn);
EliHmik2Hm2H=xmaln([j*11 mi j*k2 j*#m2],gn);
El1iHmil2m2H=xmaln{[j*11 m1 12 j*m2],gn);
El1Hk2H12m2H=xmaln([j*11 j*k2 12 j*m2],gn);
Em1k2H12m2H=xmaln([m1 j*k2 12 j*m2],gn);

%Third moments

Ek11l1Hmi=xmaln([k1 j*11 mi],gn);
Ek111Hk2H=xmaln([k1 j*11 j*k2],gn);
Ek111H12=xmaln([k1 j*11 12],gn);
Ek1l1Hm2H=xmaln([k1 j*11 j*m2],gn);
Ekimik2H=xmaln([k1 m1 j*k2],gn);
Ekim112=xmaln([ki m1 12],gn);
Ekimim2H=xmaln([k1 m1 j*m2],gn);
Ek1k2H12=xmaln([k1 j*k2 12],gn);
Ek1k2Hm2H=xmaln([k1 j*k2 j*m2],gn);
Ek112m2H=xmaln([k1 12 j*m2],gn);
El1Hmik2H=xmaln([j*11 m1 j*k2],gn);
El1Hmil2=xmaln([j*11 m1 12],gn);
EliHmim2H=xmaln([j*11 m1 j*m2],gn);
E11Hk2H12=xmaln([j*11 j*k2 12],gn);
E11Hk2Hm2H=xmaln([j*11 j*k2 j*m2],gn);
E11H12m2H=xmaln([j*11 12 j*m2],gn);
Em1k2H12=xmaln([m1 j*k2 12],gn);
Emi1k2Hm2H=xmaln([m1 j*k2 j*m2],gn);
Em112m2H=xmaln([m1 12 j*m2],gn);
Ek2H12m2H=xmaln([j*k2 12 j*m2],gn);

Y%Second moments
Ek1liH=xmaln([k1 j*11],gn);
Ekimi=xmaln([k1 mi],gn);
Ekik2H=xmaln([k1 j*k2],gn);
Ek112=xmaln([k1 12],gn);
Ekim2H=xmaln([k1 j*m2],gn);
EliHmi=xmaln([j*11 m1],gn);
El1Hk2H=xmaln([j*11 j*k2],gn);
El1H12=xmaln([j*11 12],gn);
EliHm2H=xmaln([j*11 j*m2],gn);
Emik2H=xmaln([m1 j*k2],gn);
Em1l2=xmaln([mi 12],gn);
Emim2H=xmaln([m1 j*m2],gn);
Ek2H12=xmaln([j*k2 12],gn);
Ek2Hm2H=xmaln([j*k2 j*m2],gn);
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E12m2H=xmaln([12 j*m2],gn);

YCalculation of the modified steering matrix
A=[A sqre(-1)=Al; %a_k(1:H)= A(k,:)

YCalculation of the source signal based Kronecker-products:

YE2malS means E{s \kron s*}, E4mal$S means E{s \kron s* \kron s* \kron s} ...
z2=1;2z3=1;z4=1;26=1;

E2malS=ones(1,H"2) ;E3malS=ones(1,H"3) ;E4malS=ones(1,H~4) ;E6malS=ones(1,H"6);

#\Steering vector abbrevations
aki=A(k1,:);
aliH=conj(A(11,:));
ami=A(ml,:);
ak2H=conj(A(k2,:));
al2=A(12,:);
am2H=conj(A(m2,:));

for a=1:H
for b=1:H
%Begin 2nd signal moment vector
sig_ind=[sort([a b]) -1];
momz2=1;
for i=2:2+1
if sig_ind(i)==sig_ind(i-1)
momz2=momz2+1 ;
else
E2malS(z2)=E2malS(z2)*gs (sig_ind(i-1) ,momz2);
momz2=1;
end
end
z2=z2+1;
%End 2nd signal moment vector
for c¢=1:H
%Begin 3rd signal moment vector
sig_ind=[sort([a b c]) -1];
momz3=1;
for i=2:3+1
if sig_ind(i)==sig_ind(i-1)
momz3=momz3+1 ;

else
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E3malS(z3)=E3malS(z3)*gs(sig_ind(i-1) ,momz3);
momz3=1;

end

end

z3=z3+1;

%End 3rd signal moment vector

for d=1:H
%Begin 4th signal moment vector
sig_ind=[sort([a b c d]) -1];
momzd=1;
for i=2:4+1
if sig_ind(i)==sig_ind(i-1)
momz4=momz4+1;
else
E4malS(z4)=E4malS(z4)#*gs(sig_ind(i-1) ,momz4);
momz4=1;
end
end
z4=z4+1;
%End 4th signal moment vector
for e=1:H
for f=1:H
%Begin 6th signal moment vector
sig_ind=[sort([a b c d e f]) -1];
momz6=1;
for i=2:6+1
if sig_ind(i)==sig_ind(i-1)
momz6=momz6+1 ;
aelse
E6malS (z6)=E6malS(z6)+gs(sig_ind(i-1) ,momz6);
momz6=1;
end
end
z6=z6+1;
%End 6th signal moment vector
end
end
end
end
end

end
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%Kronecker product abbrevations: Kkilih means (a_k1i \kron a_l1H) and so on...

%Six
Kk111Hm1k2H12m2H=kron(akl ,kron(aliH, kron(aml,kron(ak2H,kron(al2,am2H)))));

%Four
Kk1liHmik2H=kron(akl,kron(aliH,kron(ami,ak2H)));
Kk1liHmil2=kron(akl,kron(aliH,kron(ami,al2)));
Kk1liHmim2H=kron(aki ,kron(alil,kron(ami,am2H)));
Kk111Hk2H12=kron(akl ,kron(aliH,kron(ak2H,al2)));
Kk11l1Hk2Hm2H=kron(ak1i,kron(aliH, kron(ak2H,am2H)));
Kk111H12m2H=kron(aki,kron(alil,kron(al2,am2H)));
Kkimik2H12=kron(ak1,kron(ami, kron{ak2H,al2)));
Kkimik2Hm2H=kron(akl ,kron(ami kron(ak2H,am2H)));
Kkim112m2H=kron(ak1,kron(ami kron(al2,am2H)));
Kk1k2H12m2H=kron(akl ,kron(ak2H,kron(al2,am2H)));
K11Hmik2H12=kron(aliH,kron(aml, kron(ak2H,al2)));
K11Hmik2Hm2H=kron(aliH,kron(ami ,kron(ak2Hi,am2H)));
K11Hm112m2H=kron(aliH,kron(ami, ,kron(al2,am2H)));
K11Hk2H12m2H=kron(aliH,kron(ak2H ,kron(al2,am2H)));
Kmik2H12m2H=kron(ami ,kron(ak2H,kron{al2,am2H)));

%Three

Kk1liHml=kron(akl ,kron(alil,aml));
Kk1l11Hk2H=kron(akl ,kron(alili,ak2H));
Kk1l1H12=kron(akl,kron(alil,al2));
Kk1l1Hm2H=kron(ak1l ,kron(alil,am2H));
Kkimik2H=kron(akl ,kron(ami,ak2H));
Kkimil2=kron(aki,kron(ami,al2));
Kkimim2H=kron(akl ,kron(ami ,am2H));
Kki1k2H12=kron(akl ,kron(ak2H,al2));
Kk1k2Hm2H=kron(akl ,kron(ak2H,am2H));
Kk1l2m2H=kron(aki,kron(al?2,am2H));
Kl1iHmik2H=kron(alil,kron(aml,ak2H));
K1iHm1l2=kron(aliH kron(ami,al2));
Kl1iHmim2H=kron{aliH,kron(aml,am2H));
K1iHk2H12=kron(alil,kron(ak2H,al2));
K1iHk2Hm2H=kron(aliH,kron(ak2H,am2H));
K11H12m2H=kron(aliH,kron(al2,am2H));
Kmik2H12=kron(aml ,kron(ak2H,al2));
Kmik2Hm2H=kron(ami ,kron(ak2H,am2H) ) ;
Kmil2m2H=kron(ami ,kron(al2,am2H));
Kk2H12m2H=kron(ak2H,kron(al2,am2H));



% Two
Kki1liH=kron(aki,aliH);
Kkimi=kron(akl,ami);
Kkik2H=kron{akl,ak2H);
Kkil2=kron(akl,al2);
Kkim2H=kron(aki,am2H) ;
KliHmi=kron(aliH,aml);
K11Hk2H=kron(aliH,ak2H) ;
K11H12=kron(alil,al2);
K1iHm2H=kron(aliH,am2H) ;
Kmik2H=kron(ami ,ak2H);
Kmil2=kron(ami,al2);
Kmim2H=kron(ami ,am2H) ;
Kk2H12=kron(ak2H,al2);
Kk2Hm2H=kron(ak2H,am2H) ;
K12m2H=kron(al2,am2H);

WCALCULATION OF a) See Section "Sixth-order Moment"

%

% E{rkl r1iH rmi rk2H rl2 rm2H}

%

TERM1=. ...

Kk111Hm1k2H12m2H#E6malS *+Kki11Hmik2H*E4malS **E12m2H+. . .

Kk111Hm112+#E4malS’*Ek2Hm2H+Kk111Hmim2H+E4malS **Ek2H12+. . .
Kk111Hk2H12#E4malS ’*Emim2H+Kk111Hk2Hm2H*E4malS **Em112+. . .
Kk111H12m2H#E4malS **Em1k2H+Kkim1k2H12#E4malS *#E11Hm2H+. . .
Kkim1k2Hm2H#*E4malS **E11H12+Kkim112m2H+E4malS *#EL1Hk2H+. . .
Kk1k2H12m2H#E4malS *E11Hm1+K11Hm1k2H12+#E4malS **Ekim2H+. . .
KliHmik2Hm2H*E4malS’*Ek112+K11Hm112m2H*E4malS **Ek1k2H+. . .
K11Hk2H12m2H#E4malS’*Ekimi+Km1k2H12m2H*E4malS ’*Ek111H+. .,
Kk111Hm1*E3mal$ '*Ek2H12m2H+Kk111Hk2H*E3malS **Em112m2H+. . .
Kk111H12#E3malS *+Emik2Hm2H+Kk111Hm2H*E3malS **Em1k2H12+. . .
Kkimik2H+E3malS ’#E11H12m2H+Kkim112*E3malS ’*E11Hk2Hm2H+. . .
Kkimim2H*E3malS '#E11Hk2H12+Kk1k2H12#E3malS **E11Hmim2H+. . .
Kk1k2Hm2H*E3malS’*E11Hm112+Kk112m2H*E3malS **E11Hm1k2H+. . .

K11Hm1k2H#E3malS’*Ek112m2H+K11Hm112+E3malS **Ek1k2Hm2H;

TERM2=. ..

K11Hmim2H#E3malS’*Ek1k2H12+K11Hk2H12#E3mals **Ekimim2H+. . .
K11Hk2Hm2H+E3malS ?*Ekim112+K11H12m2H+E3malS **Ekimlk2H+. . .
Kmik2H12+E3malS **Ek111Hm2H+Km1k2Hm2H*E3malS *#Ek111H12+. . .
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KEm112m2H+E3malS **Ek111Hk2H+Kk2H12m2H*E3malS *#*Ek111Hmi+. . .
Kk111H#*E2malS’+Emik2H12m2H+Kkim1*E2mals *+*E11Hk2H12m2H+. .
Kk1k2H*E2malS’+#E11Hm112m2H+Kk112*E2malS **E11Hm1k 2Hm2H+. . .
Kkim2H+E2malS*+#E11Hm1k2H12+K11Hm1+#E2mals *#*Ek1k2H12m2H+. . .
K11Hk2H*E2malS’*Ek1m112m2H+K11H12+E2malS *+Ekim1k2Hm2H+. . .
K11Hm2H#E2malS’*Ekim1k2H12+Km1k2H#E2malS *+Ek111H12m2H+. . .
Km112#E2malS **Ek111Hk2Hm2H+Emim2H*E2malS '#*Ek111Hk2H12+. . .
Kk2H12#E2malS’*Ek111Hmim2H+Kk2Hm2H*E2malS ' #Ek111Hm112+. . .
K12m2H*E2malS’+Ek111Hm1k2H+Ek111Hm1k2H12m2H;

Rk111Hm1k2H12m2H=TERM1+TERM2 ;

Y%CALCULATION OF bl) See Section "Third-order Moment"
%

% E{rki rliH rmi}

%

Rk111Hm1=Kk11iHm1*E3malS’+Ek111Hm1i;

#CALCULATIOHN OF b2) See Section "Third-order Moment"
%

% E{rk2H r12 rm2H}

%

Rk2H12m2H=Kk2H12m2H*E3malS *+Ek2H12m2H;

E3alll = Rk1liHmi;
E3all2 = Rk2H12m2H;

cov3 = (Rk111Hm1k2H12m2H-Rk111Hmi*Rk2H12m2H)./N;

4.3 cov4all.m

function [cov4,E4alll,E4all2,covdbiased,relerror,relerrorbiased]=
cov4all(N,index,A,gs,gn,alpha,bata)
%COV4ALL Calculation of the covariance of the cumulant estimator

% ¢~ = 1/alpha*sum_t=1"H r_k(t) * r_1"H(t) = r_m"H(t) * r_n(t)

% -1/beta*(sum_t=1"N r_k(t)*r_1"H(t))*(sum_t=1"N r_m"H(t)*r_n(t))
% -1/beta*(sum_t=1"N r_k(t)*r_m"H(t))*(sum_t=1"H r_1"H(t)*r_n(t))
% -1/beta*(sum_t=1"N r_k(t)*r_n(t))*(sum_t=1"H r_1"H(t)*r_m"H(t))
%

4 by an analytic formula in case of the usual model in narrowband

% array processing:

%
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r_vec(t) = A_mat s_vec(t) + n_vec(t)

where s_vec(t) includes the independent source signals, matrix A_mat

consists
of the M

in the steering vectors and n_vec(t) is measurement noise

sensors with arbitrary distribution. This M-File can be

also used if some or all of the signals are coherent by a proper

modification of the matrix A_mat (see "Applications of Cumulants

to Array

Processing: Direction Finding in Coherent Signal

Environment", E. Goenen, M. C. Dogan, J. M. Mendel, 28th. Asilomar

Conference, October 31-Hovember 2, 1994, Pacific Grove, CA.).

Furthermore the near-field case can be also investigated by matrix

modification (see "Higher-Order Subspace Algorithms for Passive

Localization of Near-Field Sources", R. N. Challa and 5. Shamsunder,

29th Annual Asilomar Conference on Signals, Systems and Computers,
Pacific Grove, CA, October 30 - November 1, 1995,

Syntax:

[cov4,E4a111,E4a112.cov4biased,ralerror,relerrorhia&ed] =

where

covd =
E4alll =

E4all2 =

covdbiased =

ralerror =

relerrorbiased =

index =

cov4all(N,index,A,gs,gn,alpha,beta,r)

Covariance of the cumulant estimator (as a function of H).
Expected value of the cumulant estimator for the first
four indices [k1 11 mi1 n1] (as a function of N).
Expected value of the cumulant estimator for the second
four indices [k2 12 m2 n2] (as a function of N).

If more than three output arguments exists, then the
covariance of the "Biased Estimator" is also calculated.
Calculation of the relativ error between HxCov(c~,H) and
infty*Cov(c™,infty) as a function of .
(relerror=[N+Cov(c™,N)-infty*Cov(c~,infty)]/(H+Cov(c™,H)))
If more than five output arguments exists, then relative
error in case of the "Biased Estimator" is also calculated.
vector with data lengths.

signal indices, index=[k1 11 mi n1 k2 12 m2 n2], if k2=ki,
12=11, mi=m2 and ni=n2, then calculation of the variance
otherwise of the covariance.

Steering vector matrix

[gRsi,2 gRs1,3 gRs1,4 gRsl,5 gRs1,6 gRs1,7 gRs1,8

gls1,2 gIs1,3 glsi,4 gls1,5 gIs1,6 gls1,7 gIs1,8

gRsP,2 gRsP,3 gRsP,4 gRsP,b gRsP,6 gRsP,7 gRsP,8
glsP,2 glsP,3 glIsP,4 glsP,5 gIsP,6 gIsP,7 glsP,8]
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% Matrix that contains the second, third, fourth, fifth,
% sixth, seventh and eighth-moment of the source signals.
% The following example explains the abbrevations:

%

% gRs1,4 = 4th moment of the realpart of signal 1

%

% gn = [gRni,2 gRn1,3 gRn1,4 gRni,5 ghnil,6 gRn1,7 gRn1,8

% gIni,2 gIn1,3 gIni,4 gIn1,5 gIn1,6 gIn1,7 gIn1,8

% i : : é ; H :

b2 gRnM,2 gRnM,3 gRnM,4 gRnM,5 gRnM,6 gRnM,7 gRnM,8

% gInM,2 gInM,3 gInM,4 gInM,5 gInM,6 gInM,7 gInM,8]

%

% Matrix that contains the second, third, fourth, fifth,
% sixth, seventh and eighth-moment of the noise signals.
% The abbrevations are analogous to "'gs".

A

% alpha = If alpha=(N"2-H)/(N+2) and beta=N"2-H, than the "Unbiased
% beta = Estimator is choosen and otherwise a "Biased Estimator"
% (Usual alpha=H and beta=H"2).

%

% Please note, that P>2 needs a huge amount of memory since vectors of the

% size (2¢P)°8 are used.

%Inserting the first-order moment only for a more systematic
%M-file regarding "cov3all.m" and "cov4all.m".
[H,gs_cols]=size(gs);

gs=[zeros(H,1) gsl; gs_cols=gs_cols+l;

[H1,gn_cols]=size(gn);

%Checking for correct parameter dimensions
P=ceil (H/2); % P=Number of sources
if (gs_cols™=8)

disp(’gs-Matrix not valid’)

return
end
M=ceil (H1/2); % M=Number of sensors
if (gn_cols™=7)

disp(’gn-Matrix not valid’)

return
end

[A_rows,A_cols]=size(A);
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if (A_cols”=P)|(A_rows™=M)
disp(’A-Matrix not valid’)
return

end

if nargout>4 YCalculation of the asymptotic solution
NHasymp=10"6+H(length(N));
H=[H Hasymp];
if nargin>5, alpha=[alpha Nasymp]; end;
if nargin>6, beta=[beta Nasymp~2]; end;

end

%Index-abbrevations
ki=index(1); 1li=index(2); mi=index(3); ni=index(4);
k2=index(5); 12=index(6); m2=index(7); n2=index(8);

YHoise-abbrevations: Em2n2H means E{n_m2 n_n2H} and so on ...

UT11111

Em2n2H=xmaln([m2 j*n2],gn);
El2n2H=xmaln([12 j*n2],gn);
El2m2=xmaln([12 m2],gn);
El2m2n2H=xmaln([12 m2 j*n2],gn);

#T11112

Ek2Hn2H=xmaln([j*k2 j*n2],gn);
Ek2Hm2=xmaln([j*k2 m2],gn);
Ek2Hm2n2H=xmaln([j*k2 m2 j*n2],gn);
Ek2H12=xmaln([j*k2 12],gn);
Ek2H12n2H=xmaln([j*k2 12 j*n2],gn);
Ek2H12m2=xmaln([j*k2 12 m2],gn);
Ek2H12m2n2H=xmaln([j*k2 12 m2 j*n2],gn);

UT11121

Enin2H=xmaln([n1 j*n2],gn);
Enim2=xmaln([ni m2],gn);
Enim2n2H=xmaln([n1 m2 j*n2],gn);
En112=xmaln{([n1 12],gn);
En112n2H=xmaln{[n1 12 j*n2],gn);
En1l2m2=xmaln([n1 12 m2],gn);
En112m2n2H=xmaln([ni 12 m2 j*n2],gn);

AT11122
Enik2H=xmaln([n1 j*k2],gn);
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Enik2Hn2H=xmaln([n1 j*k2 j*n2],gn);
Enik2Hm2=xmaln([n1 j*k2 m2],gn);
Enik2Hm2n2H=xmaln([n1 j*k2 m2 j*n2],gn);
Enik2H12=xmaln([n1 j*k2 12],gn);
Enik2H12n2H=xmaln([n1 j*k2 12 j*n2],gn);
Enik2H12m2=xmaln([n1 j*k2 12 m2],gn);
Enik2H12m2n2H=xmaln([n1 j*k2 12 m2 j*n2],gn);

%Ti1211

EmiHn2H=xmaln([j*m1 j*n2],gn);
EmiHm2=xmaln([j*m1 m2],gn);
EmiHm2n2H=xmaln([j*m1 m2 j*n2],gn);
EmiHl12=xmaln([j*m1 12],gn);
EmiH12n2H=xmaln([j*m1 12 j*n2],gn);
EmiH12m2=xmaln([j*ml 12 m2],gn);
EmiH12m2n2H=xmaln([j*m1 12 m2 j*n2],gn);

#T11212

EmiHk2H=xmaln([j*m1 j*k2],gn);
EmiHk2Hn2H=xmaln([j*m1 j*k2 j*n2],gn);
EmiHk2Hm2=xmaln([j*m1 j*k2 m2],gn);
EmiHk2Hm2n2H=xmaln([j*m1 j*k2 m2 j*n2],gn);
EmiHk2H12=xmaln([j*m1 j*k2 12],gn);
EmiHk2H12n2H=xmaln([j*m1l j*k2 12 j*n2],gn);
EmiHk2H12m2=xmaln([j*mi j*k2 12 m2],gn);
EmiHk2H12m2n2H=xmaln([j#*m1 j*k2 12 m2 j*n2],gn);

wT11221

EmiHni=xmaln([j*m1 n1],gn);
EmiHnin2H=xmaln([j*m1 n1 j*n2],gn);
EmiHnim2=xmaln([j*mi ni m2],gn);
EmiHnim2n2H=xmaln([j*m1 n1 m2 j*n2],gn);
EmiHnil2=xmaln([j*ml n1 12],gn);
EmiHn112n2H=xmaln([j*mi n1 12 j*n2],gn);
EmiHn1l2m2=xmaln([j*m1 n1 12 m2],gn);
EmiHn112m2n2H=xmaln([j*ml n1 12 m2 j*n2],gn);

#T11222

EmiHnik2H=xmaln([j*m1 n1 j*k2],gn);
EmiHn1k2Hn2H=xmaln([j*m1 n1 j*k2 j*n2],gn);
EmiHnik2Hm2=xmaln([j*m1 ni j*k2 m2],gn);
EmiHnik2Hm2n2H=xmaln([j*ml n1 j*k2 m2 j*n2],gn);
EmiHnik2H12=xmaln([j*m1 ni j*k2 12],gn);
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EmiHnik2H12n2H=xmaln([j*m1 n1 j*k2 12 j*n2],gn);
EmiHnik2H12m2=xmaln([j*m1 n1 j*k2 12 m2],gn);
EmiHnik2H12m2n2H=xmaln([j*ml ni j*k2 12 m2 j*n2],gn);

YTi2111

EliHn2H=xmaln([j*11 j*n2],gn);
EliHm2=xmaln([j*11 m2],gn);
EliHm2n2H=xmaln([j*11 m2 j*n2],gn);
El1H12=xmaln{[j*11 12],gn);
El1H12n2H=xmaln([j*11 12 j*n2],gn);
EliH12m2=xmaln([j*11 12 m2],gn);
E11H12m2n2H=xmaln{[j*11 12 m2 j*n2],gn);

uTi2112

El1Hk2H=xmaln([j*11 j*k2],gn);
El1Hk2Hn2H=xmaln([j*11 j*k2 j*n2],gn);
El1Hk2Hm2=xmaln([j*11 j*k2 m2],gn);
E11Hk2Hm2n2H=xmaln([j*11 j*k2 m2 j*n2],gn);
E11Hk2H12=xmaln([j*11 j*k2 12],gn);
E11Hk2H12n2H=xmaln([j*11 j*k2 12 j*n2],gn);
E11Hk2H12m2=xmaln([j*11 j*k2 12 m2],gn);
E11HK2H12m2n2H=xmaln([j*11 j*+k2 12 m2 j*n2],gn);

wTi2121

EliHni=xmaln([j*11 ni],gn);
EliHnin2H=xmaln([j*11 n1 j*n2],gn);
EliHnim2=xmaln([j*11 n1 m2],gn);
EliHnim2n2H=xmaln([j*11 ni m2 j*n2],gn);
El1Hn112=xmaln([j*11 n1 12],gn);
EliHn112n2H=xmaln([j*11 n1 12 j*n2],gn);
El1Hn112m2=xmaln([j*11 n1 12 m2],gn);
El11Hn112m2n2H=xmaln([j*11 n1 12 m2 j*n2],gn);

%T12122

EliHnik2H=xmaln([j*11 n1 j*k2],gn);
EliHnik2Hn2H=xmaln([j*11 n1 j*k2 j*n2],gn);
EliHn1k2Hm2=xmaln([j*11 n1 j*k2 m2],gn);
Elilnik2Hm2n2H=xmaln([j*11 n1 j*k2 m2 j*n2],gn);
EliHnik2H12=xmaln([j*11 n1 j*k2 12],gn);
El1Hn1k2H12n2H=xmaln([j*11 n1 j*k2 12 j*n2],gn);
EliHn1k2H12m2=xmaln([j*11 n1 j*k2 12 m2],gn);
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El1Hn1k2H12m2n2H=xmaln([j*11 n1 j*k2 12 m2 j*n2],gn);

wT12211

EliHmiH=xmaln([j*11 j*mi],gn);
EliHmiHn2H=xmaln([j*11 j*m1 j*n2],gn);
EliHmiHm2=xmaln([j*11 j*ml m2],gn);
EliHmiHm2n2H=xmaln([j*11 j*mi m2 j*n2],gn);
EliHmiH12=xmaln([j*11 j*m1i 12],gn);
El1HmiH12n2H=xmaln([j*11 j*m1l 12 j*n2],gn);
El1HmiH12m2=xmaln([j*11 j*mi 12 m2],gn};
El1Hm1H12m2n2H=xmaln([j*11 j*mi 12 m2 j*n2],gn);

uT12212

EliHmiHk2H=xmaln([j*11 j*mi j*k2],gn);
El1HmiHk2Hn2H=xmaln([j*11 j*m1i j*k2 j*n2],gn);
El1HmiHk2Hm2=xmaln([j*11 j*m1 j*k2 m2],gn);
El1HmiHk2Hm2n2H=xmaln([j*11 j*m1 j*k2 m2 j*n2],gn);
El1HmiHk2H12=xmaln([j*11 j*mi j*k2 12],gn);
El1Hm1Hk2H12n2H=xmaln([j*11 j*mi j*k2 12 j*n2],gn);
El1Hm1Hk2H12m2=xmaln([j*11 j*m1 j*k2 12 m2],gn);
El1Hm1Hk2H12m2n2H=xmaln([j*11 j*m1 j*k2 12 m2 j*n2],gn);

%T12221

EliHmiHni=xmaln([j*11 j*ml n1],gn);
EliHmiHnin2H=xmaln([j*11 j*ml n1 j*n2],gn);
EliHmiHnim2=xmaln([j*11 j*m1i n1 m2],gn);
EliHmiHnim2n2H=xmaln([j*11 j*ml ni m2 j*n2],gn);
EliHmiHn112=xmaln([j*11 j*mi n1 12],gn);
El1HmiHn112n2H=xmaln([j*11 j*mi ni 12 j*n2],gn);
El1Hm1Hn112m2=xmaln([j*11 j*mi nl 12 m2],gn);
El1HmiHn112m2n2H=xmaln([j*11 j*mi n1 12 m2 j*n2],gn);

AT12222

El1HmiHnik2H=xmaln([j*11 j*mi n1 j*k2],gn);
El1HmiHn1k2Hn2H=xmaln([j*11 j*m1 n1 j*k2 j*n2],gn);
El1HmiHnik2Hm2=xmaln([j*11 j*m1 ni1 j*k2 m2],gn);
El1HmiHn1k2Hm2n2H=xmaln([j*11 j*ml n1 j*k2 m2 j*n2],gn);
EliHm1iHn1k2H12=xmaln([j*11 j*m1i n1 j*k2 12],gn);
El1limiHn1k2H12n2H=xmaln([j*11 j*m1 ni j*k2 12 j*n2],gn);
EliHmiHn1k2H12m2=xmaln([j*11 j*mi ni1 j*k2 12 m2],gn);

wT21111
Ekin2H=xmaln([k1 j*n2],gn);
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Ekim2=xmaln([ki m2],gn);
Ekim2n2H=xmaln([k1 m2 j*n2],gn);
Ek112=xmaln([k1 12],gn);
Ek112n2H=xmaln([k1 12 j*n2],gn);
Ek112m2=xmaln([k1 12 m2],gn);
Ek112m2n2H=xmaln([ki 12 m2 j*n2],gn);

%uT21112

Ek1k2H=xmaln([k1 j*k2],gn);
Ek1k2Hn2H=xmaln([k1 j*k2 j*n2],gn);
Ek1k2Hm2=xmaln([k1 j*k2 m2],gn);
Ekik2Hm2n2H=xmaln([k1 j*k2 m2 j*n2],gn);
Ek1k2H12=xmaln([k1 j*k2 12],gn);
Ek1k2H12n2H=xmaln([k1 j*k2 12 j*n2],gn);
Ek1k2H12m2=xmaln([k1 j*k2 12 m2],gn);
Ek1k2H12m2n2H=xmaln([k1 j*k2 12 m2 j*#n2],gn);

%T21121

Ekini=xmaln([k1 n1],gn);
Ekinin2H=xmaln([k1 n1 j*n2],gn);
Ekinim2=xmaln([k1 n1 m2],gn);
Ekinim2n2H=xmaln([kl ni m2 j*n2],gn);
Ekin112=xmaln([ki n1 12],gn);
Ekinil2n2H=xmaln([k1 n1 12 j*n2],gn);
Ekin112m2=xmaln([k1 n1 12 m2],gn);
Ekin112m2n2H=xmaln([k1 ni 12 m2 j*n2],gn);

%T21122

Ekinik2H=xmaln([k1 n1 j*k2],gn);
Ekinik2Hn2H=xmaln([k1 n1 j*k2 j*n2],gn);
Ekinik2Hm2=xmaln([k1 n1 j*k2 m2],gn);
Ekinik2Hm2n2H=xmaln([k1 ni j*k2 m2 j*n2],gn);
Ekin1k2H12=xmaln([k1 n1 j*k2 12],gn);
Ekinik2H12n2H=xmaln([k1 n1 j*k2 12 j*n2],gn);
Ekin1k2H12m2=xmaln([k1i ni j*k2 12 m2],gn);
Ek1n1k2H12m2n2H=xmaln([k1 n1 j*k2 12 m2 j*n2],gn);

%T21211

EkimiH=xmaln([k1 j*m1],gn);
EkimiHn2H=xmaln([k1 j*ml j*n2],gn);
Ekimilm2=xmaln([k1 j*m1 m2],gn);
Ekimiim2n2H=xmaln([k1 j*mi m2 j*n2],gn);
EkimiH12=xmaln([k1 j*m1 12],gn);
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EkimiH12n2H=xmaln([k1 j*ml 12 j*n2],gn);
Ekim1H12m2=xmaln([k1l j*ml 12 m2],gn);
EkimiH12m2n2H=xmaln([k1 j*m1 12 m2 j*n2],gn);

%T21212

EkimiHk2H=xmaln([k1 j*mi j*k2],gn);
EkimiHk2Hn2H=xmaln([k1 j*mi j*k2 j*n2],gn);
EkimiHk2Hm2=xmaln([k1 j*m1 j*k2 m2],gn);
EkimiHk2Hm2n2H=xmaln([k1 j*ml j*k2 m2 j+n2],gn);
EkimiHk2H12=xmaln([k1 j*m1 j*k2 12],gn);
EkimiHk2H12n2H=xmaln([k1 j*mi j*k2 12 j*n2],gn);
EkimiHk2H12m2=xmaln([k1 j*m1 j*k2 12 m2],gn);
EkimiHk2H12m2n2H=xmaln([k1 j*m1 j*k2 12 m2 j*n2],gn);

%T21221

EkimiHni=xmaln([ki j*mi nil,gn);
EkimiHnin2H=xmaln([k1 j*ml n1 j*n2],gn);
EkimiHnim2=xmaln([k1 j*m1l n1 m2],gn);
EkimiHnim2n2H=xmaln([k1 j*m1 ni m2 j*n2],gn);
EkimiHni12=xmaln([k1 j*mi n1 12],gn);
EkimiHn112n2H=xmaln([k1 j*mi n1 12 j*n2],gn);
EkimiHn112m2=xmaln([k1 j*ml n1 12 m2],gn);
EkimiHn112m2n2H=xmaln([k1 j*m1 n1 12 m2 j*n2],gn);

#T21222

EkimiHnik2H=xmaln([k1 j*mi n1 j*k2],gn);
EkimiHnik2Hn2H=xmaln([k1 j*ml n1 j*k2 j*n2],gn);
EkimiHnik2Hm2=xmaln([k1 j*ml n1 j*k2 m2],gn);
EkimiHn1k2Hm2n2H=xmaln([k1 j*mi n1 j*k2 m2 j*n2],gn);
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EkimiHnik2H12=xmaln([k1 j*mi n1 j*k2 12],gn);
Ekim1Hn1k2H12n2H=xmaln([k1 j*ml n1 j*k2 12 j*n2],gn);
EkimiHn1k2H12m2=xmaln([k1 j*ml ni j*k2 12 m2],gn);

wT22111

Ek1liH=xmaln([k1 j*11],gn);
Ek1liHn2H=xmaln([ki j*11 j*n2],gn);
Ek11l1Hm2=xmaln([ki j*11 m2],gn);
Ek111Hm2n2H=xmaln([k1 j*11 m2 j*n2],gn);
Ek111H12=xmaln([k1 j*11 12],gn);
Ek111H12n2H=xmaln([k1 j*11 12 j*n2],gn);
Ek111H12m2=xmaln([k1 j*11 12 m2],gn);
Ek111H12m2n2H=xmaln([k1 j*11 12 m2 j*n2],gn);

WhT22112

Ek111Hk2H=xmaln([k1 j*11 j*k2],gn);
Ek111Hk2Hn2H=xmaln([k1 j*11 j*k2 j*n2],gn);
Ek111Hk2Hm2=xmaln([k1 j*11 j*k2 m2],gn);
Ek111Hk2Hm2n2H=xmaln([k1 j*11 j*k2 m2 j*n2],gn);
Ek111Hk2H12=xmaln([k1 j*11 j*k2 12],gn);
Ek111Hk2H12n2H=xmaln([k1 j*11 j*k2 12 j*n2],gn);
Ek111Hk2H12m2=xmaln([k1 j*11 j*k2 12 m2],gn);
Ek111Hk2H12m2n2H=xmaln([k1 j*11 j*k2 12 m2 j*n2],gn);

uT22121

EkiliHni=xmaln([k1 j*11 ni],gn);
Ek1liHnin2H=xmaln([k1 j*11 n1 j*n2],gn);
Ek111Hnim2=xmaln([k1 j*11 n1 m2],gn);
Ek1l1Hnim2n2H=xmaln{[k1 j*11 n1 m2 j*n2],gn);
Ek111Hn112=xmaln([k1 j*11 ni 12],gn);
Ek111Hn112n2H=xmaln([k1 j*11 ni 12 j*n2],gn);
Ek111Hn112m2=xmaln([k1 j*11 n1 12 m2],gn);
Ek111Hn112m2n2H=xmaln([ki j*11 n1 12 m2 j*n2],gn);

wr22122

Ek1l1Hnik2H=xmaln([k1 j*11 n1 j*k2],gn);
Ek111Hn1k2Hn2H=xmaln([k1 j*11 n1 j*k2 j*n2],gn);
Ek111Hnik2Hm2=xmaln([k1 j*11 n1 j*k2 m2],gn);
Ek111Hn1k2Hm2n2H=xmaln([ki j*11 ni j*k2 m2 j*n2],gn);
Ek111Hn1k2H12=xmaln([k1 j*11 n1 j*k2 12],gn);
Ek111iHn1k2H12n2H=xmaln([k1 j*11 n1 j*k2 12 j*n2],gn);
Ek1l1Hn1k2H12m2=xmaln([k1 j*11 n1 j*k2 12 m2],gn);



wT22211

EkiliHmiH=xmaln([k1 j*11 j*mi],gn);
Ek111iHmiHn2H=xmaln([k1 j*11 j*mi j*n2],gn);
Ek1liHmiHm2=xmaln([k1 j*11 j*mi m2],gn);
Ek1liHmiHm2n2H=xmaln([k1 j*11 j*ml m2 j*n2],gn);
Ek11iHmiH12=xmaln([k1 j*11 j*m1 12],gn);
Ek111HmiH12n2H=xmaln([k1 j*11 j*mi 12 j*n2],gn);
Ek11iHmiH12m2=xmaln([ki j*11 j*mi 12 m2],gn);
Ek111Hm1H12m2n2H=xmaln([k1 j*11 j*ml 12 m2 j*n2],gn);

%T22212

EkiliHmiHk2H=xmaln([k1 j*11 jem1 j*k2],gn);
Ek111HmiHk2Hn2H=xmaln([ki j*11 j*mi j*k2 j*n2],gn);
Ek111HmiHk2Hm2=xmaln([k1 j*11 j*mi j*k2 m2],gn);
Ek111HmiHk2Hm2n2H=xmaln([k1 j*11 j*mi j*k2 m2 j*n2],gn);
Ek111HmiHk2H12=xmaln([k1 j*11 j*mi j*k2 121,gn);
Ek111HmiHk2H12n2H=xmaln([k1 j*11 j*mi j*k2 12 j*n2],gn);
Ek111Hm1Hk2H12m2=xmaln([k1 j*11 j*mi j*k2 12 m2],gn);

hT22221

Ek1l1HmiHni=xmaln([k1 j*11 j*ml n1l,gn);
Ek111HmiHnin2H=xmaln([k1 j*11 j*m1 n1 j*n2],gn);
Ek111HmiHnim2=xmaln([ki j*11 j*mi ni m2],gn);
Ek111HmiHnim2n2H=xmaln([k1 j*11i j*mi ni m2 j*n2],gn);
Ek1l1iHmiHn112=xmaln([k1 j*11 j*mi n1 12],gn);
Ek111HmiHn112n2H=xmaln([k1 j*11 j*mi ni 12 j*n2],gn);
Ek11iHmiHnil2m2=xmaln([k1 j*11 j*mi ni 12 m2],gn);

%T22222
Ek1l1HmiHnik2H=xmaln([k1 j*11 j*mi ni j*k2],gn);
Ek111Hm1Hnik2Hn2H=xmaln([k1 j*11 j*mi ni j*k2 j*n2],gn);
Ek111HmiHnik2Hn2=xmaln([k1 j*11 j*m1 n1 j*k2 m2],gn);
Ek111HmiHnik2H12=xmaln([k1 j*11 j*mi ni j*k2 12],gn);
Ek111Hm1Hn1k2H12m2n2H=xmaln([k1 j*11 j*mi n1 j*k2 12 m2 j*n2],gn);

“Calculation of the modified steering matrix
A=[A sqret(-1)=A]; ha_k(1:H)= Alk,:)

“Calculation of the source signal based Kronecker-products

%E2malS means E{s \kron s+*}, E4malS means E{s \kron s* \kron s* \kron s} ...
z2=1;z3=1;z4=1;z5=1;26=1;28=1;

E2malS=ones(1,H"2) ;E3malS=ones(1,H"3) ;E4malS=ones(1,H"4) ;
ESmalS=ones(1,H"5) ;E6malS=ones(1,H"6) ;E8malaS=zeros(1,H"8);
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%#Steering vector abbrevations
ak1=A(kl,:);
aliH=conj(A(11,:));
amiH=conj(A(m1,:));
ani=A(n1,:);
ak2H=conj(A(k2,:));
al2=A(12,:);

am2=A(m2,:);
an2H=conj(A(n2,:));

for a=1:H
for b=1:H
%Begin 2nd signal moment vector
sig_ind=[sort([a b]) -1];
momz2=1;
for i=2:2+1
if sig_ind(i)==sig_ind(i-1)
momz2=momz2+1 ;
else
E2malS(z2)=E2malS(z2)*gs(sig_ind(i-1),momz2) ;
momz2=1;
end
end
z2=z2+41;
%End 2nd signal moment vector
for c=1:H
[ab c]
%Begin 3rd signal moment vector
sig_ind=[sort([a b c]) -1];
momz3=1;
for i=2:3+1
if sig_ind(i)==sig_ind(i-1)
momz3=momz3+1;
else
E3malS(z3)=E3malS(z3)*gs(sig_ind(i-1) ,momz3);
momz3=1;
end
end
z3=z3+1;
%End 3rd signal moment vector
for d=1:H
%Begin 4th signal moment vector

(w11
(o]



sig_ind=[sort([a b c d]) -1];
momzd=1;
for i=2:4+1
if sig_ind(i)==sig_ind(i-1)
momz4=momz4+1;
else
EdmalS(z4)=E4malS(z4)#*gs(sig_ind(i-1) ,momz4) ;
momz4=1;
end
end
z4=z4+1;
%End 4th signal moment vector
for e=1:H
%Begin 5th signal moment vector
sig_ind=[sort([a b c d e]) -1];
momz5=1;
for i=2:5+1
if sig_ind(i)==sig_ind(i-1)
momz5=momz5+1 ;
else
E5malS(z5)=ESmalS(z5)+gs(sig_ind(i-1) ,momz5) ;
momz5=1;
end
end
z5=z5+1;
%End 5th signal moment vector
for f=1:H
%Begin 6th signal moment vector
sig_ind=[sort([a b c d e f]) -1];
momz6=1;
for i=2:6+1
if sig_ind(i)==sig_ind(i-1)
momz6=momz6+1 ;
else
E6mal$ (z6)=E6malS(z6)*gs(sig_ind(i-1) ,momz6) ;
momz6=1;
Jend
end
z6=z6+1;
HEnd 6th signal moment vector
for g=1:H
for h=1:H
%Begin 8th signal moment vector
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sig_ind=[sort([ab c d e f g h]) -1];

momz8=1;

E8mals=1;

for i=2:8+1

if sig_ind(i)==sig_ind(i-1)
momz8=momz8+1 ;

else
E8malS=E8malS*gs(sig_ind(i-1) ,momz8) ;
momz8=1;

end

end

E8malaS(z8)=E8malS*aki(a)*alil(b)*amiH(c)*an1(d)*ak2H(e)*al2(f) ...

+am2(g)*an2H(h) ;
z8=z8+1;
%End 8th signal moment vector
end
end
end
end
end
end
end
end
E8malb=sum(E8mala$);

%Kronecker product abbrevations: Kkilih means (a_k1 \kron a_l1H) and so on...
UT11111

Kk111iHmiHnik2H12=kron(akl,kron(aliH,kron(amil,kron(ani ,kron{ak2H,al2)))));
Kk11iHmiHnik2Hm2=kron(akl ,kron(aliH,kron(amil,kron{anil ,kron(ak2H,am2)))));
Kk111HmiHnik2Hn2H=kron(ak1i,kron(aliH, ,kron(amil,kron(ani,kron(ak2H,an2H)))));
Kk1iliHmiHnik2H=kron(aki,kron(aliH,kron(amiH,kron(anl,ak2H))));

%UT11112

Kk1l1iHmiHn112m2=kron(aki,kron(alil ,kron(amiH,kron(ani kron(al2,am2)))));
Kk111HmiHn112n2H=kron(akl ,kron(aliH,kron{amil, kron(ant ,kron(al2,an2H)))));
Kk1l1iHmiHn112=kron(aki,kron(alill, ,kron(amiH,kron(ani,al2))});
Kk111HmiHnim2n2H=kron(akl,kron(aliH,kron(amil, ,kron(ani kron(am2,an2H))})));
Kk111HmiHnim2=kron(akl ,kron(aliH,kron({amiH,kron(ani,am2))});
Kk1l1iHmilnin2H=kron(akl ,kron(alil,kron(amil,kron(ani,an2H))));
Kk1l1iHmiHni=kron(akl,kron(aliH,kron(amil,an1)));

WTi1121
Kk111HmiHk2H12m2=kron(aki,kron(aliH,kron(amil,kron(ak2H,kron(al2,am2)))));
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Kk111HmiHk2H12n2H=kron(ak! ,kron(aliH,kron{amiH, ,kron(ak2H,kron(al2,an2H)))));
KkiliHmiHk2H12=kron(ak1,kron(alil,kron(amiH ,kron(ak2H,al2))));
Kk111Hm1Hk2Hm2n2H=kron(ak1,kron(alil,kron(amiH ,kron{ani,kron(am2,an2H)))});
Kk1l1HmiHk2Hm2=kron(akl ,kron(aliH,kron(amiH kron(ak2i,am2))));
Kk11l1HmiHk2Hn2H=kron(akl,kron(aliHl ,kron(amiH,kron(ak2H,an2H))));
Kk111HmiHk2H=kron(akl,kron(alil,kron(amiH,ak2H)));

uT11122

Kk1l11HmiH12m2n2H=kron(akl ,kron(alil,kron(amil,kron(al2,kron{am2,an2H))}));
Kk111Hm1H12m2=kron(akl,kron{alil, kron(amiH,kron(al2,am2))));
Kk111HmiH12n2H=kron(akl ,kron(aliH, kron(amiH, ,kron(al2,an2H))));
Kk1l1HmiH12=kron(akl,kron(aliH,kron(amiH,al2)));
Kk11l1Hm1Hm2n2H=kron(akl ,kron{aliHl, kron(amiH ,kron(am2,an2H))));
Kk1l1HmiHm2=kron(akl ,kron(aliH,kron(amil,am2)));
Kk1l1HmiHn2H=kron(ak1l,kron(alil,kron(amiH,an2H)));

Kk1l1HmiH=kron(aki ,kron(aliH,amil});

%Ti1211

Kk1l11Hn1k2H12m2=kron(akl,kron{alill,kron{ani, ,kron(ak2H,kron(al2,am2)))));
Kk111Hn1k2H12n2H=kron(akl ,kron(alil,kron(ani,kron(ak2H,kron(al2,an2H)))));
Kk111Hn1k2H12=kron(akl,kron(aliH, kron(anl,kron(ak2i,al2))));
Kk11liHn1k2Hm2n2H=kron(akl,kron(alil,kron(ani,kron(ak2H,kron(am2,an2i)))));
Kk11l1Hni1k2Hm2=kron(aki,kron(aliH kron(ani,kron(ak2H,am2)))};
Kk111Hn1k2Hn2H=kron(ak1 ,kron(aliH,kron(ani ,kron(ak2H,an2H))));
Kk11liHnik2H=kron(akl,kron(aliH,kron(anl,ak2H)));

WT11212

Kk111Hn112m2n2H=kron{akl,kron(alil ,kron(ani,kron(al2,kron(am2,an2H)))));
Kk11iHn112m2=kron(aki,kron(alil ,kron(ani,kron(al2,am2)}));
Kk111Hn112n2H=kron(akl,kron(alil, kron(ani,kron(al2,an2H))));
Kk1liHnil2=kron(aki,kron(aliH, kron(ani,al2)));
Kk11l1Hnim2n2H=kron(akl,kron(aliH,kron(anl, kron(am2,an2H))));
Kk1l1Hnim2=kron(ak1l,kron(aliHl,kron(ani,am2)));

Kk1l1Hnin2H=kron(ak1 ,kron(aliH,kron(ani,an2H)));
KkiliHni=kron(akl,kron(alil,ani));

%T11221
Kk111Hk2H12m2n2H=kron(akl,kron(aliH,kron(ak2H,kron(al2,kron(am2,an2H)))));
Kk111Hk2H12m2=kron(aki ,kron(aliH kron(ak2H,kron(al2,am2))))};
Kk111Hk2H12n2H=kron(akl ,kron(aliH,kron(ak2H,kron(al2,an2H))));
Kk111Hk2H12=kron(akl,kron(aliH,kron(ak2H,al2)));
Kk111Hk2Hm2n2H=kron(ak1l,kron(aliH,kron(ak2H,kron(am2,an2l))));
Kk111Hk2Hm2=kron(ak1,kron(aliH, kron(ak2H,am2)));
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Kk111Hk2Hn2H=kron(akl,kron(aliH,kron(ak2H,an2H)));
Kk111Hk2H=kron(ak1i ,kron(aliH,ak2H));

%T11222

Kk111H12m2n2H=kron(akl,kron{alil, kron(al2,kron(am2,an2H))));
Kk111H12m2=kron(akl,kron(aliH ,kron(al2,am2)));
Kk111H12n2H=kron(akl ,kron(alil,kron(al2,an2H)));
Kk111H12=kron(akl,kron(alil,al2));
Kk111Hm2n2H=kron(ak1,kron(aliH,kron(am2,an2H)));
Kk1liHm2=kron(aki,kron(aliH,am2));
KkiliHn2H=kron{akl,kron(alil,an2H));

Kk1liH=kron(akl,alil)};

%T12111
KkimiHnik2H12m2=kron(akl,kron(amiH ,kron(ani kron(ak2H,kron(al2,am2)})));
KkimiHn1k2H12n2H=kron(aki,kron(amiH,kron(anl,kron(ak2H,kron(al2,an2H)))));
KkimiHnik2H12=kron(akl,kron{amiH,kron(ani,kron(ak2H,al2))));
KkimiHnik2Hm2n2H=kron(akl ,kron(amiH,kron(ani,kron{ak2H,kron(am2,an2H)))));
KkimiHn1k2Hm2=kron(akl,kron(amiH,kron(ani, kron(ak2H,am2)))});
KkimiHn1k2Hn2H=kron(akl,kron(amil,kron(ani ,kron(ak2H,an2H)})));
KkimiHnik2H=kron(akl ,kron{amiH,kron(ani,ak2H)));

%T12112
Kkim1Hn112m2n2H=kron(akl,kron(amiH,kron(ani,kron(al2,kron(am2,an2H)))));
KkimiHn112m2=kron(akl,kron(amili ,kron(ani,kron(al2,am2))));
KkimiHn112n2H=kron(akl,kron(amili,kron(ani,kron(al2,an2H))));
KkimiHn112=kron(aki,kron(amil, kron(ani,al2)));
KkimiHnim2n2H=kron(ak! ,kron(amil, kron(ant,kron(am2,an2H))));
KkimiHnim2=kron(ak1l,kron(amiH,kron(ani,am2)));

KkimiHnin2H=kron(akl ,kron(amiH,kron{anl,an2H)));
KkimiHni=kron(akl,kron(amiH,an1));

%T12121
Kk1miHk2H12m2n2H=kpon(ak1,kron(amiH,kron(ak2H,kron(al2,kron(am2,an2H))}));
KkimiHk2H12m2=kron(ak1 ,kron{amiH,kron(ak2H,kron(al2,am2))));
KkimiHk2H12n2H=kron(akl ,kron(amiH,kron(ak2H, ,kron(al2,an2H))));
KkimiHk2H12=kron(akl ,kron(amiH,kron{ak2H,al2)));

KkimiHk2Hm2n2H=kron(akl ,kron(amil,kron(ak2H ,kron(am2,an2H))));
KkimiHk2Hm2=kron(aki ,kron(amiH,kron(ak2H,am2)));
KkimiHk2Hn2H=kron(ak1,kron(amili ,kron(ak2H,an2H)));

KkimiHk2H=kron(ak1 ,kron(amiH,ak2H));

%T12122



KkimiH12m2n2H=kron (akl ,kron(amiH,kron(al2,kron(am2,an2H))));
KkimiH12m2=kron(aki,kron(amiH,kron(al2,am2)));
KkimiH12n2H=kron(akl ,kron(amiH,kron(al2,an2H}));
KkimiH12=kron(akl,kron(amil,al2));

KkimiHm2n2H=kron(akl ,kron(amiH,kron(am2,an2H)));
KkimiHm2=kron(akl,kron(amiH,am2));

KkimiHn2H=kron(akl ,kron(amiH,an2H));

KkimiH=kron(akl,amiH);

%T12211

kin1k2H12m2n2H=kron(akl,kron(ani,kron(ak2H,kron(al2,kron(am2,an2H)))));
Kkinik2H12m2=kron(akl,kron(ani,kron(ak2H,kron(al2,am2)}));
Kkinik2H12n2H=kron(aki,,kron(ani , kron(ak2H,kron(al2,an2H))));
Kkinik2H12=kron(akl,kron{ani,kron(ak2H,al2)));
Kkinik2Hm2n2H=kron(ak1,kron(ani ,kron(ak2H,kron(am2,an2H))));
Kkinilk2Hm2=kron(ak1i,kron(anl,kron(ak2H,am2)));
Kkinik2Hn2H=kron(ak1,kron(anl,kron(ak2H,an2H)));
Kkinik2H=kron(akl,kron(ani,ak2H));

AT12212
Kkin112m2n2H=kron(ak1,kron(anl,kron(al2,kronam2,an2i))));
Kkinil2m2=kron(akl,kron(ani,kron(al2,am2)));
Kkin1l12n2H=kron(ak1,kron(ani ,kron(al2,an2H)))};
Kkin1l2=kron(aki,kron(ani,al2));
Kkinim2n2H=kron(akl,kron{anl,kron(am2,an2i}));
Kkinim2=kron(akl,kron(anl,am2));
Kkinin2H=kron(akl,kron(ani,an2H));

Kkini=kron(akl,an1);

%T12221
Kk1k2H12m2n2H=kron (ak1 ,kron(ak2H,kron(al2,kron(am2,an2H}})) ;
Kkik2H12m2=kron(ak1,kron(ak2H,kron(al2,am2)));
Kk1k2H12n2H=kron(ak1,kron(ak2H,kron(al2,an2H)));
Kk1k2H12=kron(akl ,kron(ak2H,al2));

Kk1k2Hm2n2H=kron(akl ,kron(ak2H,kron{am2,an2H)));
Kkik2Hm2=kron(akli,kron(ak2H,am2));

Kkik2Hn2H=kron(akl ,kron(ak2H,an2H));

Kkik2H=kron(akl,ak2H);

%T12222
Kk112m2n2H=kron(ak1l,kron(al2,kron{am2,an2H)));
Kk1l2m2=kron(aki,kron(al2,am2));
Kk1l2n2H=kron(akl ,kron(al2,an2H));
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Kk1l2=kron(akl,al2);
Kkim2n2H=kron(akl,kron(am2,an2H));
Kkim2=kron(akl,am2) ;
Kkin2H=kron(aki,an2H);

UT21111

K11HmiHnik2H12m2=kron(alil,kron(amil,kron(ani ,kron(ak2H,kron(al2,am2)))));
K1iHmiHni1k2H12n2H=kron(aliH,kron(amiH ,kron(ani ,kron(ak2H,kron(al2,an2i)))));
K11HmiHnik2H12=kron(aliH,kron(amil ,kron(anl kron(ak2H,al2))));
K11HmiHn1k2Hm2n2H=kron(aliH,kron(amiH kron(ani,kron(ak2H,kron(am2,an2H)))));
K11HmiHnik2Hm2=kron(aliH,kron(amil ,kron(ani kron(ak2{,am2))));
K1iHmiHnik2Hn2H=kron(alil,kron(amiH,kron{ani,kron(ak2H,an2H)}));
KliHmiHnik2H=kron(aliH,kron(amiH,kron(an1,ak2H)));

wT21112

K11HmiHn112m2n2H=kron(aliHl,kron(amiH,kron(anl ,kron(al2,kron(am2,an2H))))};
K11HmiHn112m2=kron(alil ,kron(amiH,kron(ani ,kron(al2,am2))));
K11HmiHn112n2H=2ron(alil,kron(amil ,kron(anl ,kron(al2,an2H))));
K11HmiHn112=kron(aliH,kron(amiH,kron{anl,al2)));
K1iHmiHnim2n2H=kron(alil,kron(amil,kron(an1 ,kron(am2,an2H))));
KliHmiHnim2=kron(aliH,kron(amiH, kron(ani,am2)));
Kl1iHmiHnin2H=kron(alil,kron(amil,kron(ani,an2H)));
KliHmiHni=kron(aliH,kron(amiH,an1));

hT21121
K11HmiHk2H12m2n2H=kron(al1H,kron(amiH kron(ak2H,kron(al2, ,kron(am2,an2H)))));
K11HmiHk2H12m2=kron(aliH,kron(amiHi, kron(ak2H,kron(al2,am2))));
K11Hm1iHk2H12n2H=kron(aliH,kron(amiH,kron(ak2H,kron(al2,an2H))));
K11HmiHk2H12=kron{aliHl ,kron(amil, kron(ak2H,al2))};
K11HmiHk2Hm2n2H=kron(aliH ,kron(amil, kron(ak2l,kron(am2,an2i))));
K11HmiHk2Hm2=kron(aliH,kron(amiH, kron(ak2H,am2)));
K11Hm1iHk2Hn2H=kron(allH,kron(amil,kron(ak2H,an2H)));
K11HmiHk2H=kron(aliH,kron{(amiH,ak2H));

#T21122

K11Hm1H12m2n2H=kron(aliH,kron(amiH,kron(al2, ,kron(am2,an2H))));
K11HmiH12m2=kron(aliHl,kron(amil, kron(al2,am2)));
K11HmiH12n2H=kron(aliH,kron(amili ,kron(al2,an2H)));
K1iHmiH12=kron(aliH,kron(amii,al2));
K11HmiHm2n2H=kron(alil,kron(amil ,kron(am2,an2H)));
KliHmiHm2=kron(aliH,kron(amiH,am2));

K11iHmiHn2H=kron(aliH ,kron{amiH,an2H));
KliHmiH=kron(alil,amiH);

61



%T21211

K11iHn1k2H12m2n2H=kron(alil ,kron(ani,kron(ak2H,kron(al2,,kron(am2,an2H)))));
K11Hn1k2H12m2=kron{aliH ,kron(anl,kron(ak2H,kron(al2,am2))));
K1iHnik2H12n2H=kron(aliH,kron(ani,kron{ak2H,kron(al2,an2H))));
K1iHnik2H12=kron(aliH,kron(anl,kron(ak2H,al2)));
K11Hn1k2Hm2n2H=kron(aliH,kron(an1,kron(ak2H,kron{am2,an2H))));
KliHnik2Hm2=kron(aliH,kron(anl,kron(ak2Hi,am2)));
K1iHnik2Hn2H=kron(aliH,kron(ani,kron(ak2H,an2H)});
K1iHnik2H=kron(aliH,kron(ani,ak2H));

%T21212

K1iHn112m2n2H=kron(aliH, kron(ani,kron(al2,kron(am2,an2H))));
K11Hn112m2=kron(aliH, kron(ani, kron(al2,am2)));
K1iHn112n2H=kron(alil,kron(anl,kron(al2,an2H)));
KliHnil2=kron(aliH,kron(ani,al2));

Kliinim2n2H=kron(alil ,kron(anl,kron(am2,an2H)));
KliHnim2=kron(aliH,kron(ani,am2));
KliHnin2H=kron(aliH,kron(ani,an2H));

KliHni=kron(aliH,an1);

wT21221
K11Hk2H12m2n2H=kron(aliH, kron(ak2H ,kron(al2,kron(am2,an2H})));
K11Hk2H12m2=kron(aliH,kron(ak2H,kron(al2,am2)));
K11Hk2H12n2H=kron(aliH,kron(ak2H,kron(al2,an2i)));
K11Hk2H12=kron(alil,kron(ak2H,al2));
K11Hk2Hm2n2H=kron(aliH,kron(ak2H, ,kron(am2,an2Hi)));
K11Hk2Hm2=kron(aliH,kron(ak2H,am2));
K11Hk2Hn2H=kron(aliH,kron{ak2H,an2H)};
KliHk2H=kron(aliH,ak2H);

%T21222

K11iH12m2n2H=kron(aliH, kron(al2,kron(am2,an2H)));
K11H12m2=kron(aliHl kron(al2,am2));
K1iH12n2H=kron(aliH,kron(al2,an2H));
K1iH12=kron(aliH,al2);
K1iHm2n2H=kron(aliH,kron(am2,an2H));
Kl1iHm2=kron(aliH,am2);

K1liHn2H=kron(aliH,an2H);

%T22111
KmiHn1k2H12m2n2H=kron(amiH,kron(anl,kron(ak2H,kron(al2,kron(am2,an2H)))));
KmiHnik2H12m2=kron(amiH ,kron(ani,,kron(ak2H,kron(al2,am2))));



KmiHnik2H12n2H=kron(amil,kron(anl,kron(ak2H ,kron{al2,an2H))));
KmiHnik2H12=kron(amiH,kron(ani, kron(ak2H,al2)));
KmiHnik2Hm2n2H=kron(amiH,kron(ani, kron(ak2H ,kron(am2,an2H))));
KmiHnik2Hm2=kron(amill,kron{ani, kron(ak2Hi,am2)));
KmiHn1k2Hn2H=kron(amil ,kron(an1 ,kron(ak2H,an2H)));
KmiHnik2H=kron(amiH, kron(ani,ak2H));

AT22112
KmiHn112m2n2H=kron(amil ,kron(ani kron(al2,kron(am2,an2H))));
KmiHn112m2=kron(amiH,kron(anl,kron(al2,am2)));
KmiHn112n2H=kron{amiH,kron(ani,kron(al2,an2H)));
EmiHnil2=kron(amiH,kron(anl,al2));
KmiHnim2n2H=kron(amiH,kron(ani,kron(am2,an2H)));
KmiHnim2=kron(amiH,kron(ani,am2));
KmiHnin2H=kron(amiH,kron(ani,an2H));

KmiHni=kron(amiH,anl);

wT22121

KmiHk2H12m2n2H=kron(amiH,kron(ak2H, ,kron(al2,kron(am2,an2H))}));
Km1Hk2H12m2=kron{amiH,kron(ak2H, kron(al2,am2)));
KmiHk2H12n2H=kron(amiH,kron(ak2H,kron(al2,an2H)));
KmiHk2H12=kron(amiH,kron(ak2H,al2));

KmiHk2Hm2n2H=kron (amiH,kron(ak2H,kron(am2,an2H)));
KmiHk2Hm2=kron(amiH,kron(ak2H,am2));

KmiHk2Hn2H=kron(amiH ,kron(ak2H,an2H));
KmiHk2H=kron(amiH,ak2H) ;

hT22122
Km1H12m2n2H=kron(amiH,kron(al2,kron(am2,an2H}));
Kmi1H12m2=kron(amiH,kron(al2,am?2));
KmiH12n2H=kron(amiH,kron(al2,an2H));
KmiHl2=kron(amiH,al2);

KmiHm2n2H=kron{amiH, kron{am2,an2H));
KmiHm2=kron(amiH,am2);

KmiHn2H=kron(amiH,an2H) ;

wT22211
Knik2H12m2n2H=kron(anl,kron(ak2H,kron(al2,kron(am2,an2H))}));
Kn1k2H12m2=kron(ani,kron(ak2H,kron(al2,am2)));
Kni1k2H12n2H=kron(ani ,kron(ak2H, kron(al2,an2H)));
Knik2H12=kron(ani,kron(ak2H,al2));
Knik2Hm2n2H=kron(ani ,kron(ak2H, kron(am2,an2H)));
Knik2Hm2=kron(ani,kron(ak2H,am2));
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Knik2Hn2H=kron(anl ,kron(ak2H,an2H));
Knik2H=kron(ani,ak2H);

%T22212
Kn112m2n2H=kron(an1,kron(al2,kron(am2,an2i)));
Kni1l2m2=kron(ani,kron(al2,am2));
Kn112n2H=kron(ani,kron(al2,an2H));
Knil2=kron(ani,al2);

Knim2n2H=kron(ani ,kron(am2,an2H));
Knim2=kron(ani,am2);

Knin2H=kron(ani,an2H);

%T22221
Kk2H12m2n2H=kron(ak2H,kron(al2,kron(am2,an2H)));
Kk2H12m2=kron(ak2H,kron(al2,am2));
Kk2H12n2H=kron(ak2H,kron(al2,an2H));
Kk2H12=kron(ak2H,al2);
Kk2Hm2n2H=kron(ak2H,kron(am2,an2H));
Kk2Hm2=kron(ak2H,am2) ;

Kk2Hn2H=kron (ak2H,an2H) ;

%T22222
K12m2n2H=kron(al2,kron(am2,an2H));
K12m2=kron(al2,am2);
K12n2H=kron(al2,an2H);
Em2n2H=kron(am2,an2H) ;

YCALCULATION OF a) See Section "Eigth-order Moment"

2

% E{rk1 r1iH rmiH rnl rk2H rl2 rm2 rn2H}

%

Ti1111=, ..
E€malb+Kk111HmiHn1k2H12#E6malS *#Em2n2H+. . .

Kk1l1HmiHnik2Hm2+E6malS’*E12n2H+Kk111HmiHn1k2Hn2H+E6malS *+E12m2+. . .

Kk111HmiHn1k2H+*ESmalS **E12m2n2H;

Ti1112=...

Kk111Hm1Hn112m2+E6malS’ *Ek2Hn2H+Kk111HmiHn112n2H*E6malS **Ek2Hm2+. . .
Kk111HmiHn112+ESmalS **Ek2Hm2n2H+Kk111HmiHnim2n2H+«E6mals **Ek2H12+. . .
Kk111Hm1Hnim2+ESmalS ’*Ek2H12n2H+Kk111HmiHnin2H*ESmalS ’ *Ek2H12m2+. . .

Kk11l1HmiHni*E4malS’+Ek2H12m2n2H;
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Ti1121=...

Kk111HmiHk2H12m2+E6malS **En1n2H+Kk111Hm1Hk2H12n2H+*E6malS * *Enim2+. . .
Kk111Hm1Hk2H12#ESmalS ’*Enim2n2H+Kk111Hm1Hk2Hm2n2H+E6malS ' #*En1l12+. . .
Kk111HmiHk2Hm2+E5mal5 ’#En112n2H+Kk111HmiHk2Hn2H+ESmalS *#*En112m2+. . .

Kk11l1HmiHk2H*E4malS’ #En112m2n2H;

T11122=. ..

Kk111HmiH12m2n2H*E6malS *#En1k2H+Kk111HmiH12m2+ESmalS *#+En1k2Hn2H+. . .
Kk11l1HmiH12n2H*ESmalS ’*En1k2Hm2+Kk111HmiH12#E4mals’ *En1k2Hm2n2H+. . .
Kk111Hm1Hm2n2H*ESmalS '*En1k2H12+Kk111Hm1Hm2#E4malS  *En1k2H12n2H+. . .

Kk111HmiHn2H*E4malS ’*En1k2H12m2+Kk111Hm1H+E3malS *+En1k2H12m2n2H;

Ti1211=. ..

Kk111Hn1k2H12m2+E6malS’*EmiHn2H+Kk111Hn1k2H12n2H*E6malS > *Em1Hm2+. . .
Kk111Hn1k2H12*ESmalS ’*EmiHm2n2H+Kk111Hn1k2Hm2n2H*E6malS '*EmiH12+. . .
Kk111Hn1k2Hm2*E5mals *#EmiH12n2H+Kk111Hn1k2Hn2H*E5malS ' #*Em1H12m2+. . .

Kk111Hn1k2H*E4malS ’+Em1H12m2n2H;

Ti1212=...

Kk111Hn112m2n2H*E6malS’+Em1Hk2H+Kk111Hn112m2+ESmalS *#*Em1Hk2Hn2H+. . .
Kk111Hn112n2H*ESmalS ’*Em1Hk2Hm2+Kk111Hn112+E4malS ’*EmiHk2Hm2n2H+. . .
Kk11l1Hnim2n2H*E5malS ’*Em1Hk2H12+Kk111Hnim2+E4mals **Emi Hk2H12n2H+. . .

Kk111Hnin2H*E4malS’+Em1Hk2H12m2+Kk111Hn1#E3malS ’*Em1Hk2H12m2n2H;

T11221=, ..

Kk111Hk2H12m2n2H*E6malS '*EmiHn1+Kk111Hk2H12m2+ESmalS *#EmiHnin2H+. . .
Kk111Hk2H12n2H#*ESmalS ’#EmiHnim2+Kk111Hk2H12#E4malS’ #Em1Hnim2n2H+. . .
Kk111Hk2Hm2n2H*ESmalS *#Em1Hn112+Kk111Hk2Hm2+E4malS’ *Em1Hn112n2H+. . .

Kk111Hk2Hn2H*E4malS’*Em1ln112m2+Kk111Hk2H*E3malS ' #+Em1iin112m2n2H;

T11222=. ..

Kk111H12m2n2H*E5malS ' *Em1Hn1k2H+Kk111H12m2*E4mals '*Em1Hn1k2Hn2H+. . .
Kk111H12n2H+#E4malS *Em1Hn1k2Hm2+Kk111H12+E3malS **Em1Hn1k2Hm2n2H+. . .
Kk111Hm2n2H*E4malS '*Emilnik2H12+Kk111Hm2+E3malS *#Em1Hn1k2H12n2H+. . .

Kk111Hn2H*E3malS '*Em1Hn1k2H12m2+Kk111H*E2malS **EmiHn1k2H12m2n2H ;

Ti2i1i=, ..

KkimiHnik2H12m2*E6malS’ #*E11Hn2H+KkimiHn1k2H12n2H+E6malS *#E11Hm2+. . .
Kkim1Hn1k2H12+E5malS ' *E11Hm2n2H+KkimiHnlk 2Hm2n2H#E6mal S **«E11H12+. . .
KkimiHnik2Hm2+ESmalS ’+#E11H12n2H+Kk imiHn1k2Hn2H*ESmalS **E11H12m2+. . .

KkimiHn1k2H#*E4malS *E11H12m2n2H;

T12112=. ..



KkimiHn112m2n2H#E6malS ’*E11Hk2H+Kk1m1Hn112m2+ESmals **E11Hk2Hn2H+. . .
KkimiHn112n2H#E5malS ’#E11Hk2Hm2+KkimiHn112+#E4malS ’#+E11Hk2Hm2n2H+. . .
KkimlHnim2n2H*ESmalS **E11Hk2H12+KkimiHnim2+E4malS *E11Hk2H12n2H+. . .

KkimiHnin2H#E4malS ’*E11Hk2H12m2+Kk imi Hin1*E3mal 5 '#E11Hk2H1 2m2n2H ;

T12121=, ..
KkimiHk2H12m2n2H*E6mals **E11Hn1+KkimiHk2H12m2+#ESmals '#EL11 Hnin2H+. . .
KkimiHk2H12n2H*ESmalS *#E11Hnim2+Kk imi Hk2H12*E4malS #E11Hnim2n2H+. . .
KkimiHk2Hm2n2H#E5malS **E11Hn112+Kkimi Hk2Hm2#E4malS *E11Hn112n2H+. . .

KkimiHk2Hn2H*E4malS’'*E11Hn112m2+Kk1mi Hk2H+E3malS ’*E11Hn112m2n2H;

T12122=. ..
KkimiH12m2n2H#ESmalS’*E11Hnik2H+Kk1imi H12m2+E4malS **E11Hnl1k2Hn2H+. . .
KkimiH12n2H*E4malS *+*E11Hn1k2Hm2+Kk1ml H12*E3malS’ *E11in1k2Hm2n2H+. . .
KkimiHm2n2H*E4malS *«E11Hn1k2H12+Kk1imi Hm2+E3malS «E11Hn1k2H12n2H+. . .

KkimiHn2H#*E3malS '#E11Hn1k2H12m2+Kk1imlH*E2malS'+E11Hn1k2H12m2n2H;

Ti2211%;5..4
Kkin1k2H12m2n2H*E6malS ’#E11Hmi H+Kk1n1k2H12m2+ESmalS **E11Hm1Hn2H+. . .
Kkin1k2H12n2H*E5malS *#E11HmiHm2+Kk1n1k2H12*E4malS **E11Hmi Hm2n2H+. . .
Kkin1k2Hm2n2H*E5malS *+*E11Hm1H12+Kk1n1k2Hm2*E4malS **E11HmiH12n2H+. . .

Kkinlk2Hn2H+*E4malS '+*E11HmiH12m2+Kk1n1k2H*E3malS ' *E11Hm1H1 2m2n2H ;

T12212=, ..
Kkin1l2m2n2H*E5mals’*El1HmiHk2H+Kk1in112m2+E4malS’ #*E11Hm1Hk2Hn2H+. . .
Kkin1l2n2H*E4malS’+E11Hm1Hk2Hm2+EKkin112+E3mals '#E11Hm1 Hk2Hm2n2H+. . .
Kkinim2n2H*E4malS’*E11HmiHk2H12+Kk1nim2+*E3malS **E11HmiHk2H12n2H+. . .

Kkinin2H#E3malS '*E1l1HmiHk2H12m2+Kkinl1*E2malS '#E11Hm1Hk2H12m2n2H;

T12221=, ..
Kk1k2H12m2n2H+E5mals **E11HmiHn1+Kk1k2H12m2*E4malS *«E11 HmiHnin2H+. . .
Kk1k2H12n2H*E4malS ’*E11HmiHnim2+Kk1k2H12+E3malS "#EL11Hm1Hnim2n2H+. . .
Kk1k2Hm2n2H*E4malS **E11Hm1Hn112+Kk1k2Hm2+#E3malS *#E11Hm1Hn112n2H+. . .

Kk1k2Hn2H*E3malS’*E11Hmiln112m2+Kk1k2H*E2malS’*E11Hm1Hn112m2n2H;

T12222=...
Kk112m2n2H*E4malS’#+E11HmiHn1k2H+Kk112m2+E3malS **E11Hmi Hn1k2Hn2H+. . .
Kk112n2H*E3malS ' *E11HmiHn1k2Hm2+Kk112+E2mals *#E11Hm1En1k2Hm2n2H+. . .
Kkim2n2H*E3malS ’*E11Hm1Hn1k2H12+Kk1m2+E2mal5 **E11HmiHn1k2H12n2H+. . .

Kkin2H*E2malS '+E11HmiHn1k2H12m2;

T21111=, ..
K11HmiHn1k2H12m2+E6malS’*Ek1n2H+K11Hm1Hn1k2H12n2H+E6malS ’ #Ekim2+. . .
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K11HmiHn1k2H12#ESmalS *#Ekim2n2H+K11Hm1Hn1k2Hm2n2H*E6malS #Ek112+. . .
K1iHmiHn1k2Hm2+ESmalS ’#Ek112n2H+K11Hm1Hn1k2Hn2H+ESmals *#Ek112m2+. . .

K1iHmilinik2H*E4malS’*Ek112m2n2H;

T21112=,...
K11Hm1Hn112m2n2H*E6malS ' *Ek1k2H+K11Hm1Hn112m2+e5malS **Ek1k2Hn2H+. . .
K11HmiHn112n2H*E5malS ’*Ek1k2Hm2+K11im1Hn112*E4mals **Ek1k2Hm2n2H+. . .
K11HmiHnim2n2H+ESmalS *Ek1k2H12+K11Hm1Hnim2*E4malS ?*Ek1k2H12n2H+. . .

K1iHmiHnin2H*E4malS’*Ek1k2H12m2+K11HmiHn1*E3malS *Ek1k2H12m2n2H;

T21121=...
K11Hmi1Hk2H12m2n2H*E6malS '*Ekini+K11Hm1Hk2H12m2*ESmal S’ *Ekinin2H+. . .
K11HmiHk2H12n2H*E5malS ' #Ekinim2+K11Hm1Hk2H12#E4malS **Ekinim2n2H+. . .
K1iHmiHk2Hm2n2H*E5malS’#Ek1in112+K11Hm1Hk2Hm2*E4malS **Ekin112n2H+. . .

K1iHm1Hk2Hn2H*E4malS’*Ekin112m2+K11Hm1Hk2H*E3malS **Ek1n112m2n2H;

T21122=...
K11HmiH12m2n2H*ESmals **Ekin1k2H+K11Hm1H12m2#E4mal5 ’ #*Ekin1k2Hn2H+. . .
K11HmiH12n2H*E4malS’ #*Ekin1k2Hm2+K11Hm1H12+E3malS ' *Ekin1k2Hm2n2H+. . .
K1iHmiHm2n2H*E4malS’#Ekin1k2H12+K11Hm1Hm2+E3malS’*Ek1n1k2H12n2H+. ..

K1iHmiHn2H*E3malS’*Ekini1k2H12m2+K11Hm1H*E2malS *#Ekin1k2H12m2n2H;

T21211=. ..
K1iHn1k2H12m2n2H+E6malS '+#Ekim1H+K11Hn1k2H12m2+ESmals **EkimiHn2H+. . .
K11Hn1k2H12n2H¢ESmalS ’*EkimiHm2+K11Hn1k2H12#E4malS **Ek101Hm2n2H+. . .
K11Hn1k2Hm2n2H*ESmalS **Ekim1H12+K11Hn1k2Hm2*E4malS **Ek1m1H12n2H+. . .

K1iHn1k2Hn2H*E4malS ’*EkimiH12m2+K11Hn1k2H*E3malS’*Ekim1H12m2n2H;

T21212=, .,
K11iHn112m2n2H*E5malS’*Ekim1Hk2H+K11Hn112m2+E4malS **EkimiHk2Hn2H+. . .
K11Hn112n2H*E4malS ’*EkimiHk2Hm2+K11Hn112+E3malS **Ekimi Hk2Hm2n2H+. . .
K11Hnim2n2H*E4malS ’*EkimiHk2H12+K11Hnim2+E3malS "#Ek1mi Hk2H12n2H+. . .

K11Hnin2H+*E3malS ’*EkimiHk2H12m2+K11Hn1+E2malS ’*Ekim1Hk2H12m2n2H;

T21221=. ..
K11Hk2H12m2n2H+#ESmalS **Ekimiin1+K11Hk2H12m2#E4mal S **EkimiHnin2H+. . .
K11Hk2H12n2H*E4malS’ #*EkimiHnim2+K11Hk2H12*E3mals ’*EkimiHnim2n2H+. . .
K11Hk2Hm2n2H*E4malS’*EkimiHn112+K11Hk2Hm2+E3malS *Ekimilin112n2H+. . .

K11Hk2Hn2H+E3malS’*EkimiHn112m2+K11Hk2H¢E2malS '#EkimiHn112m2n2H;

T21222=,..
K11H12m2n2H*E4malS ’*Ekimiin1k2H+K11H12m2+E3malS '#*Ekimi Hn1k2Hn2H+. . .
K11H12n2H#E3malS *#EkimlHn1k2Hm2+K11H12+E2malS #Ekim1Hn1k2Hm2n2H+. . .
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K11Hm2n2H*E3malS *EkimlHn1k2H12+K11Hm2+E2malS’ *EkimiHn1k2H12n2H+. . .

K11Hn2H+E2mal$S ' #EkimiHn1k2H12m2;

T22111=...
KmiHn1k2H12m2n2H*E6malS ’*#Ek111H+Em1Hn1k2H12m2+ESmals **Ek111Hn2H+. . .
KmiHnik2H12n2H*E5mals *#Ek111Hm2+Km1Hn1k2H12#E4mals **Ek111Hm2n2H+. . .
KEmiHnik2Hm2n2H#E5malS **Ek111H12+EmiHn1k2Hm2+E4malS *#Ek111H12n2H+. . .

KmiHn1k2Hn2H#*E4malS’#Ek111H12m2+Em1Hn1k2H*E3malS '#Ek111H12m2n2H;

T22112=. ..
KmiHn112m2n2H*E5malS ' #*Ek111Hk2H+Km1Hn112m2+E4mal5 **Ek111Hk2Hn2H+. . .
KmiHn112n2H#E4malS’*Ek111Hk2Hm2+EKm1Hn112+E3malS **Ek111Hk2Hm2n2H+. . .
KmiHnim2n2H#E4malS ’*Ek111Hk2H12+KmiHnim2+#E3mal S’ *Ek111Hk2H12n2H+. . .

KmiHnin2H*E3malS **Ek111Hk2H12m2+Km1Hn1+#E2mals ’*Ek111Hk2H12m2n2H;

T22121=...
KmiHk2H12m2n2H*ESmalS *#Ek111Hn1+Km1Hk2H12m2*E4mal S’ +Ek111Hn1n2H+. . .
KmiHk2H12n2H*E4malS’ *Ek111Hnim2+Km1Hk2H12+E3malS "*Ek111Hnim2n2H+. . .
KmiHk2Hm2n2H*EdmalS **Ek111Hn112+Km1 Hk2Hm2+E3malS #Ek111Hn112n2H+. . .

EmiHk2Hn2H*E3malS’+Ek111Hn112m2+Km1Hk2H¢E2malS "*Ek111Hn112m2n2H;

T22122=. ..
Km1H12m2n2H*E4malS **Ek111Hn1k2H+Km1H12m2+4E3mals *#Ek111Hn1k2Hn2H+. . .
KmiH12n2H*E3malS ’+Ek111Hn1k2Hm2+Km1H124E2mal S’ *Ek111Hn1k2Hm2n2H+. . .
KmiHm2n2H+E3malS #Ek111Hn1k2H12+Km1Hm2+E2malS ’*Ek111Hn1k2H12n2H+. . .

EmiHn2H*E2malS’*Ek111Hn1k2H12m2;

T22211=. ..
Knik2H12m2n2H#ES5malS’*Ek111Hm1H+Kn1k2H12m2#E4malS *#Eki11HmiHn2H+. . .
Kn1k2H12n2H#E4malS **Ek111HmiHm2+Kn1k2H12+#E3malS ’«Ek111Hm1Hm2n2H+. . .
Knik2Hm2n2H*E4mals **Ek111HmiH12+Kn1k2Hm2+E3malS ’#*Ek111Hm1H12n2H+. . .

Kni1k2Hn2H#E3malS’*Ek111HmiH12m2+Kn1k2H*E2malS ' *Ek111Hm1H12m2n2H;

T222.2=...
Kn212m2n2H*EdmalS’* kimiH21Hk2H+Kn112m2*EimalS *#Ek111HmiHk2Hn2H+. . .
Kn112n2H*E3malS **Ek111HmiHk2Hm2+Kn112+E2mals *#*Ek111HmiHk2Hm2n2H+. . .
Knim2n2H#E3malS’#Ek111Hm1Hk2H12+Enim2+E2mal 5 *#Ek111 Hmi Hk2H12n2H+. . .

Knin2H*E2malS '#Ek111Hm1Hk2H12m2;

T22221=...
Kk2H12m2n2H*E4malS **Ek111Hm1Hn1+Kk2H12m2#E3malS **Ek111HmiHnin2H+. . .
Kk2H12n2H#E3malS '+Ek111HmiHnim2+Kk2H12+E2malS’ *Ek111Hm1Hnim2n2H+. . .
Kk2Hm2n2H#E3malS ’#Ek111Hm1Hn112+Kk2Hm2#E2malS ’#Ek111HmiHn112n2H+. . .
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Kk2Hn2H*E2malS*#*Ek111HmiHn112m?2;

T22222=...
K12m2n2H+E3malS’#Ek111Hmiin1k2H+K12m2+#E2malS '*Ek111HmiHn1k2Hn2H+. . .
K12n2H+E2malS ’*Ek111HmiHn1k2Hm2+Km2n2H*E2mal S *Ek111HmiHn1k2H12+. . .
Ek111HmiHn1k2H12m2n2H;

Rk111HmiHn1k2H12m2n2H= T11111+T11112+T11121+T11122+...
T11211+T11212+T11221+T11222+. ..
T12111+T12112+T12121+T12122+. ..
T12211+T12212+T122214T12222+. ..
T211114T211124T211214T21122+. ..
T21211+T21212+T21221+T21222+. ..
T22111+T22112+T22121+T22122+. ..
T22211+T22212+T22221+T22222;

YCALCULATION OF b) See Section "Sixth-order Moment"

%

Y E{rk1 r1iH rmiH rni rk2H ri12}

%

Tiii=...

Kk111HmiHn1k2H12#E6malS *+Kk111HmiHni*E4malS **Ek2H12 +. ..
Kk111HmiHk2H*E4malS’*En112+Kk111Hm1H12*E4malS **En1k2H +. ..
Kk111HmiH#*E3malS'#En1k2H12;

Ti12=. ..

Kk111Hn1k2H*E4malS *Em1H12+Kk111Hn112*E4malS ' *Em1Hk2H +. ..
Kk111Hn1*E3malS '*EmiHk2H12+Kk111Hk2H12*E4malS **Emilinl +. ..
Kk111Hk2H*E3malS’+EmiHn112+Kk111H12*E3malS *#+EmiHnik2H +. ..
Kk111H#E2malS’+EmiHn1k2H12;

T121=...

KkimiHnik2H*E4malS *+E11H12+Kkim1Hn112+*E4malS '*EL1Hk2H +. ..
KkimiHn1#E3malS '+E11Hk2H12+Kkim1Hk2H12*E4malS *#E11Hni +...
Kk1m1Hk2H*E3malS’#E11Hn112+Kk1im1H12#E3malS *+E11Hn1k2H +. ..
KkimiH+*E2malS’+E11Hn1k2H12;

Ti22=...
Kkinik2H12#E4malS ' *E11HmiH+Kk1in1k2H*E3malS **E11HmiH12 +. ..
Kkin112#E3malS’#*El1HmiHk2H+Kkin1wE2malS +#E11HmiH 2H12 +...
Kk1k2_12HE3 alS’#E11HmiHn1+{k1k2H*E2malS’*E11HmiHn112 +...
Kk112#E2malS’*E11HmiHn1k2H;
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T211=...
K1iHmiHn1k2H*E4malS’#Ek112+K11HmiHn112+E4malS *+Ek1k2H +. ..
K1iHmiHn1*E3malS’#Ek1k2H12+K11HmiHk2H12+#E4malS '*Ekinl +...
K1iHmiHk2H*E3malS  *Ekin112+K11Hm1H12*E3malS '#Ekinik2H +. ..
K1iHmiH*E2malS’+*Ekinik2H12;

T212=...

K11Hn1k2H12#*E4malS **Ekim1H+K11Hn1k2H*E3malS **EkimiH12 +...
K11Hn112*E3malS ’#EkimiHk2H+K11Hn1*E2malS '*EkimiHk2H12 +. ..
K11Hk2H12#E3malS’*EkimiHn1+K11Hk2H+E2malS #*EkimiHn112 +. ..
K11H12+E2malS’+EkimiHn1k2H;

T221=...

KmiHn1k2H12#E4malS ’*Ek111H+Km1Hn1k2H*E3malS *#Ek111H12 +. ..
KmiHn112+*E3malS ’+Ek111Hk2H+KmiHn1*E2malS *+Ek111Hk2H12 +. ..
KmiHk2H12#E3malS’+#Ek111Hn1+KmiHk2H*E2malS ’*Ek111Hn112 +. ..
KmiH12+E2malS’+Ek111Hn1k2H;

T222=...

Knik2H12#E3malS '*Ek111HmiH+Knik2H*E2malS #Ek111HmiH12 +. ..
Kn112#E2malS’+Ek111Hm1Hk2H+Kk2H12*E2malS *Ek111HmiHnl +. ..
Ek111HmiHn1k2H12;

Rk111HmiHnik2H12=T111+T112mT121+T1224T211+T212+T221+4T222;

Y% CALCULATION OF b2) See Section "Sixth-order Moment"

%

% E{rkl rl1iH rmiH rnil rm2 rn2H}

%

Ti11=...

Kk11l1HmiHnim2n2H*E6malS *+Kk111Hm1Hin1*E4malS '#Em2n2H +. ..
Kk111HmiHm2%E4malS *+#Enin2H+Kk111Hm1iHn2H*E4mals *#*Enim2 +. ..
Kk111Hm1H*E3malS’*Enim2n2H;

Til2=...

Kk1liHnim2*E4malS ’*Em1Hn2H+Kk111Hnin2H*E4malS **EmiHm2 +. ..
Kk111Hn1*E3malS ’*Em1Hm2n2H+Kk111Hm2n2H*E4malS *#EmiHnl +. ..
Kk111Hm2+E3malS ’+*Em1Hn1n2H+Kk111Hn2H+E3malS *#EmiHnim2 +. ..
Kk111H*E2malS’+EmiHnim2n2H;

Ti21=...

KkimiHnim2#E4malS **E11Hn2H+KkimiHnin2H+E4malS *+E11Hm2 +...
KkimiHn1*E3malS **E11Hm2n2H+Kkim1Hm2n2H+E4mals **EL1Hnl +. ..
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Kkim1Hm2+E3malS’*E11Hn1n2H+Kkim1Hn2H*E3malS **E11Hnim2 +. ..
KkimiH+E2malS’+#E11Hnim2n2H;

T122=. ..

Kkinim2n2H+E4malS ’*E11HmiH+Kkinim2+E3malS *E11HmiHn2H +. ..
Kkinin2H#*E3malS’+*E11Hm1Hm2+Kk1n1*E2malSs *#E11Hm1Hm2n2H +. ..
Kkim2n2H+E3malS **E11HmiHn1+Kkim2*E2malS *#E11Hm1Hnin2H +...
Kkin2H+*E2malS’+E11HmiHnim2;

T211=, ..

K1iHmiHnim2#E4malS '*Ek1n2H+K11HmiHnin2H+E4malS **+Ekim2 +...
K1iHmiHn1#E3malS’#Ekim2n2H+K11HmiHm2n2H*E4mals *#Ekinl +. ..
K11HmiHm2+E3malS’*Ekinin2H+K11Hm1Hn2H#E3malS ' «Ekinim2 +...
K11HmiH#*E2malS’*#Ekinim2n2H;

T212=. ..

Kl1iHnim2n2H*E4malS **Ek1imiH+K11Hnim2+E3mals '*Ekimiin2H +. ..
K1iHnin2H*E3malS’*EkimiHm2+K11Hn1+*E2malS '*Ekim1Hm2n2H +. ..
K11Hm2n2H#E3malS’+Ekim1Hn1+K11Hm2#E2malS '*Ekimilinin2H +. ..
K11Hn2H#*E2malS’*EkimiHnim?2;

T221=...

KmiHnim2n2H*E4malS ’*Ek111H+Km1Hn1m2*E3malS **Ek111Hn2H +. ..
KmiHnin2H*E3malS’+*Ek111Hm2+Kmiin1*E2malS *#Ek111Hm2n2H +
KmiHm2n2H*E3malS’*Ek111Hn1+Kmiim2*E2mals *#Ek111Hnin2H +. ..
KmiHn2H#*E2malS’*Ek111Hnim2;

T222=,,.

Knim2n2H*E3malS ’+#Ek111HmiH+Knim2+E2malS **Ek111HmiHn2H +. ..
Knin2H+E2malS’*Ek111HmiHm2+Km2n2H*E2mals *#Ek111HmiHnl +...
Ek1liHmiHnim2n2H;

Rk111HmiHnim2n2H=T111+T112+T121+T122+T211+T212+T221+T222;

%CALCULATION OF b3) See Section "Sixth-order Moment"

%

% E{rki r1iH 1miH rni rk2H rm2}

%

Tii1=...

Kk111Hm1Hn1k2Hm2*E6malS *+Kk111HmiHnl*E4malS *+Ek2Hm2 +. ..
Kk11l1HmiHk2H*E4malS '*Enim2+Kk111HmiHm2*E4malS *+Enik2H +...
Kk1l1Hm1H*E3malS’*En1k2Hm2;

al



Ti12=. ..
Kk111Hn1k2H*E4malS’*EmiHm2+Kk111Hnim2+E4malS  *Em1Hk2H +. ..
Kk111Hn1#*E3malS **Em1Hk2Hm2+Kk111Hk2Hm2*E4malS ’ *Emilinl +. ..
Kk111Hk2H*E3malS’*EmiHnim2+Kk111Hm2+E3malS *+EmiHnik2H +. ..
Kk111H*E2malS’*EmiHn1k2Hm2;

Ti21=...

Kkimilin1k2H*E4malS ’*E11Hm2+KkimiHnim2*E4malS’ *E11Hk2H +. ..
KkimiHn1#E3malS *#*E11Hk2Hm2+Kk1imiHk2Hm2+#E4malS **E11linl +...
Kkim1Hk2H#E3malS’*El1Hnim2+KkimiHm2#E3malS *#E11Hnik2H +...
KkimiH*E2malS’*E11Hn1k2Hm2;

T122=..,
Kkin1k2Hm2+E4malS’*E11HmiH+Kkin1k2H#E3malS >#E11Hmiim2 +. ..
Kkinim2+E3malS’+*El11HmiHk2H+Kkin1+#E2malS *+E11Hm1Hk2Hm2 +. ..
Kk1k2Hm2*E3malS **E11HmiHn1+Kk1k2H*E2mal5 *E11HmiHnim2 +. ..
Kkim2#E2malS '#E11Hmilin1k2H;

T211=...

K1iHm1Hn1k2H+E4malS '*Ekim2+K11HmiHnim2+E4malS *Ekik2H +...
K1iHmilin1*E3malS’*Ek1k2Hm2+K11Hm1Hk2Hm2*E4malS '#Ekinl +...
K11Hm1Hk2H*E3malS’*Ekinim2+K11HmiHm2+E3malS **Ekinik2H +. ..
Kl1iHmiH#*E2malS’*Ekin1k2Hm2;

T212=, .,

KliHn1k2Hm2#E4malS’ *Ekim1H+K11Hn1k2H*E3malS *+Ekimiim2 +. ..
K11Hnim2+E3malS **EkimiHk2H+K11Hn1*E2mals **EkimiHk2Hm2 +. ..
K11Hk2Hm2#E3malS '*EkimiHn1+K11Hk2H+E2malS *+EkimiHnim2 +. ..
K11Hm2+*E2malS’*Ekimilinik2H;

T221=...

KmiHn1k2Hm2+E4malS ’+Ek111H+KmiHn1k2H*E3malS**Ek111Hm2 +. ..
EmiHnim2+*E3malS *#Ek111Hk2H+EmiHn1+E2malS *#Ek111Hk2Hm2 +. ..
KmiHk2Hm2#+E3malS’+#Ek111Hni+KkmiHk2H*E2malS ’#Ek111linim2 +...
KmiHm2+*E2malS’*Ek111Hn1k2H;

T222=, ..

Knik2Hm2+E3malS ’#Ek111HmiH+Kn1k2H*E2malS *#Ek111HmiHm2 +...
Knim2+E2malS’+Ek111Hm1Hk2H+Kk2Hm2#E2malS **Ek111Hmilnl +...
Ek111HmiHnik2Hm?2;

Rk111HmiHn1k2Hm2=T111+T112+T121+T122+T211+T212+T221+4T222;



%CALCULATION OF b4) See Section "Sixth-order Moment"
%

% E{rkil rliH rmiH rnil rl2 rn2H}

%

Tii1=, ..

Kk111HmiHn112n2H+E6malS +Kk111HmiHn1*E4malS +E12n2H +. ..

Kk111Hm1H12#E4malS ’#*Enin2H+Kk111HmiHn2H#E4malS ’+En112
Kk111Hm1H*E3malS’+En112n2H;

Ti12=...
Kk111Hn112#E4malS’*EmiHn2H+Kk111Hnin2H+*E4malS ’+Em1H22
Kk111Hn1#E3malS #EmiH12n2H+Kk111H12n2H*E4mal5 **Em1Hn1
Kk111H12#E3malS '*EmiHnin2H+Kk111Hn2H*E3malS ' #+EmiHn112
Kk111H*E2malS’+EmiHn112n2H;

Ti21=...
Kkim1Hn112#E4malS’*E11Hn2H+KkimiHnin2H+E4malS *+#E11H12
KkimiHn1*E3malS’+E11H12n2H+Kk1im1H12n2H#*E4malS **E11Hn1
Kkim1H12#E3malS ’#El1Hn1n2H+Kk1m1Hn2H*E3malS *E11Hn112
KkimiH*E2malS’+E11Hn112n2H;

T122=. ..
Kk1n112n2H#E4malS’*E11Hm1H+Kk1in112*E3malS ’*E11Hm1iHn2H
Kkinin2H+*E3malS’+E11Hm1H12+Kkin1*E2mals’*E11Hm1H12n2H
Kk112n2H#*E3malS’*#E11HmiHn1+Kk112+E2mals ’#E11Hm1Hnin2H
Kkin2H#*E2malS’+E11HmiHn112;

T211=...
K11iHmiHn112+E4malS’*Ekin2H+K11HmiHnin2l*E4malS **Ek112
K11HmiHn1*E3malS’#Ek112n2H+K11HmiH12n2H*E4malS ’*Ekini
K1iHm1H12#E3malS’#Ekinin2H+K11HmiHn2H*E3malS’*Ekin112
K11HmiH+*E2malS’*+Ekin112n2H;

T212=...

K11Hn112n2H*E4malS ’+#Ekim1H+K11Hn112+*E3malS ’#*Ekim1Hn2H
KliHnin2H#*E3malS’*EkimiH12+K11Hn1#E2malS '*#EkimiH12n2H
K11H12n2H#*E3malS’+*EkimiHn1+K11H12+E2mals ' #Ekim1Hnin2H
K11iHn2H#E2malS’*EkimiHn112;

T221=...

KmiHn112n2H#E4malS’+Ek111H+Km1Hn112+E3malS ’ *Ek111Hn2H
EmiHnin2H+E3malS’#Ek111H12+Km1Hn1*E2malS '#*Ek111H12n2H
Km1H12n2H+E3malS’#Ek111Hn1+Km1H12#E2malS '#Ek111Hn1n2H

+ + +



KmiHn2H*E2malS **Ek111Hn112;

T222=...

Kni12n2H*E3malS *+#Ek111HmiH+Kn112#E2malS’#Ek111HmiHn2H +. ..
Knin2H*E2malS’*Ek111Hm1H12+K12n2H*E2malS **Ek111Hmilinl +. ..
Ek111Hm1Hn112n2H;

Rk111Hm1Hn112n2H=T111+T112+T121+T122+T211+T212+T221+T222;

ACALCULATION OF b5) See Section "Sixth-order Moment"

4

% E{rkl r1iH rmiH rnl rk2H rn2H}

%

Ti11=, ..

Kk111HmiHn1k2Hn2H*E6malS '+Kk111HmiHn1#E4malS '#Ek2Hn2H +. ..

Kk111Hm1Hk2H#*E4malS’*En1n2H+Kk111Hm1Hn2H*E4malS ’ *Eni1k2H +. ..

Kk111HmiH*E3malS’*En1k2Hn2H;

Ti12=...

Kk111Hnik2H*E4malS >*Em1Hn2H+Kk111Hnin2H*E4mals *#*EmiHk2H +. ..
Kk111Hn1*E3malS’*EmiHk2Hn2H+Kk111Hk2Hn2H*E4malS’*Emilnl +...
Kk111Hk2H*E3malS’#EmiHnin2H+Kk111Hn2H#E3malS ' *EmiHn1k2H +...

Kk111H*E2malS’+*EmiHn1k2Hn2H;

Ti21=...

KkimiHn1k2H#E4malS ’+#E11Hn2H+KkimiHnin2H*E4malS '#E11Hk2H +. ..
Kkim1Hni#E3malS’*E11Hk2Hn2H+Kk1m1Hk2Hn2H+*E4malS *E11Hn1 +. ..
Kkim1Hk2H*E3malS’#El1Hnin2H+Kkim1Hn2H*E3malS **E11Hn1k2H +...

KkimiH*E2malS’+E11Hn1k2Hn2H;

Ti22=...

Kkin1k2Hn2H+*E4malS *E11HmiH+Kkin1k2H*E3malS *ELl1HmiHn2H +. ..
Kkinin2H*E3malS >*E11HmiHk2H+Kkini#E2malS "#E11Hm1Hk2Hn2H +. ..
Kk1k2Hn2H*E3malS’*E11HmiHn1+Kk1k2H+E2malS’#*El1HmiHnin2KH +. ..

Kk1in2H*E2malS’*E11HmiHnik2H;

T211=,..

K11HmiHn1k2H#E4malS’#Ekin2H+K11HmiHnin2H*E4malS’+Ek1k2H +. ..
K11iHmiHn1+E3malS’+Ek1k2Hn2H+K11HmiHk2Hn2H*E4malS '#Ekinl +. ..
K11Hmi1Hk2H+E3malS’*Ekinin2H+K11HmiHn2H*E3malS ’*#Ekinik2H +...

K11iHmiH*E2malS’*Ekin1k2Hn2H;

T212=...
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K11Hn1k2Hn2H+*E4malS’*Ekim1H+K11Hn1k2H*E3malS’*EkimiHn2H +. ..
K11Hnin2H+*E3malS’*Ekimi1Hk2H+K11Hn1*E2malS *EkimiHk2Hn2H +. ..
K11Hk2Hn2H*E3malS ’*Ekim1Hn1+K11Hk2H*E2malS **Ek1miHnin2H +. ..
K11Hn2H#E2malS’ *EkimiHn1k2H;

T221=. ..
KmiHn1k2Hn2H*E4malS’*Ek111H+KmiHn1k2H+E3malS *+Ek111Hn2H +. ..
KmiHnin2H*E3malS’*Ek111Hk2H+KmiHni*E2malS’ *Ek111Hk2Hn2H +. ..
KmiHk2Hn2H#E3malS ’*Ek111Hn1+Km1Hk2H*E2malS *#*Ek111Hnin2H +. ..
KmiHn2H*E2malS’+Ek111Hn1k2H;

T222=...
Kn1k2Hn2H*E3malS’*Ek111HmiH+Kn1k2H*E2malS ’ *Ek111HmiHn2H +. ..
Knin2H#E2malS’#Ek111HmiHk2H+Kk2Hn2H*E2malS *+*Ek111HmiHnl +. ..
Ek111HmiHn1k2Hn2H;

Rk111HmiHni1k2Hn2H=T111+T112+T121+T122+T211+T212+T221+T222;

Y\CALCULATION OF b6) See Section "Sixth-order Moment"

%

% E{rk1l rliH rmiH rnl rl2 rm2}

%

Ti11=. ..

Kk111Hm1iHn112m2*E6mals ’+Kk111HmiHn1*E4malS *+E12m2 +. ..
Kk111Hm1H12+E4malS ’*Enim2+Kk111HmiHm2#E4malS**En1l2 +. ..
Kk111Hm1H*E3malS’+Enil2m2;

Ti12=, ..
Kk111Hn112#E4malS’*Em1Hm2+Kk111Hnim2*E4malS '#Em1H12 +. ..
Kk111Hn1#*E3malS’+*EmiH12m2+Kk111H12m2+*E4malS *+Emilnl +. ..
Kk111H12#E3malS **EmiHnim2+Kk111Hm2#E3malS ’#Em1Hn112 +. ..
Kk111H+*E2malS’+*EmiHn112m2;

Ti21=...
KkimiHn112#E4malS’+*E11Hm2+EkimiHnim2+#E4malS *+E11H12 +. ..
KkimiHn1#E3malS '*E11H12m2+Kk1m1H12m2*E4malS *#E11Hnl +. ..
Kkim1H12#E3malS ’*E11Hnim2+Kk1imiHm2+E3malS’*E11Hn112 +. .,
KkimiH*E2malS’+#E11Hn112m2;

T122=, ..

Kkin112m2+E4malS’+E11HmiH+Kk1n112#E3malS **ELl1HmiHm2 +. ..
Kkinim2#E3malS’+*E11HmiH12+Kkin1*E2malS #E11Hm1H12m2 +. ..
Kk112m2#E3malS’*E11HmiHn1+Kk112#E2malS #*E11HmiHnim2 +. ..
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Kkim2+E2malS '+*E11HmiHn112;

T211=...
K11HmiHn112*E4malS’+*Ekim2+K11HmiHnim2+E4malS’ *Ek112 +. ..
K1iHmiHn1*E3malS’+Ek112m2+K11Hm1H12m2+E4malS’ #Ekinl +. ..
K11Hm1H12+E3malS’+#Ekinim2+K11Hmi1Hm2+#E3malS’+Ek1in112 +. ..
K11Hmi1H*E2malS’*Ekin112m2;

T212=, ..
K11Hn112m2#E4malS’*Ekim1H+K11Hn112*E3malS ' *EkimiHm2 +. ..
K1iHnim2+*E3malS ’+*EkimiH12+K11Hn1*E2malS ' #EkimiH12m2 +. ..
K11H12m2#E3malS ’*Ekim1Hn1+K11H12#E2mals *#*EkimiHnim2 +. ..
K11Hm2+E2malS’+EkimiHn112;

T221=. ..
KmiHn112m2#E4malS’*Ek111H+Km1in112*E3malS #Ek111Hm2 +. ..
KmiHnim2*E3malSs *Ek111H12+Km1Hn1#E2malS ’#Ek111H12m2 +. ..
KmiH12m2#E3malS *Ek111Hn1+Km1H12#E2malS #Ek111Hnim2 +. ..
KmiHm2+E2malS’#Ek111Hn112;

T222=. ..
Kn112m2+E3malS’+*Ek111Hm1H+Kn112*E2malS #*Ek111Hm1Hm2 +. ..
Knim2#+E2malS ’*Ek111Hm1H12+K12m2*E2malS *#*Ek111HmiHnl +. ..
Ek111HmiHn112m2;

Rk111HmiHn112m2=T111+T112+T121+T122+T211+T212+T221+T222;

Y%CALCULATION OF b7) See Section "“Sixth-order Moment"

h

% E{rmiH rn1 rk2H rl2 rm2 rn2H}

)

Tiil=, .,

KmiHn1k2H12m2n2H+*E6mals *+KmiHn1k2H12*E4malS **Em2n2H +. ..
EmiHn1k2Hm2*E4malS *#E12n2H+KkmiHn1k2Hn2H*E4malS *#E12m2 +. ..
KmiHn1k2H*E3malS’*E12m2n2H;

Ti12=, ..

KmiHn112m2#E4mals *#Ek2Hn2H+Km1Hn112n2H*E4malS * *Ek2Hm2 +. ..
Kmiln112+E3malS ’*Ek2Hm2n2H+KmiHnim2n2H*E4malS * #EK2H12 +. ..
KmiHnim2#*E3malS’*Ek2H12n2H+KmiHnin2H*E3malS '*Ek2H12m2 +. ..
KmiHn1+E2malS’*Ek2H12m2n2H;

Ti21=...
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KmiHk2H12m2*E4malS ’*Enin2H+Em1Hk2H12n2H*E4malS *#Enim2 +. ..
KmiHk2H12#E3malS’*Enim2n2H+KmiHk2Hm2n2*E4malS **En112 +. ..
KmiHk2Hm2#E3malS’*En112n2H+Km1lk2Hn2H+E3malS  *En1l12m2 +. ..
EmiHk2H*E2malS’*En112m2n2H;

T122=...

KmiH12m2n2H*E4malS ’+#En1k2H+KmoH12m2+*E3malS *#*Enik2Hn2H +. ..
EmiH12n2H#*E3ma”5‘ #*En1k2Hm2+Km1H12*E2malS ' *Enlk2Hm2"2H + ..
Km_Hm2n2H+*E3malS’*En1k2H12+Em1Hm2+E2malS '*En1k2H12n2H +. ..
EmiHn2H*E2malS’*En1k2H12m2;

T211=...
KEn1k2H12m2+#E4malS’*EmiHn2H+EKn1k2H12n2H+E4malS ’*EmlHm2 +. ..
Kn1k2H12*E3malS **Em1Hm2n2H+Kn1k2Hm2n2H*E4malS  *Em1H12 +. ..
KEn1k2Hm2#E3malS ’+*EmiH12n2H+En1k2Hn2H*E3malS **EmiH12m2 +. ..
Kn1k2H*E2malS*+#EmiH12m2n2H;

T212=...

Kn112m2n2H+*E4malS ’*EmiHk2H+Kn112m2+*E3malS’ #+EmiHk2Hn2H +. ..
Kn112n2H#E3malS ' *EmiHk2Hm2+Kn112+*E2mals ' *EmiHk2Hm2n2H +. ..
Knim2n2H*E3malS ’*Em1Hk2H12+Enim2+E2malS ' #*EmiHk2H12n2H +. ..
Knin2H*E2malS’+EmiHk2H12m2 ;

T221=...

Kk2H12m2n2H#E4mals **Em1Hn1+Kkk2H12m2+#E3malS *#Em1Hnin2H +. ..
Kk2H12n2H*E3malS’ *EmiHnim2+Kk2H12+#E2mals *#*EmiHnim2n2H +. ..
Kk2Hm2n2H#*E3malS ' #Em1Hn112+Kk2Hm2*E2malS **Em1Hn112n2H +. ..
Kk2Hn2H#E2malS ’**Emiin112m2;

T222=...
K12m2n2H+E3malS’+EmiHn1k2H+K12mr*E2malS #Em1Hn1k2Hn2H +. ..
K12n2H*E2malS’ *EmiHn1k2Hm2+Kkm2n2H*E2mals **EmiHn1k2H12 +. ..
EmiHn1k2H12m2n2H;

RmiHni1k2H12m2n2H=T111+T112+T121+T122+T211+T212+4T2214T222;
%CALCULATION OF b8) See Section "Sixth-order Moment"
%

% E{rkl rliH rk2H rl2 rm2 rn2H}
%
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Till=...

Kk111Hk2H12m2n2H*E6malS *+Kk111Hk2H12+E4malS *#Em2n2H +. ..
Kk111Hk2Hm2+E4malS **E12n2H+Kk111Hk2Hn2H*Edmals *#E12m2 +. ..
Kk111Hk2H#E3malS’¢E12m2n2H;

Ti12=. ..
Kk111H12m2#E4malS’*Ek2Hn2H+Kk111H12n2H*E4malS *#Ek2Hm2 +. ..
Kk111H12#E3malS '*Ek2Hm2n2H+Kk111Hm2n2H*E4malS *+EkK2H12 +. ..
Kk111Hm2*E3malS **Ek2H12n2H+Kk111Hn2H*E3malS **Ek2H12m2 +. ..
Kk111H*E2malS’+Ek2H12m2n2H;

Ti21=...

Kk1k2H12m2#+E4malS *+E11Hn2H+Kk1k2H12n2H*E4malS *#E11Hm2 +. ..
Kk1k2H12+E3malS ’*E11Hm2n2H+Kk1k2Hm2n2H*E4malS *#E11H12 +. ..
Kk1k2Hm2#*E3malS '*E11H12n2H+Kk1k2Hn2H*E3malS **E11H12m2 +. ..
Kk1k2H#*E2malS’*E11H12m2n2H;

T122=...
Kk112m2n2H*E4malS ' *E11Hk2H+Kk112m2+E3malS *#E11Hk2Hn2H +. ..
Kk112n2H+E3malS '*E11Hk2Hm2+Kk112#E2mals **+E11Hk2Hm2n2H +. ..
Kkim2n2H+E3malS '#*E11Hk2H1 2+Kk1m2#*E2mals *+*E11Hk2H12n2H +. ..
Kkin2H*E2malS ’+E11Hk2H12m2;

Ta11=....

K11Hk2H12m2+E4malS *+Ek1n2H+K11Hk2H12n2H*Edmals *#Ekim2 +. ..
K11Hk2H12#E3malS’'*Ekim2n2H+K11Hk2Hm2n2H+E4malS *#Ek112 +. ..
K11Hk2Hm2#*E3malS’+#Ek112n2H+K11Hk2Hn2H*E3malS**Ek112m2 +. ..
K11Hk2H*E2malS’*#Ek112m2n2H;

T212=...

K11H12m2n2H*EdmalS **Ek1k2H+K11H12m2+E3malS ’ #*Ek1k2Hn2H +. ..
K11H12n2H*E3malS’*Ek1k2Hm2+K11H12#E2malS **Ek1k2Hm2n2H +. ..
K11Hm2n2H*E3malS’*Ek1k2H12+K11Hm2+E2malS *#Ek1k2H12n2H +. ..
K11Hn2H*E2malS’ #Ek1k2H12m2;

T221=...

Kk2H12m2n2H+E4malS ’#Ek111H+Kk2H12m2+E3malS '#*EK111Hn2H +. ..
Kk2H12n2H#E3malS’*Ek111Hm2+Kk2H12+E2malS *#*Ek111Hm2n2H +. ..
Kk2Hm2n2H*E3malS ' #*Ek111H12+Kk2Hm2*E2mal 8 *#Ek111H12n2H +. ..
Kk2Hn2H*E2malS '*Ek111H12m2;

T222=,,.
K12m2n2H+#E3malS *+#Ek111Hk2H+K12m2+E2malS *#Ek111Hk2Hn2H +. ..



K12n2H*E2malS '*Ek111Hk2Hm2+Km2n2H*E2mals *+Eko11Hk2H12 +. ..
Ek111Hk2H12m2n2H;

Rk111Hk2H12m2n2H=T111+T112+T121+T122+T211+T212+T22m+T222;

%CALCULATION OF b9) See Section "Sixth-order Moment"
%

% E{roiH rn1 rk2d rl2 rm2 rn2H}

%

Tii1=...

K11Hn1k2H12m2n2H*E6malS '+K11Hn1k2H12#E4malS ’#Em2n2H +. ..
K11Hn1k2Hm2+*E4malS’+E12n2H+K11Hn1k2Hn2H+*E4malS **E12m2 +. ..
K11Hn1k2H*E3malS’*E12m2n2H;

T112=. ..
K11Hn112m2+E4malS’*Ek2Hn2H+K11Hin112n2H*E4malS ’*Ek2Hm2 +. ..
K11Hn112#E3malS’*Ek2Hm2n2H+K11Hnim2n2H+E4malS *+Ek2H12
K11Hnim2#*E3mal$S’+#Ek2H12n2H+K11Hn1n2H*E3malS '#Ek2H12m2
K11Hn1*E2malS’*Ek2H12m2n2H;

+ +

Ti21=...

K11Hk2H12m2#E4malS ’*Enin2H+K11Hk2H12n2H+E4malS **Enim2 +. ..
K11Hk2H12#E3malS’*Enim2n2H+K11Hk2Hm2n2H+E4malS ’#En112
K11Hk2Hm2#*E3malS’+En112n2H+K11Hk2Hn2H*E3malS *En112m2 +. ..
K11Hk2H*E2malS +En112m2n2H;

+

T122=...

K11H12m2n2H+E4malS *En1k2H+K11H12m2+E3malS > #*En1k2Hn2H
K11H12n2H*E3malS’*Enlk2Hm2+K11H12+#E2malS *#+En1k2Hm2n2H
K11Hm2n2H*E3malS’*En1k2H12+K11Hm2*E2mals **En1k2H12n2H +. ..
K11Hn2H+E2malS ' +En1k2H12m2;

+ o+

T211=...
Kn1k2H12m2+E4malS’*E11Hn2H+Kn1k2H12n2H#*E4malS ' #E11Hm2
Kn1k2H12*E3malS’+*E11Hm2n2H+Kn1k2Hm2n2H*E4malS * «E11H12 +. ..
Knik2Hm2*E3mal$ **E11H12n2H+Kn1k2Hn2H*E3mals **E11H12m2
Kn1k2H*E2malS ' +E11H12m2n2H;

+

+

T212=...

Kn112m2n2H+*E4mals *+*E11Hk2H+Kn112m2*E3malS ' *E11Hk2Hn2H +. ..
Kn112n2H+E3malS *E11Hk2Hm2+Kn112+E2malSs *#E11Hk2Hm2n2H +. ..
Knim2n2H#E3malS '+E11Hk2H12+Kn1m2#E2malSs ' #*E11Hk2H12n2H +. ..
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Knin2H*E2malS’*E11Hk2H12m2;

T221=...

Kk2H12m2n2H*E4malS **E11Hn1+Kk2H12m2+E3malS **E11Hnin2H +. ..
Kk2H12n2H#E3malS’*E11Hnim2+Kk2H12#E2mals **E11Hnim2n2H +. ..
Kk2Hm2n2H#E3malS’*E11Hn112+Kk2Hm2#E2malS **E11Hn112n2H +. ..
Kk2Hn2H+E2malS *#E11Hn112m2;

T222=...

K12m2n2H*E3malS '#E11Hn1k2H+K12m2+E2malS **E11Hn1k2Hn2H +. ..
K12n2H*E2malS’#E11Hn1k2Hm2+Km2n2H*E2malS **E11Hn1k2H12 +. ..
E11Hn1k2H12m2n2H;

R11Hn1k2H12m2n2H=T111+T112+T121+T122+T211+T212+T221+T222;

CALCULATION OF b10) See Section "Sixth-order Moment"
%

% E{rkl rmtH rk2H rl2 rm2 rn2H}

%

Tii1=...

EkimiHk2H12m2n2H*E6malS *+KkimiHk2H12#E4malS **Em2n2H +. . .
KkimiHk2Hm2#E4malS ’**E12n2H+Kkim1Hk2Hn2H*E4malS ' #E12m2 +. ..
KkimiHk2H*E3malS’*E12m2n2H;

T112=...
KkimiH12m2+*E4malS > +#Ek2Hn2H+Kkim1H12n2H*E4malS *#Ek2Hm2 +. ..
Kkim1H12*E3mal$S '*Ek2Hm2n2H+Kkim1Hm2n2H+*E4mals *#Ek2H12 +. ..
KkimiHm2+*E3mal$S '*Ek2H12n2H+Kk1imiin2H*E3malS **Ek2H12m2 +. ..
KkimiH*E2malS’*Ek2H12m2n2H ;

Ti21=. ..
Kk1k2H12m2+#E4malS’+#Em1Hn2H+Kk1k2H12n2H*E4malS > +EmiHm2 +. ..
Kk1k2H12+*E3mal$S '+*EmiHm2n2H+Kk1k2Hm2n2H*E4malS *+EmiH12 +...
Kk1k2Hm2#E3malS ’*EmiH12n2H+Kk1k2Hn2H*E3malS **Em1H12m2 +. ..
Kk1k2H*E2malS’*Em1H12m2n2H;

Ti22=...
Kk112m2n2H#E4malS ' +*EmiHk2H+Kk112m2+E3malS ' +Em1Hk2Hn2H +. ..
Kk112n2H#E3malS +#Em1Hk2Hm2+Kk112+E2malS ' *EmiHk2Hm2n2H +. ..
Kkim2n2H*E3malS '#*EmiHk2H12+Kk1m2+E2malSs > *+Em1Hk2H12n2H +. ..
Kkin2H*E2malS’#Em1Hk2H12m2;
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T211=. ..

KmiHk2H12m2*E4malS **Ek1n2H+Km1Hk2H12n2H+*EdmalS **Ekim2 +. ..
Km1Hk2H12+#E3malS’ #*Ekim2n2H+Kmi1Hk 2Hm2n2H*E4malS **Ek112 +. ..
KmiHk2Hm2#*E3malS’*Ek112n2H+Km1Hk2Hn2H*E3malS  *Ek112m2 +. ..
KmiHk2H#E2malS '+Ek112m2n2H;

T212=. ..

KmiH12m2n2H*E4mals *«Ek1k2H+Km1H12m2+#E3malS *Ek1k2Hn2H +. ..
Km1H12n2H#E3malS’*Ek1k2Hm2+Km1H12*E2mals **Ek1k2Hm2n2H +. ..
KmiHm2n2H*E3malS’*Ek1k2H12+EKm1Hm2+#E2malS *#Ek1k2H12n2H +. ..
EmiHn2H+E2malS ’+Ek1k2H12m2;

T221=...

Kk2H12m2n2H*E4malS **Ekim1H+Kk2H12m2+E3mals > *Ekim1Hn2H
Kk2H12n2H+E3mals **EkimiHm2+Kk2H12#E2mals **EkimiHm2n2H
Kk2Hm2n2H+E3malS’*Ekim1H12+Kk2Hm2*E2malS **Ekim1H12n2H
Kk2Hn2H+E2malS '+Ekim1H12m2;

+ +

+

T222=...
K12m2n2H*E3malS ’*Ekimi Hk2H+K12m2#*E2malS **Ek1m1Hk2Hn2H +. ..
K12n2H#E2malS’*EkimiHk2Hm2+Km2n2H*E2malS ’*Ekim1Hk2H12
EkimiHk2H12m2n2H;

+

RkimiHk2H12m2n2H=T111+T112+T121+T122+T21 1+T2124T2214T222;

WCALCULATION OF b1l1) See Section "Sixth-order Moment"
%
A E{rliH rmiH rk2H rl2 rm2 rn2H}

Til1=...

K11HmiHk2H12m2n2H#E6malS '+K11Hm1Hk2H12#E4malS **Em2n2H +. ..
K11HmiHk2Hm2*E4malS’*E12n2H+K11HmiHk2Hn2H*E4mals **E12m2 +. ..
K11Hm1Hk2H*E3malS +E12m2n2H;

Ti12=...

K11Hm1H12m2+*E4malS ’*Ek2Hn2H+K11HmiH12n2H*E4malS ’ *Ek2Hm2 +. ..
K11Hm1H12#E3malS’+Ek2Hm2n2H+K11HmiHm2n2H*E4malS > *Ek2H12 +. ..
K11HmiHm2*E3malS ' #*Ek2H12n2H+K11HmiHn2H#*E3malS ' #*Ek2H12m2 +. ..
K11HmiH#*E2malS ' *Ek2H12m2n2H;

Ti21=...
K11Hk2H12m2+E4malS ’+Em1Hn2H+K11Hk2H12n2H*E4malS ’*EmiHm2 +. ..
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K11Hk2H12#E3malS’*EmiHm2n2H+K11Hk2Hm2n2H*E4malS ’#Em1H12 +. ..
K11Hk2Hm2+E3malS **Em1H12n2H+K11Hk2Hn2H*E3malS *+Em1H12m2 +. ..
K11Hk2H*E2malS '+EmiH12m2n2H;

Ti22=, ..

K11H12m2n2H#E4mals ’*Em1Hk2H+K11H12m2+E3malsS " #EmiHk2Hn2H +. ..
K11H12n2H#*E3malS’+Em1Hk2Hm2+K11H12+E2mals **Em1Hk 2Hm2n2H +. ..
K11Hm2n2H*E3malS ’+Em1Hk2H12+K11Hm2+E2malS *+Em1Hk2H12n2H +. ..
K11Hn2H+E2malS '+Em1Hk2H12m2;

T211=, ..

KmiHk2H12m2+E4malS ’*E11Hn2H+Km1Hk2H12n2H#E4malS ' *E11im2 +. ..
KmiHk2H12#E3malS’+E11Hm2n2H+Km1Hk2Hm2n2H*E4malS  *E11H12 +. ..
KmiHk2Hm2+E3malS’*E11H12n2H+Km1 Hk2Hn2H*E3mals *#E11H12m2 +. ..
KmiHk2H#*E2malS'+E11H12m2n2H;

T212=...

KmiH12m2n2H+*E4malS ’+*E11Hk2H+Km1H12m2*E3malS **E11Hk2Hn2H +. ..
KmiH12n2H#*E3malS’+E11Hk2Hm2+Km1H12+E2mal S’ #E1 1Hk2Hm2n2H +. .
KmiHm2n2H+E3malS’+E11Hk2H12+KmiHm2+E2mals **E11Hk2H12n2H +. ..
KmiHn2H+E2malS’*E11Hk2H12m2;

T221=...
Kk2H12m2n2H#E4malS ’**E11Hm1 H+Kk2H12m2#E3malS *#EL1Hm1Hn2H +. ..
Kk2H12n2H#E3malS’*E11Hm1Hm2+Kk2H12+E2malS ’ *E11HmiHm2n2H +. ..,
Kk2Hm2n2H#*E3malS *+E11Hm1H12+Kk2Hm24E2malS ' +E1 1Hm1H12n2H +. . .
Kk2Hn2H+*E2malS’*E11HmiH12m2;

T222=...

K12m2n2H*E3malS '+EL1Hm1Hk2H+K12m2%E2mals ' *E11Hmi Hk2Hn2H +. ..
K12n2H*E2malS’*E11HmiHk2Hm2+Km2n2H+E2malS > #EL1HmiHk2H12 +. ..
E11Hm1Hk2H12m2n2H;

R11Hm1Hk2H12m2n2H=T111+T112+T121+T122+T211+T212+T221+T222;

%CALCULATION OF b12) See Section "Sixth-order Moment"
%

% E{rk1l rni rk2H rl2 rm2 rn2H}

%

Ti11=...
Kkin1k2H12m2n2H#E6malS ’+Kkin1k2H12#E4malS’ *Em2n2H +. ..
Kkinik2Hm2+E4malS ’*E12n2H+Kk1n1k2Hn2H*E4malS " +E12m2 +. ..



Kkin1k2H*E3malS’#E12m2n2H;

Ti12=...

Kkin112m2+E4malS’*Ek2Hn2H+Kk1in112n2H*E4malS ’*Ek2Hm2 +. . .
Kkin112*E3malS’*Ek2Hm2n2H+Kkinim2n2H*E4mal S *Ek2H12 +. . .
Kkinim2#*E3malS’*Ek2H12n2H+Kkinin2H*E3malS’*Ek2H12m2 +. ..

Kkinl1*E2malS ’*Ek2H12m2n2H;

Ti21=...

Kk1k2H12m2+*E4malS ’+Enin2H+Kk1k2H12n2H+*E4malS’ *Enim2 +. ..
Kk1k2H12#E3malS ’*Enim2n2H+Kk1k2Hm2n2H*E4malS +En112 +. ..
Kk1k2Hm2#*E3malS ’*En112n2H+Kk1k2Hn2H+*E3malS **En1l2m2 +. . .

Kk1k2H#*E2malS’+En112m2n2H;

T122=,..

Kk112m2n2H#E4malS’ *En1k2H+Kk112m2+E3mals '*Enik2Hn2H +. ..
Kk112n2H#E3malS **En1k2Hm2+Kk112+*E2malS’#En1k2Hm2n2H +. ..
Kkim2n2H#*E3malS **En1k2H12+Kk1m2#E2malS’#En1k2H12n2H +. ..

Kkin2H#E2malS’+En1k2H12m2;

T211=. ..

Kn1k2H12m2+E4malS’*Ekin2H+Kn1k2H12n2H+E4malS *Ekim2 +. ..
Knik2H12+#E3malS **Ekim2n2H+Kn1k2Hm2n2H*E4malS’*Ek112 +. ..
Kn1k2Hm2+*E3malS’+*Ek112n2H+Kn1k2Hn2H+*E3mals *#Ek112m2 +. ..

Knik2H+*E2malS’*Ek112m2n2H;

T212=...

Kn112m2n2H*E4malS’*Ek1k2H+Kn112m2+*E3mals *Ek1k2Hn2H +. . .
Kn112n2H*E3mals **Ek1k2Hm2+Kn112+E2mals’ #*Ek1k2Hm2n2H +. ..
Knim2n2H+E3malS '*Ek1k2H12+Knim2+E2malS ’* #*Ek1k2H12n2H +. ..

Knin2H+E2malS’*Ek1k2H12m2;

T221=. ..

Kk2H12m2n2H*E4malS **Ek1in1+Kk2H12m2+E3malS ' #Ek1nin2H +. ..
Kk2H12n2H#*E3malS’*Ekinim2+Kk2H12+E2malS +Ek1nim2n2H +. ..
Kk2Hm2n2H#E3mals’*Ekin112+Kk2Hm2+E2malS '#Ek1n112n2H +. ..

Kk2Hn2H#E2malS '+*Ekin112m2;

T222=...

K12m2n2H*E3mals ’*Ekinik2H+K12m2#*E2malS ' «Ek1n1k2Hn2H +. . .
K12n2H#*E2malS’*Ekin1k2Hm2+Km2n2H+E2mals ' *Ekin1k2H12 +. ..

Ekinik2H12m2n2H;
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Rkin1k2H12m2n2H=T111+T112+T121+T122+T211+T212+T221+T222;

%CALCULATION OF c) See Section "Fourth-order Moment"

%

% E{rki rliH rmiH rni}
*

Rki1liHmiHni=...

Kk111HmiHni*E4malS’+Kk111H#*E2malS’*EmiHnl +...
KkimiH*E2malS’#E11Hn1+Kkin1*E2malS ’+#E11HmiH +. ..
K1iHmiH+E2malS'*#Ekin1+K11Hn1*E2malS *EkimlH +. ..
KmiHn1*E2malS’+Ek111H+Ek111Hm1iHn1;

Y CALCULATION OF c2) See Section “Fourth-order Moment"

%

% E{rk2H rl2 rm2 rn2H}
%

Rk2H12m2n2H=...

Kk2H12m2n2H#E4malS *+Kk2H12+E2malS > #Em2n2H +. ..
Kk2Hm2*E2malS’+E12n2H+Kk2Hn2H*E2malS *#E12m2 +. ..
K12m2+E2malS ’+*Ek2Hn2H+K12n2H*E2mal S’ #*Ek2Hm2 +. ..
Km2n2H*E2malSs **Ek2H1 2+Ek2H12m2n2H;

%CALCULATION OF c3) See Section "Fourth-order Moment"

%

% E{rk1 rliH rk2H r12}
%

Rk1l1Hk2H12=...

Kk111Hk2H12*E4malS *+Kk111H#E2mals’*Ek2H12 +. ..
Kk1k2H*E2malS’*E11H12+Kk112#E2malS *#EL1Hk2H +. ..
K11Hk2H#*E2malS’*Ek112+K11H12+E2malS #Ek1k2H +. ..
Kk2H12#E2malS**Ek111H+Ek111Hk2H12;

Y CALCULATION OF c4) See Section "Fourth-order Moment"
%

Y E{rmiH rni rm2 rn2H}

%

RmiHnim2n2H=. ..

KmiHnim2n2H*E4malS '+KmiHn1*E2malS #Em2n2H +. ..
KmiHm2*E2malS **Enin2H+KmiHn2H+E2malS **Enim2 +. ..
Knim2#*E2malS ’+#EmiHn2H+Knin2H*E2malS ’*Em1Hm2 +. ..
Km2n2H*E2mals ’*Em1Hn1+EmiHnim2n2H;
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%CALCULATION OF c¢5) See Section "Fourth-order Moment"
%

% E{rk1 rliH rm2 rn2H}

%

Rk111Hm2n2H=. ..

Ek111Hm2n2H+*E4malS '+Ek111H*E2malS '+Em2n2H +. ..
Ekim2*E2malS **#E11Hn2H+Kk1n2H+*E2malS *E11Hm2 +. ..
K11Hm2*E2malS **Ekin2H+K11Hn2H*E2mals *#Ekim2 +. ..
Km2n2H*E2malS '+Ek111H+Ek111Hm2n2H;

%CALCULATION OF c6) See Section "Fourth-order Moment"
%

% E{rmiH rni rk2H rl2}
%
RmiHn1k?2H12=...

KmiHn1k2H12*E4malS '+Km1Hn1*E2malS **Ek2H12 +. ..
KmiHk2H#E2malS '#En112+Km1H12+#E2malS '*Enik2H +. ..
Knik2H+E2mals'*Em1iH12+Kn112+#E2mals **Emi Hk2H +. ..
Kk2H12#*E2mal5 '#EmiHn1+EmiHn1k2H12;

Y CALCULATION OF c7) See Section "Fourth-order Moment'
%

% E{rkl rliH rk2H rm2}
A
Rk111Hk2Hm2=. ..

Kk111Hk2Hm2+E4malS ’+Kk111H+*E2malS’«Ek2Hm2 +. ..
Kk1k2H*E2malS’'*E11Hm2+Kkim2+E2malS *#«E11HK2H +. ..
K11Hk2H*E2malS’*Ekim2+K11Hm2*E2malS *Ek1k2H +. ..
Kk2Hm2*E2malS’'+Ek111H+Ek111Hk2Hm?2;

ACALCULATION OF c8) See Section "Fourth-order Moment"

%

% E{rmiH rni rl2 rn2H}
%

RmiHn112n2H=...

KmiHn112n2H*E4malS +Km1Hn1+E2malS '+#E12n2H +. ..
KmiH12*E2malS’*Enin2H+Km1Hn2H*E2malS **En112 +. ..
Kn112#E2malS ’#Em1Hn2H+Knin2H*E2malS  *Em1H12 +. ..
K12n2H*E2malS’ *Em1Hn1+EmiHn112n2H;

%CALCULATION OF c9) See Section "Fourth-order Moment"
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%

% E{rk1 rliH rl2 rn2H}
%
Rk111H12n2H=. ..

Kk111H12n2H#E4malS +Kk111H#+E2malS *E12n2H +. ..
Kk112+E2malS’*E11Hn2H+Kk1n2H*E2malS *E11H12 +. ..
K11H12#*E2malS '*Ek1n2H+K11Hn2H+E2malS *+Ek112 +. ..
K12n2H*E2malS’*Ek111H+Ek111H12n2H;

%CALCULATION OF c10) See Section "Fourth-order Moment"
%

% E{rmiH rnl rk2H rm2}
%
RmiHnik2Hm2=, ..

KmiHnik2Hm2#E4malS ’+KmiHn1*E2malS’ #Ek2Hm2 +. . .
EmiHk2H*E2malS’*Enim2+Km1Hm2*E2malS *En1k2H +. ..
Knik2H*E2malS’+*EmiHm2+Knim2+E2malS *#EmiHk2H +. ..
Kk2Hm2*E2malS’+EmiHni+EmiHn1k2Hm2;

%CALCULATION OF ci1) See Section "Fourth-order Moment"
A

Y E{rkl rl1iH rk2H rn2H}

%

Rk111Hk2Hn2H=. ..

Kk111Hk2Hn2H+E4malS ’+Kk111H#E2malS **Ek2Hn2H +. ..
Kk1k2H#*E2malS'*E11Hn2H+Kk1n2H*E2malS '+E11HK2H +. ..
K1iHk2H*E2malS’+Ek1n2H+K11Hn2H*E2malS *Ek1k2H +. ..
Kk2Hn2H#E2malS ’*Ek111H+Ek111Hk2Hn2H;

%CALCULATIDN OF c12) See Section "Fourth-order Moment"

%

% E{rmiH rni rl2 rm2}
%

RmiHn112m2=, ..

EmiHn112m2#Ed4malS ’+EmiHn1+E2malS #E12m2 +. ..
KmiH12+#E2malS’+Enim2+KmiHm2+E2malS ’+#Enil2 +. ..
Kn112+#E2malS ’+#EmiHm2+Knim2*E2malS’ *Em1H12 +. ..
K12m2+E2malS **EmiHn1+Em1Hn112m2;

%CALCULATION OF c13) See Section "Fourth-order Moment"
%
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% E{rki rliH rl2 rm2}

%

Rk111H12m2=...

Kk111H12m2#E4malS '+Kk111H*E2mals **E12m2 +. ..
Kk112#E2malS '+E11Hm2+Kkim2+E2malS’«E11H12 +. ..
K11H12#E2malS’*Ek1m2+K11Hm2+E2malS *#Ek112 +. ..
K12m2#E2malS’+Ek111H+Ek111H12m2;

%CALCULATION OF c14) See Section "Fourth-order Moment'
%

% E{rmiH rn1 rk2H rn2H}

%

EmiHn1k2Hn2H=. ..
KmiHnik2Hn2H*E4malS’+KmiHn1*E2malS **Ek2Hn2H +. ..
KmiHk2H*E2malS **Enin2H+Km1Hn2H*E2malS '#En1k2H +. ..
Knik2H*E2malS?’+Em1Hn2H+Kn1n2H*E2malS ’#EmiHk2H +. ..
Ek2Hn2H#*E2malS '*Em1Hn1+EmiHn1k2Hn2H;

%CALCULATION OF c15) See Section "Fourth-order Moment'

%

% E{rki rmiH rk2H rm2}
%

RkimiHk2Hm2=, ..

KkimiHk2Hm2*E4malS '+KkimiH+E2malS’#Ek2Hm2 +. ..
Kk1k2H*E2malS’*EmiHm2+Kk1m2#E2malS **EmiHk2H +. ..
EmiHk2H#*E2malS’+Ekim2+Km1Hm2+E2malS *Ek1k2H +. ..
Kk2Hm2#*E2malS’*Ekimi H+EkimiHk2Hm2 ;

%CALCULATION OF c¢16) See Section "Fourth-order Moment"
%

% E{rliH rnil rl?2 rn2H}
%
R11Hn112n2H=, ..

K11Hn112n2H#E4malS +K11Hn1*E2malS *E12n2H +...
K11H12#E2malS’+Enin2H+K11Hn2H*E2malS *#En1l2 +...
Kn112+E2malS **E11Hn2H+Knin2H+E2malS’+EL1H12 +. ..
K12n2H+E2malS’+#E11Hn1+E11Hn112n2H;
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%CALCULATION OF c17) See Section "Fourth-order Moment"
%

% E{rk1l rmiH rl2 rn2H}
%
RkimiH12n2H=. ..

KkimiH12n2H*E4malS ’+KkimiH*E2malS *E12n2H +...
Kk112#E2malS '+Em1Hn2H+Kk1n2H*E2malS  «Em1H12 +. ..
KmiH12*E2malS '+*Ek1in2H+Km1Hn2H+E2mals **Ek112 +. ..
K12n2H+*E2malS’*Ek1miH+Ek1miH12n2H;

WCALCULATION OF c18) See Section "Fourth-order Moment"
%

% E{r1iH rni1 rk2H rm2}
%
R11Hn1k2Hm2=. ..

K11Hn1k2Hm2*E4malS ’+K11Hn1+E2malS *Ek2Hm2 +. ..
K11Hk2H#E2malS’*Enim2+K11Hm2*E2malS '*En1k2H +. ..
Knik2H*E2malS’*E11Hm2+Knim2#E2malS **E11Hk2H +. ..
Kk2Hm2+E2malS’*E11Hn1+E11Hn1k2Hm?2;

CALCULATION OF c19) See Section "Fourth-order Moment"
%

% E{rk1 rmiH rk2H rn2H}

%

RkimiHk2Hn2H=. ..
KkimiHk2Hn2H*E4malS’+Kkim1H*E2malS **Ek2Hn2H +. ..
Kk1k2H*E2malS ' *Em1iHn2H+Kk1n2H+E2malS **Em1Hk2H +. ..
EmiHk2H+*E2malS ’+Ek1in2H+Em1Hn2H*E2malS **Ek1k2H +. . .
Kk2Hn2H*E2malS ' *EkimiH+Ekimi1Hk2Hn2H;

%CALCULATION OF c20) See Section "Fourth-order Moment"
%

% E{rliH rnl rl2 rm2}
%
R11Hn112m2=, ..

K11Hn112m2+E4malS’+K11Hn1*E2malS ’+E12m2 +...
K11H12+E2malS’*Enim2+K11Hm2+E2mals ’+*En112 +. ..
Kn112+%E2malS ’+E11Hm2+Knim2*E2malS  *E11H12 +. ..
K12m2#*E2malS *E11Hn1+E11Hn112m2;

WCALCULATION OF c21) See Section "Fourth-order Moment"

%
% E{rkt rmiH rl2 rm2}
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%

RkimiH12m2=. ..

KkimlH12m2+E4malS '+Kkim1H*E2malsS *+E12m2 +. ..
Kk112+E2malS ’*EmiHm2+Kk1m2+E2malS**EmiH12 +. ..
KmiH12+E2malS’*Ekim2+Km1Hm2+E2mals **Ek112 +. ..
K12m2*E2mals’*EkimiH+Ekim1H12m2 ;

%CALCULATION OF c22) See Section "Fourth-order Moment"

A

A E{rliH rn1 rk2H rn2H}
%

R11Hn1k2Hn2H=...

K11Hn1k2Hn2H#E4malS’+K11Hn1*E2malS > *Ek2Hn2H +. ..
K11Hk2H*E2malS’*Enin2H+K11Hn2H*E2malS **Enik2H +. ..
Knik2H+E2malSs’+E11Hn2H+Knin2H+E2malS *+EL11Hk2H +. . .
Kk2Hn2H*E2malS’*E11Hn1+E11Hn1k2Hn2H;

ACALCULATION OF c23) See Section "Fourth-order Moment"
%

Y E{rk1l rnl rk2H rn2H}

%

Rkinlk2Hn2H=...

Kkinik2Hn2H*E4malS ’+Kk1inl*E2malS **Ek2Hn2H +. ..
Kk1k2H*E2malS’*Enin2H+Kkin2H+E2malS ’*En1k2H +. ..
Knik2H#*E2malS’#*Ek1in2H+Knin2H+E2malS *Ek1k2H +. ..
Kk2Hn2H*E2malS’+*Ekin1+Ekinik2Hn2H;

%CALCULATION OF c24) See Section "Fourth-order Moment"
%

% E{rliH rmiH rl2 rm2}
%
R11HmiH12m2=. ..

K11Hm1H12m2+*E4malS *+K11HmiH*E2malS *#E12m2 +. ..
K11H12#E2malS’#Em1Hm2+K11Hm2+E2malS *Em1H12 +. ..
Kmi1H12#E2malS’+#E11Hm2+Km1Hm2+E2malS’*EL11H12 +. ..
K12m2*E2malsS '*E11HmiH+E11Hm1H12m2;

Y%CALCULATION OF c25) See Section "Fourth-order Moment"
%

% E{rki rnl rl2 rm2}
%
Rkin1l2m2=. ..

Kkin112m2*E4malS’+Kkin1#E2malS’*E12m2 +. ..
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Kk112+EZmalS '+Enim2+Kk1m2+E2malS’*En112 +. ..
KEn112+#E2malsS '*Ekim2+En1m2+E2malS **Ek112 +. ..
K12m2*E2malS’*Ekini1+Ekinil2m2;

%CALCULATION OF c26) See Section "Fourth-order Moment"

%

% E{rliH rmiH rk2H rn2H}
%

R11Hm1Hk2Hn2H=. ..

K1iHmiHk2Hn2H*E4malS *+K11HmiH*E2malS **Ek2Hn2H +. ..
K11Hk2H*E2malS ’*Em1Hn2H+K11Hn2H+*E2malS *#+Em1Hk2H +. ..
KEmiHk2H+E2malS '+E11Hn2H+Km1Hn2H*E2malS *+E11Hk2H +. ..
Kk2Hn2H+E2mals '+E11Hm1H+E11Hm1Hk2Hn2H;

ACALCULATION OF d) See Section '"Second-order Moment"
%

% E{rk1 rliH}

%

Rk111H= Kk111H#E2malS'+Ek111H;

%CALCULATION OF d2) See Section "Second-order Moment'
%

% E{rm2 rn2H}

%

Rm2n2H= Km2n2H+E2malS’+Em2n2H;

%CALCULATION OF d3) See Section "Fourth-order Moment
%

% E{rk2H rl2}

%

Rk2H12= Kk2H12+*E2malS’+Ek2H12;

Y% CALCULATION OF d4) See Section "Fourth-order Moment"
b/

% E{rl2 rn2H}

%

R12n2H= K12n2H*E2malS’+E12n2H;

Y%CALCULATION OF d5) See Section "Fourth-order Moment'
%

% E{rk2H rm2}

%

Rk2Hm2= Kk2Hm2+E2malS’+Ek2Hm2;
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%CALCULATION OF d6) See Section "Fourth-order Moment"
%

% E{rl2 rm2}

A

R12m2= K12m2+E2malS’+E12m2;

Y.CALCULATION OF d7) See Section "Fourth-order Moment"
%

% E{rk2H rn2H}

%

Rk2Hn2H= Kk2Hn2H#*E2malS ’+Ek2Hn2H;

Y.CALCULATION OF d8) See Section "Fourth-order Moment"
%

% E{rmiH rni}

%

RmiHni= KmiHn1*E2malS’+EmiHnl;

%CALCULATION OF d9) See Section "Fourth-order Moment"
%

% E{rk1l rmiH}

%

RkimiH= KkimiH#E2malS’+EkimiH;

YCALCULATION OF d10) See Section "Fourth-order Moment"
%

% E{rliH rni}

h

R1iHn1= K11Hn1#E2malS’+El1iHn1;

YCALCULATION OF d11) See Section "Fourth-order Moment"
%

% E{rk1 rni}

%

Rkinl= Kkinl*E2malS’+Ekinl;

YCALCULATION OF d12) See Section "Fourth-order Moment"
%

% E{rl1H rmiH}

%

R11HmiH= K11HmiH+*E2malS ’+E11HmiH;
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WCALCULATION OF 1)

%See Chapter "The finite-sample covariance of the fourth-order sample cumulant"
pA

Y% sum(sum(E{rki(t) rl1H{t) rmiH(t) rni(t) rk2H(p) r12(p) rm2(p} rn2H(p)}))

% t p

%

sum1=H*Rk111Hm1Hn1k2H12m2n2H+(N. 2-N)*Rk111Hm1Hn1*Rk2H12m2n2H;

CALCULATION OF 2a)
%See Chapter "The finite-sample covariance of the fourth-order sample cumulant'
h
% sum(sum(sum(E{rk1(t) r11H(t) rmiH(t) rni(t) rk2H(p) r12(p) rm2(q) rn2H(q)})))
't p o q
h
sum2a= N *Rk111HmiHn1k2H12m2n2H+. ..
(H.~2-N)*Rk111HmiHn1*Rk2H12m2n2H+. ..
(H."2-H)*Rk111HmiHn1k2H12+#Rm2n2H+. . .
(H."2-H)*Rk11iHmiHnim2n2H*Rk2H12+.. .
(H.~3-3#N."2+2%H) *Rk111Hm1Hn1*Rk2H12*Rm2n2H;

%CALCULATION DF 2b)
%See Chapter "The finite-sample covariance of the fourth-order sample cumulant"
% sum(sum(sum(E{rk1(t) rliH(t) rmiH(t) rn1(t) rk2H(p) rm2(p) rl2(q) rn2H(q)})))
“t p q
%
sum2b= N #*Rk111Hm1Hn1k2H12m2n2H+. . .
(N."2-N)*Rk111HmiHn1+*Rk2H12m2n2H+. . .
(N."2-N)*Rk1l1HmiHn1k2Hm2+R12n2H+. . .
(H.~2-H)*Rk111HmiHn112n2H*Rk2Hm2+. . .
(N."3-3%H."2+2+0)*Rk111Hm1Hn1#Rk2Hm2*R12n2H;

ACALCULATION OF 2c)
"\See Chapter "The finite-sample covariance of the fourth-order sample cumulant"
h
Y% sum(sum(sum(E{rk1(t) r1iH(t) rmiH(t) rni(t) rk2H(p) rn2H(p) rl2(q) rm2(q)})))
%“ t p q
%
sum2c= N *Rk111Hm1Hn1k2H12m2n2H+. ..
(H."2-H)*Rk111HmiHn1#*Rk2H12m2n2H+. . .
(H.~2-H)*Rk111HmiHn1k2Hn2H*R12m2+.. .
(H.~2-H)*Rkil1HmiHni12m2#*Rk2Hn2H+. . .
(H.~3-3#N."2+2+N)*Rk111Hm1Hn1*#Rk2Hn2H*R12m2;



%CALCULATION OF 3a)

%See Chapter "The finite-sample covariance of the fourth-order sample cumulant"

%

Ysum(sum{sum(sum(E{rk1(t) rliH(t) rmiH{p) rni(p) rk2H(g) r12(q) rm2(s) rn2H(s)}))))

“t p q s

h

sum3a= N *Rk111Hm1Hn1k2H12m2n2H+. ..
(. 2-N)*Rk111H*Rm1Hn1k2H12m2n2H+. ..
(H.~2-H)*RmiHn1*Rk111Hk2H12m2n2H+. ..
(H.~2-H)*Rk2H12*Rk111HmiHnim2n2H+. ..
(N.~2-N)*Rm2n2H*Rk111HmiHn1k2H12+. ..
(H.~2-H)*Rk111Hm1Hn1*Rk2H12m2n2H+. ..
(H.~2-H)*Rk111Hk2H12*RmiHnim2n2H+. ..
(H.~2-H)*Rk111Hm2n2H*RmiHn1k2H12+. ..
(N.~3-3*§."2+2+N)*Rk111Hm1Hn1*Rk2H12#Rm2n2H +. ..
(H.~3-3*N."2+2*N0) *Rk111Hk2H12*RmiHn1*Rm2n2H +. ..
(N."3-3*N."2+2*N0) *Rk111Hm2n2H*RmiHn1*Rk2H12 +. ..
(. ~3-3*§.~2+2*N) *RmiHn1k2H12*Rk111H*Rm2n2H +. ..
(H.~3-3+H."2+2%H) *Rm1Hnim2n2H*Rk111H*Rk2H12 +. ..
(N."3-3#N,"2+2*H)*Rk2H12m2n2H*Rk111H*RmiHnl +...
(H."4-6#H."3+11*N."2-6%N)*Rk111H*Rm1Hn1*Rk2H12%Rm2n2H;

%CALCULATION OF 3b)

%See Chapter "The finite-sample covariance of the fourth-order sample cumulant"

%

Y%sum(sum(sum(sum(E{rk1(t) rl1iH(t) rmiH(p) rn1(p) rk2H(q) rm2(q) rl2(s) rn2H(s)}))))

“t p q s

h

sum3b= N *Rk111Hm1Hnik2H12m2n2H+. ..
(H."2-H)*Rk111H*RmiHn1k2H12m2n2H+. ..
(N.~2=-N)*Rm1Hn1#Rk111Hk2H12m2n2H+. ..
(N."2-N)*Rk2Hm2*Rk111Hm1Hn112n2H+, ..
(H."2-H)*R12n2H*Rk111HmiHnik2Hm2+. ..
(N."2-H)*Rk111Hm1iHn1*Rk2H12m2n2H+. ..
(N."2-0)*Rk111Hk2Hm2*Rm1Hn112n2H+. ..
(N.~2-H)*Rk111H12n2H*RmiHn1k2Hm2+. ..
(H,~3-3#H.72+2+H)*Rk111Hm1Hn1+Rk2Hm2#R12n2H +. ..
(H.~3-3#+H."2+2+H)*Rk111Hk2Hm2#*Rm1Hn1#R12n2H +. ..
(N.~3-3+H."2+2+N)*Rk111H12n2H+RmiHn1*Rk2Hm2 +. ..
(H.~3-3+H.~2+2+N) *RmiHn1k2Hm2+#Rk111H*R12n2H +. ..
(N."3-3+H."2+2+H) #*Rm1Hn112n2H*Rk111H*#Rk2Hm2 +. ..
(H.~3-3+H.°2+2+H)*Rk2H12m2n2H*Rk111H*Rmilnl +...
(H. 4-6+H."3+11*H."2-6%N)*Rk111H*RmiHn1*Rk2Hm2*R12n2H;
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YCALCULATION OF 3¢)

%See Chapter "The finite-sample covariance of the fourth-order sample cumulant"

%

Ysum(sum(sum(sum(E{rk1(t) rl11H(t) rmiH(p) rni(p) rk2H(q) rn2H(q) rl2(s) rm2(s)}))))

Yt p q s

%

sum3c= N #*Rk111HmiHn1k2H12m2n2H+. ..
(N."2-N)*Rk111H*Rm1Hn1k2H12m2n2H+. ..
(H."2-H)*EmiHn1*Rk111Hk2H12m2n2H+. ..
(N.~2-0)*Rk2Hn2H*Rk111Hm1Hn112m2+. ..
(N."2-H)*R12m2+Rk111HmiHn1k2Hn2H+. ..
(N."2-N)*Rk111HmiHn1+#Rk2H12m2n2H+. ..
(H."2-H)*Rk111Hk2Hn2H*Rm1Hn112m2+, ..
(H."2-H)*Rk111H12m2*Rm1Hn1k2Hn2H+. ..
(N.~3-3+0."2+2+0)*Rk111HmiHn1*Rk2Hn2H*R12m2 +. ..
(H.~3-3%H."2+2%H)*Rk111Hk2Hn2H*#Rm1Hn1*R12m2 +. ..
(N.~3-3%N."2+2+H) *Rk111H12m2+RmiHn1*#Rk2Hn2H +. ..
(H.~3-3%H."2+2*N) *Rm1Hn1k2Hn2H*Rk111H*R12m2 +. ..
(H.~3-3#0.72+2+H0)*Rm1Hn112m2+Rk111H#*Rk2Hn2H +. .,
(N.~3-3*H."2+2+*H)*Rk2H12m2n2H*Rk111H#RmiHnl +. ..
(H."4-6%H."3+11+N."2-6#H) *Rk111H*RmiHn1*Rk2Hn2H*R12m2;

%CALCULATIODN OF 3d)
%.See Chapter "The finite-sample covariance of the fourth-order sample cumulant"
%
%sum(sum(sum(sum(E{rk1(t) rmiH(t) r11H(p) rn1(p) rk2H(q) rm2(q) rl2(s) rn2H(s)})}})
“t p q s
%
sun3d= W #Rk111Hm1Hn1k2H12m2n2H+. ..
(H.~2-0)*RkimiH*R11Hn1k2H12m2n2H+. . .
(N.~2-H)*R11Hn1*Rkim1Hk2H12m2n2H+. ..
(H."2-H)*Rk2Hm2*Rk111Hm1Hn112n2H+. ..
(H."2-H)*R12n2H*Rk111HmiHn1k2Hm2+. ..
(H."2-H)*Rk111HmiHn1#Rk2H12m2n2H+. ..
(H.~2-N)*Rk1miHk2Hm2*R11Hn112n2H+. ..
(H.~2-H)*RkimiH12n2H*R11Hn1k2Hm2+. . .
(H.~3-3%0."2+2+H)*Rk111Hm1Hn1+#Rk2Hm2*R12n2H +. ..
(H.~3-3#H."2+2+0) *Rk1m1Hk2Hm2*R11Hn1+R12n2H +. ..
(H.~3-3+H."2+2+H)*Rk1m1H12n2H*R11Hn1*Rk2Hm2 +. ..
(H."3-3%H."2+2+H) *R11Hn1k2Hm2*Rk1im1H*R12n2H +. ..
(H."3-3%H.72+2+0)*R11Hn112n2H*Rkim1H*Rk2Hm2 +. ..
(H.~3-3*0."2+2*H) *Rk2H12m2n2H*Rkim1H#*R11Hnl +...

94



(H.~4-6%N.73+11#N . 2-6*N)*Rkim1H*R11Hn1*Rk2Hm2*R12n2H;

%CALCULATION OF 3e)

%See Chapter "The finite-sample covariance of the fourth-order sample cumulant"

%

%sum(sum(sum(sum(E{rk1(t) rmiH(t) rl11H(p) rni(p) rk2H(q) rn2H(q) rl2(s) rm2(s)}))))

“t p q s

h

sum3e= N *Rk111HmiHn1k2H12m2n2H+. ..
(H.~2-H)*RkimiH*R11Hn1k2H12m2n2H+. ..
(H.~2-F)*R11Hni*RkimiHk2H12m2n2H+. ..
(N."2-H)*Rk2Hn2H*Rk111Hm1Hn112m2+. ..
(N.~2-H)*R12m2*Rk111kmiHn1k2Hn2H+. ..
(H.~2-H)*Rk111Hm1Hni*Rk2H12m2n2H+. ..
(H.~2-N)*RkimiHk2Hn2H*R11Hn112m2+. ..
(N."2-W)*RkimiH12m2*R11Hnik2Hn2H+. .
(H.~3-3#N."2+2#0)*Rk111HmiHn1*Rk2Hn2H*R12m2 +...
(H.~3-3#H."2+2+N) *Rkim1Hk2Hn2H#R11Hn1#R12m2 +...
(H."3-3#0,72+2+H) *Rkim1H12m2+R11Hn1#Rk2Hn2H +. ..
(H."3-3%H."2+2#H)*R11Hn1k2Hn2H+«Rkim1H*R12m2 +...
(H.~3-3+N."2+2*N0)*R11Hn112m2*Rkim1 H*Rk2Hn2H +. ..
(H."3-3%N,~2+2*N) *Rk2H12m2n2H*Rkim1H*R11Hnl +. .
(H."4-6#N0."3+11#N.~2-6%H)*Rkim1H*R11Hn1*Rk2Hn2H*R12m2;

%CALCULATION OF 3f)
%See Chapter "The finite-sample covariance of the fourth-order sample cumulant"
%
Ysum(sum(sum(sum(E{rk1(t) rni(t) rliH(p) rmiH(p) rk2H(q) rn2H(q) rl2(s) rm2(s)}))))
%t p q =
%
sum3f= W *Rk111Hm1Hn1k2H12m2n2H+. ..
(H."2-H)*Rkin1*R11Hm1Hk2H12m2n2H+. . .
(N.~2-H)*R11Hm1H*Rk1in1k2H12m2n2H+. ..
(.~ 2-H)*Rk2Hn2H#*Rk111HmiHn112m2+. ..
(H.~2-H)*R12m2*Rk111HmiHn1k2Hn2H+. ..
(H.~2-H)*Rk111Hm1Hn1#Rk2H12m2n2H+. ..
(H.~2-H)*Rkin1k2Hn2H*R11HmiH12m2+. ..
(H."2-H)*Rkin112m2*R11HmiHk2Hn2H+. ..
(H."3-3#H.72+2+N0)*Rk111HmiHn1*Rk2Hn2H*R12m2 +. ..
(H.~3-3#N."2+2#N0)*Rkin1k2Hn2H*R11HmiH*R12m2 +. ..
(N."3-3#N."2+2+N)*Rkin112m2*R11Hm1 H#Rk2Hn2H +. ..
(N."3-3%H."2+2+N)*R11HmiHk2Hn2H*Rkin1 #R12m2 +. ..
(H.~3-3+H.~2+2+H)*R11Hm1H12m2*Rkin1*Rk2Hn2H +. ..

95



(H."3-3*N."2+2#H) *Rk2H12m2n2H*Rkin1*R11HmiH +. ..
(H."4-6%N0."3+11#N.~2-6*0) *Rk1n1#R11HmiH*Rk2Hn2H+R12m2 ;

if nargin<6, alpha=(N."2-N)./(H+2); end;
if nargin<7, beta=N.~2-N; end;

%
% Calculation of the expected value E{c"}

A

H=H(:)?;
1H=ones(1,length(N));
Ecalll = H.+(1HN./alpha-3*1K./beta)*Rk111HmiHnl...
-(H."2-H)./beta*(Rk111H*EmiHni+Rkim1H*R11Hn1+Rk1n1*R11HmiH) ;
Ecall2 = N.#*(1N./alpha-3#1N./beta)*Rk2H12m2n2H. ..
-(H."2-H) ./beta* (Rk2H12+#Rm2n2H+Rk2Hm2*R12n2H+Rk 2Hn2H*R12m2) ;

%

% ...finally the last step!!!!

%

cov4=sumi./alpha. 2 -2#real(sum2a+sum2b+sum2c)./(alpha.*beta) +...
(sum3a+sum3d+sum3f)./beta.”2 + ...
2#real (sum3b+sum3c+sum3e) . /beta.”2-...
Ecalll.*Ecall?2;

if nargout>4
covdasymp=cov4(length(covd));
covd=cov4(1:length(covd)-1);
Ecallil=Ecalli(1:length(Ecalll)-1);
Ecall2=Ecall2(1:length(Ecall2)-1);

end

%Calculation of the covariance of the "Biased Estimator"
if nargout>3
Ecallib = (1N-3#1N./H)#*RkiliHmiHni...
-(1§-1N./H)*(Rk111H#RmiHn1+Rkim1H*R11Hn1+Rkin1*R11HmiH) ;

Ecall2b = (1H-3#1N./H)*Rk2H12m2n2H...
-(1N-1N./N)*(Rk2H12*Rm2n2H+Rk2Hm2#R12n2H+Rk2Hn2H*R12m2) ;

covdbiased = suml./N.~2 -2¢real(sum2a+sum2b+sum2c)./(H."3) +...
(sum3a+sum3d+sum3f)./H."4 + ...
2*real (sum3b+sum3c+sum3e) . /H."4~. ..
Ecalllb.*Ecall2b;
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if nargout>4
covédbiasedasymp=cov4biased(length(covdbiased));
covdbiased=cov4biased(1:length(covibiased)-1};
Ecallilb=Ecallib(i:length{Ecallib)-1);
Ecall2b=Ecall2b(1:length{(Ecall2b)-1);

end

end

%Calculation of the relative error between the asymptotic and the finite

Ydata length covariance

if (nargout>4)
B=H{1:length(H)-1);
relerror=(l.*cov4-NHasymp*cov4asymp) ./ (H.*covd) ;
if nargout>5
relerrorbiased=(H.*covdbiased-Nasymp*cov4biasedasymp) ./(N.*covdbiased);
end

end

4.4 xmaln.m

function xmn=xmaln(index,gn)
%XMALN M-File for simplifying the notation in covxall.m (x=2,3,4).
%

% Syntax:

% xmn = xmaln(index,gn)

A where

% index = contains the indices of the moment, eventually

A multiplied with an “j" to indicate that the

pA correspondent random variable is conjugated.

% Example: For calculating E{n1 n2 n5 n2°H n7"H}

%

% index = [1 2 5 j*2 j*7]

%

% gn = [ghni,2 gRn1,3 .... gRnl,K

% gIni1,2 gIni,3 .... gIni,K

% 3 : :

% gRnM,2 gRnM,3 .... ghoM,K

h gInM,2 gInM,3 .... gInM,K]

%

A Matrix that contains all moments of the real- and
% imaginary signal part from the second to the Kth-
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% moment, where K=length(index).

% The following example explains the abbrevations:

% gRn1,3 = 3rd moment of the realpart of signal 1
%Extracting of the important information in the index-vector

indexi=abs(index);

index2=-2#sign(abs(index-real(index)))+1; %index2=1 if random variable is real

% =1 if " " " imag.
K=length(index) ;
%Insertion of the first moment
[H,gn_colsl=size(gn);
gn=[zeros(H,1) gnl;
[sig_ind,I]=sort(indexi);
sig_ind=[sig_ind -1];
index2=index2(I); %Proper sorting of index2
xmn=1;
momz=1;

for i=2:K+1 YLoop for determining equal random variables
if sig_ind(i)==sig_ind(i-1)
momz=momz+1 ;
else
sum=0;
hindex2=index2(i-momz:i-1);
for m=1:2"momz YLoop on all 2"momz summands
M=gerade(ceil (m* (ones(1,momz)./exp{(momz-1:-1:0)%log(2)))))+1;
[sig_ind2,I2]=sort(M);
sig_ind2=[sig_ind2 -1];
hhindex2=hindex2(I2);
momz2=1;
hilf=1;
hj=1;
for 1=2:momz+1
if sig_ind2(1)==sig_ind2(1-1)
momz2=momz2+1 ;
Ind=2#sig_ind(i-1)+sig_ind2(1-1)-2;
if gerade(Ind)
hj=hj*sqrt(-1)*hhindex2(1-1);

end

98



else
Ind=2#sig_ind(i-1)+sig_ind2(1-1)-2;
if gerade(Ind)
hilf=hilf*gn(Ind,momz2)*sqrt(-1)*hhindex2(1-1)*hj;
else
hilf=hilf*gn(Ind,momz2);
end
momz2=1;
end
end
sum=sum+hilf;
end
Xmn=xmn*sum;
momz=1;
end

end
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