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Abstract

Nanotubes can process noisy signals. We present two central results in support of this
general thesis and make an informed extrapolation that uses nanotubes to improve body
armor.

The first result is that noise can help nanotubes detect weak signals. The finding
confirmed a stochastic-resonance theoretical prediction that noise can enhance detection
at the nano-level. Laboratory experiments with nanotubes showed that three types of
noise improved three measures of detection.

Small amounts of Gaussian, uniform, and Cauchy additive white noise increased
mutual-information, cross-correlation, and bit-error-rate measures before degrading them
with further increases in noise. Nanotubes can apply this noise-enhancement and nano-
tube electrical and mechanical properties to improve signal processing. Similar noise-
enhancement may benefit a proposed nanotube-array cochlear-model spectral process-
ing.

The second result is that nanotube antennas can directly detect narrowband electro-
magnetic (EM) signals. The finding showed that nanotube and thin-wire dipoles are
similar: They are resonant and narrowband and can implement linear-array designs if
the EM waves in the nanotubes propagate at or near the free-space velocity of light.

The nanotube-antenna prediction is based on a Fresnel-zone or near-zone analysis

of antenna impedance using a quantum-conductor model. The analysis also predicts a



failure to resonate if the nanotube EM-wave propagation is much slower than free-space
light propagation.

We extrapolate based on applied and theoretical analysis of body armor. Field
experiments used a baseball comparison and statistical and other techniques to model
body-armor bruising effects. A baseball comparison showed that a large caliber handgun
bullet can hit an armored chest as hard as a fast baseball can hit a bare chest. Adaptive
fuzzy systems learned to predict a bruise profile directly from the experimental data
and also from statistical analysis of the data. Nanotube signal processing should help
disguise armor by adapting camouflage to match changing backgrounds while nanotube

additives should strengthen armor materials.
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Chapter 1

Introduction

Nanotubes can process noisy signals in a variety of contexts. We present two key
results in support of this general thesis and propose a related research direction that
uses nanotubes to improve body armor.

The first result is an empirical finding based on laboratory experiments with carbon
nanotubes. It showed that electrical noise can help carbon nanotubes detect subthreshold
pulse-train signals. Similar noise enhancement may benefit a proposed nanotube-array
architecture for cochlear spectral processing.

The second result is a theoretical finding based on near-field analysis of nanotube
antennas. The antennas detect narrowband electromagnetic (EM) signals. The finding
showed that nanotubes can act as narrowband resonant antennas that are similar to thin-
wire dipoles if the EM waves in the nanotube antenna propagate at or near the free-space
velocity of light.

The proposed research direction arose from applied and theoretical analysis of body
armor. Field experiments used statistical and other techniques to model body-armor
bruising effects. Nanotube signal processing should help armor camouflage adapt to

changing circumstances just as nanotube additives should strengthen armor materials.

1.1 Noise Can Help Nanotubes Detect Signals

A singlewall-nanotube transistor exhibited noise-enhanced signal detection. Our

experiments found that small amounts of electrical noise can help a nanotube transistor



detect subthreshold pulse-train voltage signals. This observation confirms a stochastic-
resonance (SR) theoretical prediction that a threshold exhibits SR [254].

The experiments interpreted the nanotube transistor (such as in [492]) as a threshold
detector. The detector had a threshold-like input-output characteristic in Figure 1.1(a):
It produced little current for subthreshold input voltages that fed its gate. The figure
also shows that additive noise helped the subthreshold input voltages generate larger
currents.

Figure 1.1(b) presents a sample of the nanotube-SR findings. Three measures of
nanotube-detector performance showed the SR effect: Shannon’s mutual information
I(X,Y) [427], a normalized correlation measure C'(X,Y") [87] [88], and an inverted bit
error rate (1—BER) compared the input and output discrete-time random sequences.

Three types of synchronized white noise corrupted the subthreshold Bernoulli
sequences that fed the detector. The Gaussian, the uniform, and the impulsive Cauchy
[254] noise combined with the random input voltage sequences to help the detector
produce random output current sequences.

The experiments applied different Bernoulli input sequences that used different
combinations of subthreshold gate voltages as their ON/OFF symbols. Synchronized
Gaussian, uniform, and infinite-variance Cauchy noise added to the input sequences and
produced the SR effect: They helped the nanotube transistor detect the subthreshold
input.

Figure 1.1(b) shows the nonmonotonic signature of SR for white Gaussian noise.
The modes of the three SR curves occurred for nonzero noise strength with a standard
deviation of at least 0.01. The three SR curves correlated with each other and the
correlation coefficients were R = 0.9830 for the information and the correlation curves,
R = 0.9774 for the information and the bit-error-rate curves, and R = 0.9877 for the

correlation and the bit-error-rate curves with p-value< 0.001 for each. We observed
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(a) Threshold Detector (b) Nanotube SR

Figure 1.1: Noise enhances the performance of a nanotube detector. (a) The stochastic
I-V curve shows a threshold-like gate effect of the p-type nanotube detector. (b)
Experiments gave the nonmonotonic stochastic-resonance signature for additive white
Gaussian noise.

the nanotube SR-effect despite the nanotube instabilities that caused fluctuations in the
stochastic I-V¢; curve in Figure 1.1(a).

The noise-enhanced detection at the nanolevel can have applications in signal
processing because circuits and sensors can exhibit SR. Researchers have reported an
example of noise-enhanced signal processing: Bartz et al. demonstrated an SR-effect
in analog-to-digital converters [40]. Researchers have reported SR-effects in electrical
systems that include Chua’s circuit [18], [17], comparators [178], coupled diode
resonators [291], tunnel diodes [311] [310], Schmitt triggers [323], superconducting
quantum interference devices (SQUIDs) [401] [470] [204], and Josephson junctions
[205] [59]. Other researchers have found that noise helps mammalian cochleae [224]
and cochlear implants [339] detect faint sounds.

Nanotubes can also enhance signal processing by improving transistor circuits.
Researchers have reported that nanotube transistors can be better than silicon transistors.

Nanotube transistors can be small and so can increase device density: Rochefort et al.
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Figure 1.2: Carbon nanotube and silicon transistors are compatible. (a) Circuit
schematic of the nanotube decoder in [444]. The back gate modulates the conductance of
the CNTs. (b) Optical micrograph of part of the circuit that corresponds to the schematic
in (a). Images courtesy of Tseng et al., [444].

predicted that nanotube transistors can have nanometer-size channel length [398]. And
singlewall nanotubes have nanometer-size diameters [386] [431].

Nanotube transistors can operate at high speeds. Diirkop et al. measured higher
carrier mobility that suggests faster switching speeds in nanotubes than in silicon [132].
Burke et al. predicted that nanotube transistors can operate at GHz to THz speeds [67].

Nanotube transistors have high gain [27] and can resist break down. Wei et al.
observed that multiwall nanotubes had high break-down currents and so had large
current densities [463].

Nanotubes are compatible with silicon and electromechanical technologies. Tseng et
al. integrated nanotubes with silicon transistors [444] (see Figure 1.2) and demonstrated
that nanotube transistors are compatible with silicon transistors. Sazonova et al.
produced a nanotube electromechanical oscillator based on a suspended-nanotube
transistor architecture [410] and demonstrated that nanotube electronic circuits are

compatible with electromechanical devices.



Nanotube-enhanced transistors should improve both analog and digital signal-
processing circuits. Nanotube transistors can improve logic gates [31] [114] [228] [317]
and so make digital signal processing faster [67], smaller [398] [386] [431], and tougher
[27] [463]. Nanotube transistors can improve multipliers and amplifiers and so make

analog signal processing more sensitive (large current gain [27]).

1.2 Nanotube Antennas Can Directly Detect EM Signals

Nanotubes can directly detect electromagnetic (EM) signals because they can act as
narrowband resonant dipole antennas. Nanotube impedance resembles thin-wire dipole
impedance if the EM waves in the nanotube dipoles propagate at or near the free-space
velocity of light. So nanotube antennas are resonant and narrowband. The nanotube-
antenna prediction is based on a mathematical analysis of nanotube-antenna impedance.

The nanotube-antenna analysis estimates the induced Fresnel-zone (or near-zone)
electric field due to a current distribution in the nanotube antenna. A key modification of
the induced electromagnetic field (EMF) method alters the assumed current distribution
and replaces a single parameter k, # ko that summarizes the change from a perfect-
conductor model to a quantum-conductor model. The analysis applies to quantum
conductors in general and so the prediction can apply to single-crystal metallic
nanowires [478].

Nanotube dipoles have thin-wire-like resonant length and radiation resistance for
small quantum-induced changes in EM-wave propagation. Figure 1.3 plots nanotube
self impedance versus normalized nanotube length and compares the perfect-conductor
case k, = ko and a limited quantum-conductor case k, = ky. Nanotube dipoles can have
a fundamental resonant length that is approximately half free-space wavelength [ =~ \/2

for small changes in the velocity of EM-wave propagation k, ~ ko. The estimated
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Figure 1.3: Similarity between nanotube and thin-wire dipole impedance for &k, ~
ko. The figures plot the real and imaginary parts of impedance versus a normalized
dipole length k,l. (a) k, = ko corresponds to the perfect-conductor case. (b) k, =
1.1 - ko corresponds to a weak quantum-conductor case. The top five color curves are
nanotube input reactance for five different dipole diameters as a function of compressed
wavelength. The five diameters a/), are 0.009525 (red), 0.006350 (green), 0.004763
(blue), 0.003175 (magenta), and 0.001588 (cyan) from top to bottom. The bottom-most
black curve is the nanotube input reactance.

nanotube impedance has zero reactance (or imaginary part of impedance) so that the
dipole resonates [382] for approximately half-wave dipole lengths.

Resonant nanotube dipoles can have narrower bandwidths than thin-wire dipoles due
to smaller diameter-to-length ratios. Nanotubes have smaller ratios because they are
nanometers in diameter [431] and can be many micrometers [492] to millimeters [212]
in length.

The estimated impedance has resistance (or real part of impedance) that resembles
free-space resistance for the fundamental resonant-dipole length. So nanotube dipoles
have thin-wire like radiation efficiency for &k, ~ kq.

Nanotube dipoles can fail to resonate for large changes in the velocity of EM
wave propagation k, >> kg. Figure 1.4(a) plots nanotube reactance as a function

of normalized dipole length for kK, = 1.45 - ky. The estimated nanotube reactance
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Figure 1.4: Nanotube antenna input impedance for k, >> ky. (a) Nanotube reactance is
all negative and so the nanotube antenna does not resonate for larger k,. (b) Nanotube
input resistance falls rapidly with increasing k,. The input resistance is the nanotube
radiation resistance for the lossless case.

becomes more negative with small increases in &, (Figure 1.3) and eventually becomes
all negative (Figure 1.4(a)). Nanotube dipoles do not resonate for k, >> ko due to
nonzero estimated reactance.

Figure 1.4(b) plots nanotube resonant resistance as a function of k,. The radiation
resistance falls rapidly as k, increases. Nanotube dipoles can become very inefficient
for large k, because the estimated resistance becomes many orders of magnitude smaller
than free-space resistance.

Nanotube antennas can be an attractive design choice for small changes in EM-wave
propagation. Multiwall nanotube and single-crystal nanowire antennas can be better
than nanometer-size thin wires because poly-crystal metal wires can have high intrinsic
resistive-losses and act as poor antennas: Oxidation [335], heating and electromigration
[201] [446], and grain-boundary effects [46] can reduce conductivity for nm-diameter
poly-crystal metal wires. The nanotube (or nanowire) antennas are also better than poly-
crystal wires because they can interface with nanotube (or nanowire) circuits without

high-impedance junctions.



Figure 1.5: The human cochlea in the inner ear. Image courtesy of Alec N. Salt [406].

A proposed nanotube cochlear-model architecture samples a signal’s spectra with
nanotube antennas and processes the signal with nanotube circuits. Mammalian cochlea
separates an input acoustic signal into overlapping frequency bands and samples the
frequency spectrum of the acoustic signal for transduction into electrical nerve impulses
[12]. The cochlea spatially isolates and filters each frequency component of a signal
[453].

The proposed nanotube cochlear-model architecture uses a bank of nanotube
antennas to sample a signal’s spectrum and uses nanotube circuits to filter the sampled
spectrum in the frequency domain. The proposed spectral-processing architecture can
implement signal processing techniques that require an estimate of a signal’s spectrum
or its autocorrelation. The cochlear-model architecture is an example of how nanotube
antennas and circuits can benefit signal processing.

The proposed architecture may also benefit from noise-enhanced detection. This
expectation is an informed extrapolation. The proposed architecture uses nanotube
antennas and transistors for signal processing. Our SR experiments on nanotubes show
that noise-enhancement can benefit nanotube detectors. Noise may also help nanotube-

array antennas detect faint signals. And mammalian cochleae [224] and cochlear



implants [339] use noise to detect faint sounds. So noise should enhance the proposed

nanotube cochlear-model architecture.

1.3 Nanotubes Can Enhance Body-Armor Stealth and

Strength

Nanotube signal processing should help armor adapt camouflage and nanotube additives
should strengthen armor materials. Adaptive camouflage enhances armor performance
by improving disguise. Nanotube signal processing should improve armor stealth by
changing camouflage brightness, color, and pattern to match changing background
conditions.

Stronger armor materials enhance armor performance by resisting bullet impacts and
reducing physiological costs such as bruising. Nanotube additives can increase breaking
strength of fibers and increase toughness of ceramics. Other nano-additives can program
and increase armor stiffness and include silica-nanoparticle shear-thickening fluids and
iron-nanoparticle magneto-rheologic fluids. The nano-enhanced materials can reduce
bullet-armor deformations that can bruise the underlying tissue.

Handgun experiments tested soft body armor and modeled body-armor bruising
effects. We modeled the bruising effects with a baseball comparison, statistical analysis,
and adaptive fuzzy systems. The Appendix contains a detailed report of the field
experiments. The modeling techniques can also apply to nano-enhanced armor.

Nanotubes can adapt camouflage patterns on a nano-strengthened body armor to
increase its stealth. A proposed adaptive camouflage models octopus species such as
Octopus vulgaris and uses nanotubes to coordinate artificial color organs. Nanotube
signal processing can speed up [132] and optimize the camouflage adaptation that

matches a background. Nanotube-enhanced optical detector arrays can have a higher



Figure 1.6: An octopus displays disruptive camouflage. Photo courtesy of John B.
Messenger [325].

sensitivity [484] and a smaller size [398] and so can sample the background with a
higher resolution.

The artificial color organs model octopus chromatomotor fields [325]. A chro-
matomotor cell can selectively display its color by stretching and contracting pigment
sacs. Large arrays of chromatomotor cells form a chromatomotor field that can display
different colors or reflect ambient light. The coordinated display can match background
colors, patterns, and brightness.

The artificial color organs can model the chromatomotor fields with semiconductor
quantum dots, retro-reflectors, and electromechanical actuators. The quantum dots can
be better pigments because they are brighter than chemical dyes and resist breakdown
[385]. Retro-reflectors are brighter than untreated reflectors because micro-size beads
returns incident light rays to their source [393]. And electromechanical actuators [192]
can shutter the artificial pigments and retro-reflectors to program color and reflectivity.

Nanotubes can improve body-armor performance by strengthening polymer fibers
[264] [6] and ceramic plates [371] [428] [482] [481] [489] in body armor. Researchers

have demonstrated that nanotube additives strengthen Zylon fibers [264] that are already

10



stronger than Kevlar fibers and that nanotube additives toughen alumina ceramics [428]
[489]. Other nanomaterials can also strengthen armor.

Nanoparticle rheologic materials can enhance body armor. They can make body
armor programmable and adaptive to optimize armor performance. Lee et al. have
shown that silica nanoparticles in a shear thickening fluid (STF) help Kevlar fabric
stiffen on impact [272]. The STF-treated armor is adaptive and allows less armor
deformation with less armor materials [272].

Deshmukh et al. have predicted that iron nanoparticles in a magneto-rheologic (MR)
fluid can stiffen fabric in a magnetic field [231] [116]. The MR-treated armor can have
programmable toughness. The armor can remain flexible until an applied magnetic field
stiffens it.

Field experiments evaluated body-armor bruising effects. Impact experiments
on Kevlar fabric and gelatin blocks used a bruise profile to measure body armor
performance in terms of a physiological cost. Handguns shot different caliber bullets at
Kevlar-clad ordnance gelatin blocks. A bruise profile models a bullet’s bruising effects
based on the deformation in the Kevlar fabric against a gelatin backing material that
simulates tissue.

We modeled the bruising effects with a baseball comparison and with statistical and
fuzzy techniques. The analysis techniques can also evaluate nano-enhanced armor that
can reduce a bullet’s bruising effects. The baseball comparison found that a .45 caliber
handgun bullet hits an armored chest as hard as a 90 MPH baseball hits a bare chest.
And a .22 caliber bullet can hit an armored chest as hard as a 40 MPH baseball can hit a
bare chest.

Statistical analysis of the experimental data found that armor deformation correlated
with bullet weight, momentum, and kinetic energy. Deformation correlated the least

with kinetic energy and did not correlate with bullet speed for experiments that varied

11



both bullet weight and speed. The experimental data also tuned adaptive fuzzy systems
that can predict bruise profiles for bullets.

The organization of the remaining chapters is as follows: Chapter 2 reviews the
electronic and mechanical properties of nanotubes and their effects in nonlinear devices.

Chapter 3 presents the first key result that noise helps nanotubes detect weak voltage
signals. Section 3.1 discusses how nanotubes can enhance analog and digital signal
processing. And Section 3.2 reports the results of nanotube SR experiments. Noise
enhances nanotube detection at the nano-level.

Chapter 4 presents the second key result that nanotube dipole antennas resemble
thin-wire dipoles and can directly detect electromagnetic signals. Section 4.1 presents
an impedance estimate for nanotube antennas. And Section 4.2 proposes an architecture
that uses nanotube antennas in a cochlear-model signal processing.

Chapter 5 presents the proposed research direction for nanotube-enhanced armor.
Section 5.1 discusses how nanotubes and nanoparticles can enhance body armor.
Section 5.2 summarizes the results of handgun bullet-armor experiments. We evaluated
armor performance with a bruise profile. The Appendix contains the detailed report.
And Section 5.3 proposes an octopus-model adaptive camouflage that applies nanoma-
terials to disguise armor.

Chapter 6 discusses some future work.
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Chapter 2

Nanotubes for Nonlinear Devices

Nanotube-based nonlinear devices can be compact, fast, and sensitive because nan-
otubes are strong, stable, and uniquely conductive. Researchers have demonstrated
that nanotube transistors can have a large current density, a high gain, and a high
carrier mobility. Prototype nanotube sensors have demonstrated high sensitivity and
detection of electromagnetic and acoustic signals as well as different chemicals. This
chapter reviews the mechanical and electronic properties of carbon nanotubes and how
researchers have applied nanotubes to enhance transistors, sensors, antennas, and single-

electron transistors.

2.1 Nanotube Materials and Electronic Properties

Carbon nanotubes have a unique combination of materials properties due to its size,
shape, and carbon bonds. A carbon nanotube is a cylindrical molecular carbon that
is narrow and long. Singlewall nanotubes can be 0.4 nanometers (nm) to 2 nm in
diameter [431], [386] and many millimeters in length [212]. Researchers reported
the first multiwall carbon nanotubes (MWNT) in 1991 [220] and observed singlewall
carbon nanotubes (SWNT) within two years [219]. Other researchers reported that arc-
discharge grown nanotubes are crystallization of liquid or glass-phase carbon [110].
Singlewall carbon nanotubes have good mechanical and electrical properties due to
their shapes and their sp? carbon-carbon bonds [92] (see Figure 2.1). The carbon atoms

form hexagons along the length of a perfect nanotube and form both hexagons and
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Figure 2.1: The sp? hybrid orbitals that form covalent bonds. Each carbon atom uses
three of its four available electrons (one s and two p orbitals) to form three sp? hybrid
orbitals that are coplanar and 120° apart. M. Blaber 1996 [47]

pentagons on the hemispherical end caps (similar to Bucky balls). The hexagons have
ring currents in the graphene structure and can interact with electric and magnetic fields.
Perfect nanotubes are chemically non-reactive because all chemical bonds of the carbon
atoms are satisfied in the graphene structure. The hollow cylinders have a low density
of 1.33 to 1.40 grams per cubic centimeter. This and the carbon bonds give nanotubes
large strength-to-weight ratios.

The sp? carbon-carbon covalent bonds give high mechanical and thermal stability
and resistance to electromigration [27] or degradation from electric currents that
displace atoms and often break fine metal lines in integrated circuits. Nanotubes are
thermally stable up to 2800 degrees Celsius in vacuum and up to 750 °C in air, have
tensile strength of up to 45 billion pascals and Young’s modulus about ten times higher
than that of steel (> 1 TPa) [486], and are resilient-nanotubes can bend and restraighten
without damage [286]. Nanotubes transmit heat at greater than 3,000 watts per Kelvin
per meter (W/K m) at room temperature [246] and can transmit at a predicted 6,600

W/K m at room temperature [440].
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Figure 2.2: Carbon-atom model of singlewall carbon nanotubes. Singlewall carbon
nanotubes exist in a variety of structures corresponding to the many ways a sheet of
graphite can be wrapped into a seamless tube. Each structure has a specific diameter
and chiral (or wrapping) angle «. The armchair structures (¢ = 30°) have metallic
character. The zigzag tubes (v = 0°) can be either semimetallic or semiconducting.
Nanotubes with chiral angles o € [0°, 30°] include both semimetals and semiconductors.
From Weisman 2004 [465].

Nanotube additives strengthen polymer and ceramic composites by adding small
weight percentages of MWNT [134], [482], [489]. Researchers estimate that nanotubes
are 40-50 times stronger than steel wires for a given weight [486]. Some lab-made
nanotube-polymer fibers have tensile strength of 1.8 gigapascals (GPa) that matches
spider silk, Young’s modulus of 80 GPa, and breaking-energy of 570 joules per gram
(J/g) [104] [105]. The fiber’s breaking energy is much greater than that for spider
dragline silk (165 J/g), Kevlar fibers (33 J/g), and graphite (12 J/g). The nanotube fiber’s
Young’s modulus is twice that of steel wire after normalizing for density and twenty

times tougher than steel wires. [104]. Pure singlewall carbon nanotube fibers [150]
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have a Young’s modulus of 120 £ 10 GPa and a tensile strength of 116 + 10 MPa. In
comparison, laboratory-grade PBO or Zylon fibers possess a Young’s modulus of 138
GPa and a tensile strength of 2.6 GPa.

The electrical resistivity of the pure SWNT fibers is around p = 0.2 milliohm cm
(m(2 cm), with an order of magnitude increase upon high-temperature annealing [150].
The thermal conductivity of ether-coagulated fibers is 21 W/Km [150].

A SWNT is structurally similar to a rolled-up sheet of graphite and can conduct
electricity as a metal or a semiconductor based on its chiral angle or the angle that the
cylindrical axis makes with the graphene lattice [125]. The electronic structure of a
single graphite layer or graphene sheet gives nanotubes their electrical properties [120],
[320], [111], [92], [125], [330]. A single sheet of graphite is a semiconductor with a
zero bandgap [27] despite having valence (7) and conduction (7*) states that intersect
the Fermi level. This is because the two-dimensional structure results in a vanishing
density of states when integrating over the Fermi surface.

A SWNT can conduct electricity as a metal or a semiconductor depending on how
the graphite rolls about the sheet direction. A pair of integers (n, m) specifies the sheet
direction in a chiral vector

Cj, = na; + mas (2.1)

The chiral vector C}, expresses the nanotube circumference and connects two crystallo-
graphically equivalent sites on a two-dimensional graphene sheet where @, and a, are

unit vectors. These integers can fix the sheet direction in the chiral angle

e 3n
6 = tan (——(Qm = n)) (2.2)
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Figure 2.3: A carbon nanotube is based on a two-dimensional graphene sheet. (a) The
chiral vector is defined on the hexagonal lattice as C, = nda, + map, where a; and
@, are unit vectors, and n and m are integers. The chiral angle ¢ (or & in the text) is
measured relative to the direction defined by @,. This diagram has been constructed
for (n,m) = (4,2), and the unit cell of this nanotube is bounded by OAB’B. To
form the nanotube, imagine that this cell is rolled up so that O meets A and B meets
B’, and the two ends are capped with half of a fullerene molecule. Different types of
carbon nanotubes have different values of n and m. (b) Zigzag nanotubes correspond
to (n,0) or (0,m), armchair nanotubes have (n,n), and chiral nanotubes have general
(n,m) values. Nanotubes can either be metallic (green circles) or semiconducting (blue
circles). From Dresselhaus et al. 1998 [122].
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Figure 2.4: Raman spectrum from one nanotube taken over a broad frequency range
using Ej,qe-(A = 785 nm) = 1.58 eV excitation and showing the radial breathing mode
(RBM), the D-band, the G-band, and the G’-band. The features marked with an asterisk
(*) at 303, 521, and 963 cm™! are from the Si/SiO, substrate and helped calibrate the
nanotube Raman spectrum. From Dresselhaus et al. 2002 [123].

with respect to the zigzag axis. The integers can also fix the diameter

2.49A
dt:ﬂ:T n? +m? + nm (2.3)
™

and the conduction type of the SWNT. Zigzag and armchair nanotubes correspond to
chiral angles of § = 0° or (n =0 or m =0) and # = 30° or (n = m). Other chiral angles
or other n and m values correspond to chiral nanotubes. An (n,m) CNT is metallic
when n = m, it has a small bandgap when n — m = 3¢ [359] where ¢ is an integer, and
it is a true semiconductor for n — m # 3i [125], [330].

Resonance Raman spectroscopy (see Figure 2.4) has characterized carbon nanotubes

both in terms of the diameter distribution in bundles of singlewall nanotubes (SWNT)
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and whether a nanotube is metallic or semiconducting [126]. Raman spectroscopy
examines SWNT nondestructively [192], [126], [421] and can image them [196]. The
technique became a structural characterization tool for SWNTs with the observation
of single-nanotube Raman spectrum [123] that had the features of the SWNT-bundle
Raman spectrum [126].

The observation of Raman spectra from just one nanotube is possible because of
the very large density of electronic states close to the van Hove singularities of the
nanotube’s one dimensional structure [124]. A nanotube gives large Raman signals
when the incident or scattered photons in the Raman process resonate with an electronic
transition between van Hove singularities in the valence and conduction bands with
energy states F;; (see Figure 2.5) and produce strong coupling between the electrons
and phonons of the nanotube [123].

The peak energies or van Hove singularities in the density of states (see Figure 2.5)
are unique for each (n,m) value and so the interband transition energies F;; are unique
[123]. The interband transitions are strongly favored when the photon energy excites an
electron from the ith peak in the valence band density of electronic states to the ith peak
in the conduction band density of states [123].

The main technique for probing the phonon spectra has been Raman spectroscopy
[124]. Nanotubes scatter light differently [238] depending on their diameter and
chirality [266] [265] [390], doping [192] [126] [390], and deformation [298] [391].
Every possible nanotube denoted by (n,m) has a distinct electronic and vibrational
spectrum, so that there is a one-to-one relation between (n,m) and the singularities in
the 1D joint electronic density of states [124] [126].

All features of the Raman spectra (Figure 2.4) are sensitive to (n, m), including the
radial breathing mode (in which all the carbon atoms are moving in-phase in the radial

direction), the G-band (where neighboring atoms are moving in opposite directions
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Figure 2.5: Electronic 1D density of states (DOS) calculated with a tight binding model
for (8,8), (9,9), (10,10), (11,11), and (12,12) armchair nanotubes and for (14, 0),
(15,0), (16,0), (17,0), and (18,0) zigzag nanotubes and assuming a nearest neighbor
carbon-carbon interaction energy 79 = 3.0 eV. The zero eV energy corresponds to
the Fermi level. The valence band energies are on the left and the conduction band
energies are on the right of the Fermi level. The peaks v; and ¢; are the van Hove
singularities [124]. Wave-vector conserving optical transitions can occur between mirror
image singularities in the 1D density of states, i.e. v; — ¢; and v — ¢», etc. and these
optical transitions are given in the figure in units of eV. These interband transitions are
responsible for the resonant Raman effect. From Dresselhaus et al. 2000 [126].

along the surface of the tube as in 2D graphite), the dispersive disorder-induced D-band,
and its second-order related harmonic G’-band [124] [126]. The radial breathing mode
(RBM) is most sensitive to (n, m) and its frequency wgrpy is inversely proportional to
nanotube diameter d; [126]:

WRBM CC l/dg (24)

Researchers study Raman spectra to identify the structure (n, m) of a carbon nanotube

and so identify whether it is metallic or semiconducting [465] [407] [29].
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Metallic nanotubes have low predicted quantum resistance and conduct ballistically
with long mean-free path of at least 1 ;#m at room temperature [227] [281] [164]. The
nanotube’s cylindrical shape avoids surface effects of three-dimensional conductors and
edge effects of two-dimensional conductors. Narrow nanotubes are one-dimensional

conductors. Landauer’s equation
N
G=(/h)Y T 2.5)
i=1

gives their two-terminal conductance G' [221] [108] where 2c?/h is the quantum of
conductance, T; is the transmission of a contributing conduction channel or subband,
and h is the Planck’s constant. The sum involves two channels (N = 2) because the
band structure of a metallic nanotube is approximately two sets for low energies or a
few hundred milli electron-volts (meV) from the Fermi energy Er.

A metallic SWNT has a low predicted resistance of

h
R—E—@Nﬁkﬂ (2.6)

according to Landauer’s equation (2.5) for low energies and in the absence of any
scattering or when all 7; = 1. This contact resistance is quantum mechanical and is
due to the mismatching conduction channels in the nanotube and the metal contacts.
Metallic SWNT conduct ballistically [321] [466] [251] [23] because the charge
carriers encounter little scattering due to the one-dimensional confinement, energy
requirements, and momentum conservation. The large mean-free path corresponds to
a room temperature resistivity of p & 107502/cm and equals or exceeds the conductivity
of the best metal at room temperature [321]. The one-dimensional conduction also
allows reduced power dissipation. The narrow tips allow field emission that can activate

phosphors at 1-3 volts for electrodes that are one micrometer (1 xm) apart.
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Figure 2.6: Multiwall carbon nanotubes consist of many layers. (a) Stepwise decrease
of the current during the breakdown of an MWNT. (b) Images of an MWNT showing
part of the initial tube, as well as segments of the same MWNT from which three and
ten carbon atom shells have been removed. Avouris et al. 2003 [27].

A MWNT has a more complex structure because each of its shells can have different
electronic character and chirality and the shells can interact [90] [91]. Researchers
observed that a MWNT’s bandgap inversely relates to its diameter. The variable size
gives MWNT one-dimensional or two-dimensional characteristics. The outer-shell
conduction can dominate the carrier transport at low bias and temperatures if the MWNT
side-bonds to metal electrodes.

The semiconductor SWNT can change its conductivity in response to an external
electric field in a gate effect [21] [436] [191], the presence of some chemicals in

adsorption doping, the presence of photons [412] [239] [241], the presence of a magnetic
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field [32], or a mechanical deformation in carbon-carbon bond change. The pristine

semiconductor nanotube has a predicted diameter-dependent bandgap [125] [330]:

4hv F
3d

Egap = 2.7

where d is nanotube diameter and v is the Fermi velocity. Experiments confirmed the
diameter dependence [471] [354]. Light also alters the conductivity of semiconductor
nanotubes [239]. Researchers predict that doping with alkali metal can change
semiconductor SWNT to metallic [131]

The conductivity of a SWNT changes in response to implanted dopant atoms [494]
and to adsorption of water, oxygen, methane, or other molecules [247] [249] [157] that
alters the energies of charge carriers. Nanotube sensitivity to water and oxygen [230]
may be an interaction with impurities that the production process left behind [181]. This
is an example of nanotube sensitivity to the interaction between nearby molecules and
otherwise undetectable molecules. Nanotube conductivity becomes sensitive to carbon
monoxide only after doping [373] or deformation [106].

Nanotube conductivity also changes when functional groups attach. This includes
fluorination [327], substitution reaction of fluorinated SWNTSs in solutions [326] [53],
noncovalent functionalization of aromatic organic molecules [430] [491], and direct
functionalization to the sidewall of SWNTs by various chemical groups such as atomic
hydrogen [372], [240], nitrene [34], aryl groups [33], nitrenes, carbenes, radicals [209],
COOH, NH; [83], 1,3-dipolar cyclo-additions [173], N-alkylidene amino groups [425],
alkyl groups [480], and aniline [135]. The state of the functional groups can also modify
nanotube conductivity. This enables DNA and protein sensitivity [460] [78] [457].

Mechanical deformation also affects electrical properties. The conductance of a

SWNT decreases as the tip of an atomic force microscope (AFM) bends the nanotube
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Figure 2.7: Bending a nanotube. Simulations of the deformation under the manipulation
of an AFM tip. The top four figures show the equilibrium configurations corresponding
to# = 0°,7° 11°, and 15°, respectively, during the downward motion of the tip while the
bottom three figures show the equilibrium configurations corresponding to # = 11°,7°,
and 0°, respectively, as the tip is being withdrawn. The accompanying figures in each
case give the side view and the top view, respectively, of the bending region. @ is
calculated by # = tan='(2§/1) where § is the maximum deflection and [ is the suspended
length of the SWNT. Liu et al. 2000 [286].

[441] [286]. Experimental and theoretical work found that sp® carbon-carbon bonds
began to replace the sp? bonds in a SWNT at large bending angles § > 15°. This
reduces conductance because it reduces the available free electrons.

A metallic carbon nanotube can act as a quantum dot that traps electrons in three
dimensions and produce Coulomb oscillations when a new electron enters the tube
[257]. This allows precise control of electron flow. The Coulomb oscillations or the
Coulomb blockade effect occurs when electrons oppose attempts to insert more than one

electron at a time onto a nanotube. This can occur at low temperatures when the total
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Figure 2.8: Fabrication of a room-temperature single-electron transistor within an
individual metallic carbon nanotube by manipulation with an AFM. (A) Nanotube
between Au electrodes on top of a Si/SiO, substrate with a gate-independent resistance
of 50 kf2. An AFM tip pressed down onto the substrate and moved along the path
indicated by the arrow, thus dragging the nanotube into a new configuration. Bar, 200
nm. (B) Nanotube after creation of a buckle. The dragging action has resulted in a
tube that has buckled. A second dragging action is performed as indicated by the arrow.
(C) Double-buckle nanotube device. (D) Enlarged image of the double-buckle device.
The image shows a height increase at the buckling points, as expected. The final device
resistance at room temperature is one order of magnitude larger (= 0.5M). Bar, 20
nm. Postma et al. 2001 [380].

capacitance C' of a conducting island is so small that adding a single electron requires

an electrostatic energy

62

Ec::EE

(2.8)

larger than the thermal energy kT where kp is the Boltzman’s constant and temperature
T is in Kelvin [121].

The Coulomb blockade effect can also occur at room temperature. Two strong bends
within a metallic carbon nanotube act as nanometer-sized tunnel barriers for electron
transport and sandwich an island within the nanotube [379], [350]. Coulomb blockade
blocks single-electron tunneling for temperatures and bias voltages that are low relative

to a characteristic energy:

2
Eadditional = 6V+ = %‘ + AFE (2.9)
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Figure 2.9: Two crossing (8, 0) singlewall nanotubes on a graphene plane. The
mechanical structure was determined numerically using Tersoff-Brenner molecular
dynamics. Twenty unit cells of each nanotube are shown in the image. Inset: AFM
image of two crossing nanotubes on a silicon dioxide substrate. The nanotubes were
grown using a CVD process. Nojeh et al. 2003 [350].

for adding an electron to the nanotube island. The symbol V* denotes the bias
voltage needed to add an electron to the island at room temperature, C' is the sum of
all capacitances to the island, and AFE is the energy difference between consecutive
quantum energy levels [380].

Bulk productions of SWNT can use arc discharge, laser ablation, or chemical
vapor deposition (CVD). Arc-discharge and laser ablation in addition to CVD can
produce carbon nanotubes in quantity [142] [44] [439]. The CVD method can combine
with silicon-wafer technique such as electron-beam lithography to control the position
and orientation while growing a SWNT [250] [102] [193]. Arc-discharge produced
multiwall carbon nanotubes at the gram level in 1992 using a combination of inert
gas pressure and arcing current [142]. A metal catalyst such as cobalt in the carbon
anode in the arc-discharge system produced singlewall carbon nanotubes in 1993 [44].
Laser ablation with metal catalyst such as nickel and cobalt in the carbon target
produced singlewall carbon nanotubes at the 1-10 gram level in 1996 [439]. The
two methods produced singlewall nanotubes in ropes of tens of individual nanotubes

in close-packed hexagonal crystals due to van der Waals attraction. The two methods
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also made fullerenes, graphitic polyhedrons with metal particles, and amorphous carbon
that coated the nanotube walls. The chemical stability of nanotubes allows nitric acid to
remove the amorphous carbon species and some of the metal catalyst species. CVD with
methane can grow singlewall carbon nanotubes with structural perfection [250], [102].
CVD with ethylene also grows singlewall carbon nanotubes [193].

Researchers have increasing control of CNT and NW [456], [479], [469] growth
and can separate different types of CNT. The CVD process allows controlled nanotube
growth on pre-patterned wafers [165]. The catalyst’s location [250], [74] and shape
[464] and substrate crystal direction [115] all control the location and direction of
the growth. Gas flow [212], shaped catalyst [464], and electric fields [490] also
control the direction of the growth. Selective shell-by-shell breakdown of MWNT
allows the fabrication of CNFETs with a specific bandgap Egsp = -& [90]. Post-
synthesis alignment of CNT [490] can be very effective if it combines with selectively
removed [15], selectively disabled [35], or bulk-separated [260], [261] metallic and

semiconductor CNT.

2.2 Nanotubes Can Benefit Nonlinear Devices

Nanotubes have electrical and mechanical properties that can benefit nonlinear devices
that include transistors, single-electron transistors, and array antennas. Nanotube-based
transistors can be smaller [398], faster [132], and stronger [486] [27] than silicon
transistors. This section focuses on nanotube-based nonlinear devices because carbon
nanotubes can conduct better than poly-crystal metallic nanowires, most semiconductor
nanowires, and most non-carbon nanotubes. Nanotube conductivity can improve array

antennas that interface with nanoscale devices.
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Figure 2.10: Top: AFM image of an early carbon nanotube field effect transistor design
that draped a nanotube over electrodes. Bottom: Schematic cross section of the CNFET.
Martel et al. 1998 [316].

2.2.1 Nanotube Transistors and Diodes

Semiconductor SWNT can conduct current in field-effect transistors (FET). The nano-
tube FET consist of two end-electrodes that bias the nanotube and for an adjacent gate
that controls the transistor conductivity. This section reviews several nanotube FET
architectures.

The first nanotube FETs “draped” the SWNT over gold electrodes in 1998 [436]
[316]. They were p-type FETs and had an on/off current ratio of ~ 10°. The van
der Waals force-based contact with the electrodes were poor and caused high parasitic
contact resistance R > 1M, low drive currents, low transconductance g,,, =~ 1 nS, and
high inverse subthreshold slopes S ~1-2V/decade. These early FETs had back-gates

with thick oxide layers tox =~ 100-150 nm that contributed to the low performance.
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Figure 2.11: The schematic of a CVD-grown carbon nanotube field effect transistor.
The overdoped substrate is a backgate.

The typical current-voltage (/-V') characteristics indicate that the pristine (undoped)
semiconductor nanotubes act as hole-doped semiconductors at room temperature and
that the nanotube devices are p-type FET’s [492] [316] [19]. A transistor’s output current
is the scaled difference between the input and the threshold voltages V' — V- with a gain

gm for suprathreshold voltages and is zero for subthreshold voltages:
I=gn(V-Vr) (2.10)

where g, is negative and a suprathreshold voltage V' is more negative than the threshold
voltage V7 for a p-type FET.

An insulating oxide layer capacitively couples the gate and the nanotube. The
thickness of the oxide toy layer affects the transistor performance. The early FETs
had backgates with thick oxide layers tox = 100-150 nm. Silicon MOSFETs have
a planar capacitor and so have a gate capacitance that is inversely proportional to the
thickness tox:

Cr L (2.11)
tox
while CNFETSs have a predicted gate capacitance [316]

1
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Figure 2.12: AFM image of a singlewall carbon nanotube FET with ohmic contacts.
The titanium-gold metal contacts are on the top and the bottom of the image.

The nanotube-metal contact affects transistor performance. A semiconductor SWNT
forms a Schottky diode at the interface with metal. The valence band edge of the
semiconductor nanotube matches the Fermi energy of the metal and forms a Schottky
barrier, and the metal’s high work function strips electrons from the nanotube in hole-
doping [22] [28] [202] [471]. The thinness of the barrier permits one-dimensional
tunneling that can dominate carrier transport. [273].

Titanium and nickel electrodes can ohmically contact metallic and semiconductor

nanotubes and have low contact resistance [308] [315] [493]. The FETs with ohmic
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Figure 2.13: Top-gated carbon nanotube field effect transistor. (a) Schematic represen-
tation of a top-gated CNFET with Ti source, drain, and gate electrodes. A 15-nm SiO,
film was used as the gate oxide. (b) The I — V characteristics of the device. Avouris et
al. 2003 [27].

contacts were p-type and had a high on/off ratio of ~ 10°, a contact resistance of =
30kS2, a drive current of microamps (¢A), and a transconductance g,, = 0.34uS [317]
[315]. Thermal annealing of the titanium or cobalt contacts reduces contact resistance
by producing a stronger coupling between the metal and the nanotube. The titanium
electrodes form titanium carbide (TiC) during annealing.

The gate configuration also affects transistor performance. A top gate of 15-20 nm-
thick dielectric film made FETSs that were superior to back-gated FETs [472]. Each top-
gated transistor could respond to a different gate voltage, had a lower threshold voltage

of 0.5V, high drive currents, and a high transconductance of g,, = 3.3uS. Saline or

electrolytes can also gate CNFETs [399] and give a high transconductance of g,, =~
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20uS. Researchers made CNFET with polymer electrolytes as the gate medium after
observing that saline solutions can gate CNFET [399] [259]. The polymer electrolyte-
gated CNFET exhibit no hysteresis and have high gate-efficiency,

The nanotube FETs are competitive with silicon devices. The prototype CNFET's
can deliver three to four times higher drive currents than silicon MOSFETs for 15-nm
gate length bulk silicon processes [487] and 50-nm gate length SOI processes [77]. Their
transconductance is about four times higher.

Nanotube FETSs can be very small. Singlewall nanotubes are very narrow and their
predicted minimal gate length is about 5 nm [398]. The nanotube transistors can be very
fast because they have high carrier mobility [132] [168]. Researchers have demonstrated
reliable operation up to 580 MHz [20] and predicted terahertz (THz) cutoff frequencies
[67].

CNT-based FETSs operate as p-type or n-type transistors. Several ways can change
the mode of operation from the pristine p-type to n-type that include adding electron
donor atoms (n-doping), removing adsorbed oxygen by annealing the contacts in
vacuum [113], and changing the polymer gate. Other CNT-based diodes require no
doping [269)].

The so-called “oxygen doping” differs from other doping because the oxygen
interacts with the nanotube-metal junction and causes the p-type characteristic for FETs
in air by pinning the metal’s Fermi level near the nanotube’s valence band maximum
[93]. Polymer-gated FETs can also tune their modes of operation: A change in the
chemical group of the polymer changes the FET from p-type to n-type [414], [296].

A split-gate electrode over a semiconductor carbon nanotube produces a near-ideal
diode if half of the split gate applies a positive voltage and the other applies a negative

voltage [269]. This creates a p-n junction in the nanotube without chemical doping.

32



(a) (b)

CNT

Contacts

VG1 VG2
Split Gates

Figure 2.14: Singlewall carbon nanotube p-n junction diode with split gate (a) Schematic
cross section of SWNT p-n junction diode. The split gates Viz; and Vo are used to
electrostatically dope a SWNT. For example, a p-n junction with respect to the source
contact S can be formed by biasing Vi; < 0 and Ve > 0; (b) SEM of a SWNT over a
1 um split gate. Lee et al. 2004 [269].

Doping creates both p-type and n-type FETs on the same substrate and so creates
CMOS-like logic gates. Complementary metal on semiconductor (CMOS) combines
both types of transistors in one logic gate such as the nanotube inverter [114] and reduces
power dissipation by reducing current flow. A positive input gate voltage turns the n-type
CNFET on and the p-type CNFET off. This causes the output voltage to approximate
the negative voltage and allows no current to flow between the positive and the negative
voltages. A negative input gate voltage turns on the p-type FET and turns off the n-type
FET to produce a positive output. Graduated doping produces a p-type section next to
a n-type section on the same nanotube to produce a single and potentially many logic
gates in one nanotube [494].

Nanotube-based transistors have applications as sensors because the transistor
conductivity changes in the presence of adsorbed molecules or radiation. Nanotube
sensors are sensitive and can detect and distinguish different chemicals [423]. The
changed conductivity measurably alters the transistor thresholds and so changes the

transistor outputs for the same bias and gate voltages. Nanotube sensors can detect
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inorganic and organic molecules including DNA and proteins with modifications such
as the attachment of functional groups.

Nano-structured transistors can also consist of materials other than carbon nan-
otubes. These materials include non-carbon nanotubes and nanowires of various
compositions. Some transistors use as few as single nanowires or non-carbon nanotubes
to pass current. Others (such as silicon (Si) and cadmium sulfide (CdS) in thin film
transistors [128]) use aggregates of the nanowires or non-carbon nanotubes. Examples
of non-carbon or inorganic nanotube transistors include gallium nitride (GaN) nanotubes
[179] and boron nitride (BN) nanotubes [387]. Examples of nanowire transistors
include indium phosphide (InP) [127], platinum (Pt) [400], indium oxide (In,O3) [278],
germanium (Ge) [459], and gallium nitride (GaN) nanowires [244]. Examples of
nanofiber transistors include polymer nanofiber [376] and vanadium pentoxide (V,05)
nanofiber [243]. Examples of nanowire single electron transistors (SET) include indium
phosphide (InP), indium arsenide (InAs) [438], and silicon (Si) [342]. The smallest
inorganic or non-carbon nanotubes are molybdinum sulfide (MoS,) nanotubes that are

semiconductors and have sub-nanometer diameters [495].

2.2.2 Nanotube Transistors Can Improve SETs and Quantum Dots

Nanotube-based field-effect transistors can improve single-electron transistors and
quantum dots by taking advantage of nanotube conductivity. Nanotubes can conduct
ballistically so nanotube transistors has little scattering. Nanotubes form very narrow
conduction channels in transistors so bent nanotubes can form SETs. And nanotube
FET-based SETs allow electrons to pass only if both a gate voltage permits nanotube
conduction and an input voltage has a required value.

A carbon nanotube forms a quantum dot when a short segment of the one-

dimensional conductor approximates a zero-dimensional confined region. A nanotube
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quantum dot can operate as a single-electron transistor (SET) because Coulomb
blockade quantizes the conduction so the SET admits one electron at a time. The
metallic nanotube-based SET requires certain voltage values to admit one electron: It
turns on and off again every time an electron enters [237]. The semiconductor nanotube-
based SET has the additional requirement that the gate voltage must permit current flow.
This is analogous to a field-effect transistor that allows a current to flow when the gate
voltage turns it on.

A nanotube quantum dot can be a short nanotube [60] [61] [82] [86] [225] [353],
a fullerene molecule [9] [366] [447], or a segment of a nanotube. One design draped
and deformed the top nanotube in a nanotube cross junction [350]. The deformed or
bent regions were conduction barriers and sandwiched the conductive quantum dot.
Another design pinched off a section of a nanotube to form a Coulomb island [380].
The Coulomb island is the conductive region that the pinched low-conduction regions
sandwiched.

Another SET design dopes a nanotube to form a PNP junction [248]. This is the low-
dimensional limit of a planar sandwiched PNP junction that forms a two-dimensional
electron-trap or a quantum well. A PNP junction confines electrons because each
component PN junction permits electrons to flow to the thin N-layer in the center.
Doping a nanotube creates a nanometer-width N-layer for a quantum dot.

Nanotube-based room-temperature SETs have applications for electron-based spin-
tronics [473] because they allow single-electron manipulation. Spintronics compute
with the quantum states of electrons or photons [473]. The applications are promising
if the SETs could combine with room-temperature nanotube ballistic conduction [164]
[227] [281] that can preserve an electron’s spin [445].

SETs and quantum dots also have applications for artificial atoms. The quantum

confinement of electrons can approximate an atom because the trapped electrons form
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orbital-like patterns. These artificial orbitals can interact with light and other atoms
similar to the electron orbitals in natural atoms [319]. Cadmium selenide quantum
dots are an example of artificial atoms [268], [338]. Different size dots emit photons
at different fixed frequencies after absorbing energetic photons. The size affects the
pattern of the trapped electrons: The semiconductor quantum dots have size-dependent
bandgaps. The fixed-frequency photon emission resembles a dye’s optical properties.
Incident photons excites the trapped electrons and then the excited electrons emit
photons at a specific frequency that depends on the electron patterns or electronic density

of states.

2.2.3 Nanotubes Can Directly Detect Electromagnetic Signals in

Array Antennas

Metallic SWNT and multiwall CNT can directly detect electromagnetic radiation and
apply array designs. A new nanotube-impedance theorem in Chapter 4 supports this
nanotube-antenna prediction. And researchers have demonstrated optical frequency
antenna-length effects with a carbon nanotube array [458].

Nanotubes have estimated impedances that suggest narrow bandwidth due to large
aspect ratios. The estimated impedances also predict that nanotubes resonate similar to
observed dipole effect [234].

Researchers can grow singlewall nanotubes up to two millimeters in length [212]
and can make metal-dipole antennas on a silicon substrate for communications [283].
These findings suggest that nanotubes can work as antennas and can apply to wireless
communications, interchip connections, and sensor networks.

Nanotube dipole-array antennas can gain sensitivity from having numerous elements
[48] [145] [176] [279] [455]. The impedance analysis in Chapter 4 supports this array

application because the analysis predicts a similarity between nanotube dipoles and
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thin-wire metal dipoles and so supports the use of similar array design techniques.
A nanotube-dipole array [190] can also operate in a wide range of frequencies for
frequency-independent designs [145] that vary the dipole lengths and spacing [68].

Nanotube antennas can be attractive in an all-nanotube architecture. Nanotubes can
help reduce the size of wireless sensors for networks such as the smart dust project [432]
both by using miniature nanotube circuits and by using nanotube antennas that interface
with those circuits. Nanotube dipoles should be more sensitive than nanometer-size
metal dipoles because nanotubes can resist oxidation, electromigration [27], and grain-
boundary effects [46] that can increase impedance in nanometer-size metal wires.

A junction between two nanotubes has electrical properties that promise an all-
nanotube architecture and hence vast arrays of nanometer-sized electronic devices [485].
Yao et al. predicted that metal-to-semiconductor nanotube junctions would behave as
rectifying diodes [485]. And that metal-metal nanotube junctions would have high
conductivity [485] and so can apply to circuit interconnection and antenna impedance
matching [68].

A nanotube array can also modify electromagnetic signals as a diode array [416] or
as an artificial nonlinear composite [26] [24]. Sjogren et al. have predicted a diode-array
waveguide that controlled the amplitude of transmitted millimeter waves at gigahertz
frequencies [416]. The array elements were Schottky diodes. These monolithic diode
arrays could shift the phase of a GHz signal and double or triple the signal frequencies.
Other array elements can consist of amplifiers, mixers, and oscillators [416]. Nanotubes
can make the dipole antennas, the Schottky diodes [202], amplifiers, mixers, and
oscillators [410] to implement the diode arrays.

Nanotubes can implement artificial composites. Arnaut et al. have predicted that an
artificial composite or a frequency-selective surface can create any harmonics and sub-

harmonics from a single-frequency input signal [24]. The composite consists of an array
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of electric molecules or nonlinearly-loaded electrically-small dipole antennas. Feedback
control of the load transistors allows the system to adaptively cancel interference,
minimize output power, or compensate antenna impedance. Nanotube antennas and

nanotube transistors can implement these artificial composites on the nanoscale.

2.3 Nanoparticles Can Make Adaptive and Pro-
grammable Materials

Nanoparticles can make adaptive or programmable materials that can alter the materials’
properties in response to stimuli [319]. Suspended nanoparticles can form shear thick-
ening fluids that increase viscosity in response to a large shear stress [38] [207]. The
particles in the fluids inhibit each other’s movement [52] [75]. And iron nanoparticles
can form magnetorheologic fluids that increase viscosity in the presence of a magnetic
field [231] and can programmably stiffen treated fabric [451].

Nanoparticles can enhance armor by making fabrics that stiffen on impact or in
the presence of programmed stimuli. Suspended silica nanoparticles can form shear
thickening fluids whereas suspended iron nanoparticles can reversibly solidify a liquid.

Shear thickening is a non-Newtonian flow of concentrated colloidal dispersions
(or suspensions of very small particles) [312] [313] [314] that has a large and
sometimes discontinuous increase in viscosity with increasing shear stress [38] [207].
Hydrodynamic lubrication forces between the colloidal particles form jamming clusters
or hydroclusters that reversibly thicken the colloidal suspension [52] [75], [152] [162].
Researchers can predict the onset of shear thickening in steady shear for colloidal hard
sphere suspensions (see Figure 2.15) and electrostatically stabilized dispersions.

A shear thickening fluid that consists of suspended silica nanoparticles hardens on

impact and prevents fibers from slipping in a fabric [272] similar to powdered fabrics
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Figure 2.15: Scanning electron micrograph of silica nanoparticles in a shear thickening
fluid. Wetzel et al. 2004 [143].

[117]. This helps the fibers distribute the force of the impact similar to the polymer resin
in a hardened fiber composite [429] but allows the fabric to be flexible.

Magnetorheologic (MR) fluids are suspensions of magnetic particles in a carrier
fluid. The rheologic properties of MR fluids undergo changes on application of a
magnetic field [231]. Colloidal iron suspension mixes iron nanoparticles in heavy oil
and switches from fluid-like to solid-like in a magnetic field [274]. The size of the
nanoparticles help the suspension resist settlement [231].

Researchers combined MR fluids with silica nanoparticles and found that the nano-
additives gave the fluid large complex viscosity for high additive concentrations [451].
This can have applications for programmable fabrics that turns stiff when a magnetic-
field generator turns on and retains shear thickening characteristics when the generator

1s off.
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Chapter 3

Signal Processing with Nanotube

Stochastic Resonance

Nanotube-SR effects and nanotube transistors can enhance signal processing. Nanotube
transistors exhibited noise-enhanced detection of weak signals in electrical experiments
that we conducted. The observed nanotube-SR effect suggests that noise can enhance
signal processing. This prediction is reasonable because researchers have reported SR
effects in sensors and in electrical systems that include signal processing circuits.

Nanotubes can enhance transistors and so can improve both digital and analog signal
processing. Nanotubes can also enhance electromechanical systems [409] and surface
acoustic wave devices [307] to improve signal processing.

Section 3.1 discusses how nanotubes can enhance signal processing. Section 3.2

reports experimental results with nanotubes that show noise-enhanced detection.

3.1 Nanotube Transistors Can Enhance Signal Process-
ing

Nanotube-based transistors can enhance both analog and digital signal processing
circuits. The nanotube field-effect transistors (FET) can improve integrated circuits with
higher device density due to smaller sizes [398], higher speed operations due to higher

carrier mobility [132], flexible substrates [54] due to nanotube-enhanced conductive
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Figure 3.1: Nanotube transistors can enhance both analog and digital circuits. (a)
Analog Gilbert multiplier. The product of the change in input voltages AV}, =
Vw — Viy, and AVx = Vx, — Vx,, is proportional to the difference of the currents:
I — Iy < AViyAVx. Redrawn from [262]. (b) Digital half adder in complementary
logic. The sum bit .S of two single binary bits A and B resembles the truth table for
XOR(A,B). A separate carry-logic computes the carry bit of the sum.

polymers, and lower thermal noise if ballistic conduction [227] [281] [164] reduces
resistive conduction. So nanotube transistors can improve signal processing circuits.

Nanotubes can enhance digital signal processing (DSP) because nanotube-enhanced
logic gates can add and multiply [467]. Researchers have demonstrated nanotube
transistor-based logic circuits [31] [228] [288]. The nanotube-enhanced logic gates can
apply to both digital adders and multipliers [467] (see Figure 3.1).

An exclusive OR (XOR) gate adds two binary bits and produces a sum bit [467].
A carry logic computes the carry bit. An array of adders can multiply: A shift-and-
add circuit can multiply two binary sequences X and Y. The multiplication consists
of computing partial products and summing the bit-shifted partial products. Binary
multiplication is equivalent to a logical AND so the partial products are (X AND Y (k))
where Y (k) is the k** bit. Nanotubes can also enhance memory [388] [402] elements so

that an all-nanotube architecture can enhance a digital signal processor.
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Nanotubes can enhance analog signal processing in different types of filter circuits.
Nanotube-enhanced transistors can build multipliers and amplifiers for transversal filters
and active filters. Nanotube-enhanced electromechanical devices can build variable
inductors or capacitors for resistor-inductance-capacitance (RLC) filters and can build
surface-acoustic-wave (SAW) filters.

Nanotubes can enhance multipliers (see Figure 3.1(a)) that implement mixers [331]
[184], phase-locked loops [184], differentiators [184], and neural networks [200].
And nanotubes can enhance operational amplifiers that implement adders, feedback
amplifiers [183], integrators [183], differentiators [183], and rectifiers [184].

Analog multipliers (or mixers) and low noise amplifiers are essential to wireless
communications for modulation/demodulation and frequency downconversion [331]
[155]. Nanotubes can improve signal modulation because nanotube multipliers can have
higher speed due to high carrier-mobility [132] and have larger dynamic range due to
large transconductance and current carrying-capacity [27].

Nanotube transistors can improve amplifier performance by approximating ideal
operational amplifiers (op-amps) in a single architecture. An ideal operational amplifier
(op-amp) is a differential input, single-ended output amplifier with infinite gain, infinite
input resistance, and zero output resistance [183]. Silicon technology approximates this
ideal by combining two different processes: Bipolar complementary metal on silicon
(BiCMOS) transistors have large transconductance. And bipolar field effect transistors
(BiFET) have the infinite input resistance and current gain of field effect transistors
[182]. Nanotube amplifiers can have large transconductance [27] and the infinite input
resistance and current gain of a FET [182] and so can approximate the ideal op-amp.

Nanotubes can improve low-noise amplifiers if the nanotube-amplifier designs can
combine near-ideal op-amps with ballistic conduction [27]: Charge carriers travel

without scattering over micron lengths. This ballistic conduction differs from the
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resistive conduction channel of a silicon FET. The resistive or thermal noise is the major
source of noise in FETs [182]. Nanotube amplifiers can further reduce carrier-scattering
noise or resistive noise in nearly ideal amplifiers.

Nanotube multipliers can enhance discrete-time transversal filters. The transversal
filter or tapped-delay line filter requires only analog adders, multipliers, and delay
elements (or memory). The filter output y(n) has the form of a finite convolution
sum [199] for a finite-impulse response (FIR) filter with a length-M filter impulse

response h(n) = w(n):
M—

y(n) =Y wk)z(n— k) 3.1)

k=0

—

that adds the inner product between the k' delayed or tap input 2(n — k) and the
k" tap weight w(k). The convolution sum in (3.1) can use nanotube transversal filter
architecture to implement any discrete-time linear time-invariant (LTI) FIR filters with
a real impulse response.

The tapped-delay line can also implement an infinite-impulse response (IIR) filter if

it uses feedback and realizes the difference equation [356] [384]

N M
y(n) =Y ay(n—k)+ > ba(n—k) (3.2)
k=1 k=0

where a transfer function H(z) or the z-transform [381] of the impulse response h(n)

gives the tap weights or feedback coefficients a;, and by,

[e2] M —k
H(z)= Y hk)z™" = ko br (3.3)

= = =
k=—c0 1 =3 e Q2

and assuming that the z-transform converges. The transfer function has zeros by, in the
numerator and poles ay, in the denominator. The zeros are associated with forward paths

and the poles with feedback paths [200].
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The transversal filter has applications for adaptive filtering. Nanotube adaptive filters
can compute the optimal impulse response or tap weights w(k) for a FIR transversal
filter by applying the Yule-Walker algorithm, the least-mean-square algorithm, the
recursive least-squares algorithm, or the fast transversal filters algorithm [200]. The
Yule-Walker algorithm uses estimates of the autocorrelation sequence of the input
signal.

The adaptive IIR filters compute the optimal transfer function coefficients a; and
by, by applying an equation error method or an output-error method to minimize a cost
function based on the estimation error [200]. The equation error method applies the
adaptive FIR technique to update the feedback coefficients in an all-zero nonrecursive
form and then copy the coefficients to an all-pole nonrecursive form for another update.
The output-error method directly updates the feedback coefficients in a pole-zero
recursive fashion [200].

Nanotube can also enhance RLC networks and tunable filters. Nanotube oscillators
[410] and electromechanical switches [233] can programmably vary capacitance and
impedance in RLC networks and tunable filters. The FET structure of the nanotube
oscillators [410] suggests that nanotube electromechanical systems can integrate with
nanotube transistors. And nanotube and silicon transistors are compatible [444] [27].
So nanotubes can further enhance signal processing by combining nanotube and silicon
transistors with nanotube electromechanical systems on the same chip.

Nanotubes have physical strength and stability that can enhance electromechanical
devices that switch, mix, and filter signals. Nanotube stability can overcome the
limitations that find mechanical or acoustic devices harder to miniaturize due to dangling
chemical bonds at the etched surfaces that reduce performance [483]. Nanotubes are
small, strong, and chemically non-reactive and so resist surface losses [483] that worsen

in nanoscale structures. This is because the surface to volume ratio scales up with
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1/r where 7 is device dimension. Surface losses are also susceptible to the ambient
conditions [483].

Electromechanical switches or relays [133] [299] control signal and power flows.
These switches can also modulate signal phase by routing a signal through different
transmission paths and can use their length to delay or phase-shift the signal [133] [299].
Researchers predict that nanotube-based electromechanical switches can carry large
currents, have low impedance, and turn on and off rapidly. [271] [277]

Nanotubes can mechanically oscillate [476] with high resonant frequencies and high
(-values (or ratio of center frequency to bandwidth). These nano electromechanical
oscillators can mix and filter signals similar to MEMS oscillators [36] [284] [324]
[347] [435] [474]. A nanotube electromechanical oscillator has a predicted gigahertz
oscillation frequency for a multiwall nanotube with a 30-nm diameter, 500-nm length,
and Young’s modulus [443] as high as 1.8TPa [476]. Researchers have reported that
pm-long ropes of single-wall carbon nanotubes have a high Q-factor of over 1,000
at an oscillating frequency over 2 GHz [394] and that um-long single or double-wall
carbon nanotubes have a Q-factor of 40-200 for tunable resonant frequencies from 3—
200 MHz [410].

Nanotubes can also improve tunable RLC filters that use MEMS variable capacitors
[5] [51] [163] [351] or tunable impedance [242] [297] in a resistor-inductor-capacitor
(RLC) network design. This is because stronger and more stable cantilever nanotubes
[277] can improve the switched MEMS variable capacitors [271] that use cantilever
geometry to tune capacitance. Researchers predict that a multiwall nanotube nanorelay
has over 1 GHz resonance frequency [233] and have demonstrated a nanorelay that has
0.1 GHz estimated resonance frequency and carry over 100 pA of current [271].

A mechanical resonator or oscillator can have a higher Q-factor than an electronic

resonator [483] because a mechanical resonator has high energy storage capacity, low
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internal loss, and low parasitic coupling to the surrounds while an electronic resonator
suffers from the resistance in the RLC circuitry [483].

Nanotubes can enhance the acoustic transduction in SAW devices. Nanotube tips
concentrate electric fields [80] and so a nanotube film should stimulate a piezoelectric
layer better than metal [309]. This can reduce the size of the transducers [307].
SAW devices contribute to wireless communications [337] with high Q-factor low-
noise tunable oscillators [156] [336] [477], and high frequency filters [362] with high
bandwidth-selectivity.

SAW filters include transverse filters [337] that implement finite impulse response
(FIR) filters, resonator filters [477], and programmable filters that correlate [208] (can
apply to matched filters [357]) and convolve [206]. SAW devices can also sense
temperature, humidity, and pressure [119] and can operate passively and wirelessly
[119] for remote wireless sensor applications.

Nanotubes can also directly process electromagnetic (EM) signals. A new nanotube-
impedance theorem predicts that nanotubes can be narrowband resonant dipole antennas
in Chapter 4. The nanotube-antenna prediction is reasonable because researchers have
reported that nanotube dipole radiators [99] [234] use their lengths to tune for a wide
range of frequencies [68] up to optical frequencies [458].

Nanotube antennas can be attractive because multiwall nanotubes and single-crystal
nanowires can be better than nanometer-thin poly-crystal wires: They can carry large
currents [94] [463], conduct electrons with little scattering [227] [281] [164], and are
compatible with nanotube signal processing circuits. Nanotube antennas will soon
become testable because researchers have grown straight nanotubes to many millimeters
[280] [488] [212] with precise control over nanotube length [72]. This can apply to

millimeter wavelength RF antennas that lie on silicon substrates [283].
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Nanotubes can detect photons. Researchers have reported infrared detection with
nanotubes: The multiwall nanotubes have diameter-dependent bandgaps that respond to
infrared over a broad wavelength range from 1-15 pm [29] [289] [413] [475] [484]. The
MWNT diameter tunes the spectral range and the length tunes the absorption efficiency.
The wavelength-response range may be broader than both nanotube and semiconductor
quantum well and quantum dots that have tunable peak-wavelength response [484].
Nanotube photodetectors can help free-space interconnection between chips [160] [153]
because they can be sensitive and because they can be compact and so can increase data
channels.

Nanotubes can generate EM signals. They can emit photons as light-emitting diodes
[166] [332], emit radio waves as resonant dipole radiators [68] [458], or emit electrons
[112] that then stimulate microwave [194] [229] [468], visible [211], ultraviolet [349],
or x-ray radiations [80]. Nanotube field emitters have a lower emission threshold and
a higher current capacity than conventional electric field emitters [80]. Researchers are
exploring nanotube field emission for microwave radar and communications in traveling

wave tubes [229] [468].

3.2 Noise Helped Nanotubes Detect Signals

Electrical noise can help pulse-train signal detection at the nanolevel. Experiments on
a singlewall carbon nanotube transistor confirmed that a threshold exhibited stochastic
resonance (SR) for finite-variance and infinite-variance noise: Small amounts of noise
enhanced the nanotube detector’s performance.

The experiments used a carbon nanotube field effect transistor to detect noisy
subthreshold electrical signals. Two new SR hypothesis tests also confirmed the SR

effect in the nanotube transistor. Three measures of detector performance showed the
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SR effect: Shannon’s mutual information, the normalized correlation measure, and an
inverted bit error rate compared the input and output discrete-time random sequences.

The nanotube detector had a threshold-like input-output characteristic in its gate
effect. It produced little current for subthreshold digital input voltages that fed the
transistor’s gate. Three types of synchronized white noise corrupted the subthreshold
Bernoulli sequences that fed the detector. The Gaussian, the uniform, and the impulsive
Cauchy noise combined with the random input voltage sequences to help the detector
produce random output current sequences.

The experiments observed the SR effect by measuring how well an output sequence
matched its input sequence. Shannon’s mutual information used histograms to estimate
the probability densities and computed the entropies. The correlation measure was a
scalar inner product of the input and output sequences. The inverted bit error rate
computed how often the bits matched between the input and output sequences.

The observed nanotube SR effect was robust: It persisted even when infinite-
variance Cauchy noise corrupted the signal stream. Such noise-enhanced signal
processing at the nano-level promises applications to signal detection in wideband
communication systems and biological and artificial neural networks.

Noise can sometimes help neurons and other nonlinear systems detect signals.
Figure 3.2 shows how additive white uniform pixel noise can improve the quality of the
degraded image of a carbon nanotube. Several researchers have demonstrated the SR
effect for various types of threshold units or neurons [253] [254] [255] [222] [171] [64]
[174] [470] [341]. Figure 3.3 illustrates a simulated SR effect in the mutual information
of a simple threshold neuron for Bernoulli signals and for white Gaussian noise.

The new SR theorems in [254] give broad sufficient conditions for SR to occur in
any threshold system for all possible finite-variance noise types and for most infinite-

variance noise types. We restate these SR theorems below.
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Figure 3.2: Uniform pixel noise can improve the quality of an image through a
stochastic-resonance effect. A small amount of noise sharpens the image features while
too much noise degrades them. We produced these noisy images by applying a pixel-
level threshold to an artistic rendering of a carbon nanotube. The threshold gives a white
pixel y = 1 as output if the input grayscale pixel z € [0, 1] equals or exceeds a threshold
0:y=glz+n—-0)=1for(x+n—0) >0andy = 0for (z+n — ) < 0. The
threshold is 6 = 0.001. (a) The faint image results when we apply the threshold to the
original image: g(z — @) = 1 for (z — @) > 0 and 0 otherwise. Figures (b) through
(d) show the effect of increasing additive noise: The noise interval grows from b to d:
A =10.6in (b), Aoyt = 0.851n (c), and A = 1.1 in (d). The additive noise is uniformly
distributed over a symmetric interval around zero (~U(—A, A)) so it is zero mean.

Simulations show that these SR theorems apply to a threshold-like ramp function
that often models a transistor’s current-voltage characteristics: A transistor’s output
current I = G(V — V) equals the scaled difference between the input and the threshold
voltages V' — Vp with a gain G for suprathreshold voltages and is zero for subthreshold
voltages. We note that the threshold neuron model lacks the internal state dynamics
of the FitzHugh-Nagumo (FHN) and the Hodgkin-Huxley (HH) neuron models [368],
[369].

Computer simulations produced the signature nonmonotonic SR curve in Figure
3.4(a) for noisy Bernoulli sequences that fed a transistor with parameters G = —1
nA/V and Vp = —2 V and for Shannon’s mutual information, the correlation measure,

and the inverted bit error rate. The three measures produced similar SR curves: The
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Figure 3.3: Simulated SR for white Gaussian noise. The plot shows the smoothed input-
output mutual information of the simple threshold as a function of the standard deviation
of additive white Gaussian noise. Each vertical dashed line shows the maximal and
minimal range in one sample of 100 trials. The simple threshold gives a binary output
y depending on the magnitude of the input x relative to a threshold value . It has the
formy = g(z—6) = 1if z > # and y = 0 otherwise. The threshold has a nonzero noise
optimum at o,,; ~ 0.546 and shows the SR effect. The threshold value is # = 1. The
input Bernoulli signal b; has an amplitude A = 0.8 and equally likely symbols that have
success probability p = 1. The Gaussian noise n; adds to the bipolar input Bernoulli
signal b;. The input sequence S consists of noisy symbols s; = b; + n; and the output
sequence Y consists of y; = g(s; — ). Each trial uses 10,000 input-output sample pairs
(s, ;) to estimate theprobability densities and to compute the mutual information.

SR curves have similar optimal noise standard deviations o, in the interval (0.3, 0.5).
The SR curves also correlated. The correlation coefficient R measured the strength of
the correlation: R = 0.9367 for the mutual information and the correlation measure,
R = 0.8265 for the mutual information and the inverted bit error rate, and R = 0.9541
for the correlation measure and the inverted bit error rate with p-value< 0.001 for all.
These simulations led to the natural prediction that an actual nanotube transistor would
exhibit the SR effect.

Experiments confirmed the SR prediction using a pristine (undoped) nanotube
threshold detector: A transistor whose conduction channel was a nanometer-width

semiconductor singlewall carbon nanotube [436] [492] [316] [81] [290] [405]. The
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Figure 3.4: Performance for both (a) simulated and (b) nanotube transistor experiments
gave the nonmonotonic stochastic-resonance (SR) signature with similar modes for
additive white Gaussian noise. The three performance measures were the bottom
red mutual-information curve I(S,Y’), the middle green correlation-measure curve
C(S,Y), and the top blue inverted bit-error-rate curve 1-BER that varied with the
standard deviation o of the Gaussian noise. (c) The stochastic I-Vg curve shows a
threshold-like gate effect of the p-type nanotube detector. Linear regression of the
random input-output pair (s;, y;) estimated the threshold gate voltage Vp = —2.3 V.

experiments applied different Bernoulli input sequences that used different combina-
tions of subthreshold gate voltages as their ON/OFF symbols. Synchronized Gaussian,
uniform, and infinite-variance Cauchy noise added to the input sequences and produced
the SR effect: They helped the nanotube transistor detect the subthreshold input.
Shannon’s mutual information, an input-output correlation, and an inverted bit error
rate measured the detector performance.

Figure 3.4(b) shows the nonmonotonic signature of SR for white Gaussian noise
and Figure 3.4(c) shows the threshold-like nonlinearity of the nanotube transistor. The
modes of the three SR curves occurred for nonzero noise strength with a standard
deviation of at least 0.01. The three SR curves correlated with each other and the
correlation coefficients were R = 0.9830 for the information and the correlation curves,
R = 0.9774 for the information and the bit-error-rate curves, and R = 0.9877 for

the correlation and the bit-error-rate curves with p-value< 0.001 for each. Nonlinear
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stochastic experiments can have extreme variations as the simulated SR in Figure 3.4(a)
shows.

We observed the nanotube SR effect (Figure 3.4(b)) despite the nanotube instabilities
that caused fluctuations in the stochastic -V curve in Figure 3.4(c). Both the simulated
and experimental SR curves have similar variations (vertical bars) that are as much as
half the height of the SR modes.

The nanotube experiments produced the SR effect for Shannon’s mutual information
[427] [37], the input-output correlation measure [87] [88], and the inverted bit error rate
that measured how well the output sequences matched the input Bernoulli sequences.
We note that the three measures correlate well and have similar SR modes or optimal
noise levels in the simulations (Figure 3.4(a)) and that they show strong correlation and
have the same optimal noise level in the experiments (Figure 3.4(b)).

The mutual information (S, Y") subtracts the noisy channel’s (the transistor’s) out-
put conditional entropy H(Y'|S) from its unconditional entropy H(Y) [95]: I(S,Y) =
H(Y) — H(Y|S). The input signal S was a sequence of random binary voltages that
produced a random output sequence Y in the form of a transistor current. The correlation
measure C(S,Y') normalized the zero-lag value of the cross-correlation sequence
N
rsy(l) =) s(k)y(k —1) (3.4)

k=1

of the two sequences with subtracted means.

These two measures did not assume that the nanotube detector had a special structure
and did not impose a threshold scheme on the experiment. But the inverted bit error
rate (1-BER) decided whether each output y; was a ‘0’ or ‘1’ by applying a threshold
scheme: A Bayes discriminant function in a two-class minimum-distance classifier

[130] that used complete knowledge of the input. The 1-BER measured how often
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the input and output bits agreed: 1-BER =1 — (Nerror/N) = Neopreet/N wWhere Nerror
counted the number of bits that differed between the length-/V input and out sequences
and N gree counted the number of bits that agreed.

The nanotube transistor had a threshold-like nonlinearity that produced the SR
effect. Figure 3.4(c) gives the transistor’s current-voltage characteristics -V in
response to the noisy input signal by plotting the experiments’ input-output pairs (s;, ;).
The nanotube detector’s input S is the transistor gate voltage V', and the output Y is the
current . The transconductance G related the output drain-to-source current / to the
suprathreshold input gate voltage V' with respect to the threshold voltage V7:

T 7 GV —-Vp)for§=V < Vp (3:5)
0 else

The transconductance G was negative because the pristine nanotube transistors
exhibited current-voltage characteristics that were consistent with p-type transistors.
Linear regression fit the data to the transistor equation (3.5), extrapolated the nonlin-

earity in Figure 3.4(c), and estimated the threshold voltage T,}T ~—-23V.

3.2.1 Stochastic Resonance Theory

Stochastic resonance (SR) occurs when noise enhances the performance of a nonlinear
system [256]. The SR effect occurs in nature, in electrical systems, in neuron models,
and in climate [42] [41] [43] but no report of SR in carbon nanotubes. Examples
from nature include crayfish [363] [370] [118] and crickets [276] [328] [329] that elude
predators and sharks [55] and paddlefish [403] that find prey. SR occurs in neural studies
of a rat’s brain [175] and mechanoreceptors [89]. Examples of electrical systems that
exhibit SR include ring lasers [322] [449], Chua’s circuit [18], [17], comparators [178],
coupled diode resonators [291], tunnel diodes [311] [310], Schmitt triggers [323], Ising
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systems [344] [415] [56], bistable magnetic systems [172] [187], electron paramagnetic
resonance [172], magnetoelastic ribbons [422], superconducting quantum interference
devices (SQUIDs) [401] [470] [204], Josephson junctions [205] [59], optical systems
[39], [136], chemical systems [137] [258] [275] [161] [188], and quantum-mechanical
systems [292] [306] [365] [364] [186]. Some bistable systems [141] [62] can exhibit
the SR effect. The single-well Duffing oscillator [138] [140] [139] and van der Waals
interaction (unpublished manuscript) can both exhibit the SR effect without a potential
barrier. The SR effect can also exhibit more than one mode [420] [285] [318] [452].
Examples of neuronal models that exhibit the SR effect include dynamical models —-
the bistable potential neuron [65], the Hodgkin-Huxley neuron [368], [87], [293], [378],
the FitzHugh-Nagumo neuron [88], [294] [340] [375], and the integrate-fire neuron [63]
[76] [377] [424] —- and threshold units or neurons [427] [87] [88], [118], [66] [170]
[177] for finite-variance noise types and using mutual information or cross-correlation

to measure the performance.

A Simple Threshold Neuron Stochastically Resonates

Reference [254] shows that a simple threshold is a sufficient condition for the SR effect
and for all finite-variance noise and for all major infinite-variance noise. We review two
theorems from [254]: They show that small amounts of independent additive noise can
increase the mutual information of threshold neurons if the neurons detect subthreshold
noisy Bernoulli input signals. The first theorem shows that the SR effect occurs for
all finite-variance noise probability density functions (pdf) that obey a simple mean
constraint. The second theorem shows that the SR effect holds for all infinite-variance

noise types in the broad family of stable distributions.
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The theorems use the standard discrete-time threshold neuron model [256] (and

references therein).

y=San(s+n—0) = lifs+n>46 3.6)
Oifs+n <@

where € > 0 is the neuron’s threshold, s is the bipolar input Bernoulli signal with
arbitrary success probability p such that 0 < p < 1 and with amplitude A > 0, and

n is the additive white noise with probability density p(n).
The threshold neuron study uses binary signals that have subthreshold symbols. The
symbol ‘0’ denotes the input signal s = —A and output signal y = 0. The symbol ‘1’
denotes input signal s = A and output signal y = 1. We assume subthreshold input

signals: A < 6. Then the conditional probabilities Py s(y|s) are

Pyis(0]0) = Pr{s+n<8}|=—a=Pr{n<f+ A}
8+A
= / p(n)dn 3.7
Pys(10) = 1— Pys(0]0) (3.8)
Pyis(0]1) = Pr{s+n<0}|=a=Pr{n<6-A}
8-A
= f p(n)dn (3.9)
and the marginal density is
Py (y) = D Pris(yls) Ps(s) (3.11)
s

55



The performance measure is Shannon’s mutual information. The discrete mutual infor-
mation of the input .5 and output Y is the difference between the output unconditional

entropy /(Y") and the output conditional entropy H (Y'|S) conditioned on the input:

I(5Y) = H(Y)-H(Y|S) (3.12)
= —> Pr(y)logP(y)

% yZZPSY (s,y) log Pys (yls) (3.13)
= —ZS Pyy (y) log Py (v)

* yZ Ps(s) ) Pys (yls)log Pyjs (yls) (3.14)

= g;PSY (s,9) log% (3.15)

So the mutual information is the expectation of the random variable

log [Psy (s,y)/Ps (s) Py (y)]:

I(S,Y)=E [log #}%} (3.16)

Here Ps(s) is the probability density of the input S, Py (y) is the probability density
of the output Y, Py |g(y|s) is the conditional density of the output Y given the input
S, and Psy(s,y) is the joint density of the input S and the output Y. Simple bipolar
histograms of samples can estimate these densities in practice. The mutual information
is the relative entropy between the joint density Psy (s, y) and the product density
Ps(s)Py(y). We note that the mutual information is zero if S and Y are independent
and give log(l) = 0: The joint density is the product of the marginal densities:
Psy (s,y) = Ps(s)Py(y). Jensen’s inequality [95] implies that the mutual information

is nonnegative: I(S,Y") > 0.
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The proof of the theorem shows that if J(S,Y) > 0 then eventually the mutual
information (S, Y') tends toward zero as the noise variance tends toward zero for
subthreshold signals. So the mutual information I(S, Y) must increase as the noise
variance increases from zero. The proof uses the fact that /(.S, Y) = 0 if and only
if S and Y are statistically independent. This reduces the proof to showing that S
and Y are asymptotically independent: I(¢) — 0 as ¢ — 0 or equivalently that
Psy(s,y) = Ps(s)Py(y) or that Py|s(y|s) = Py(y) as ¢ — 0.

Theorem 1. Suppose that the threshold neuron Equation (3.6) has noise probability
density function p(n) and that the input signal S is subthreshold (4 < 6 ). Suppose
that there is some statistical dependence between input random variable S and output
random variable Y (so that I(.S;Y’) > 0). Suppose that the noise mean E[n] does not
lie in the signal-threshold interval (8 — A, + A) if p(n) has finite variance. Then the
threshold neuron (3.6) exhibits the nonmonotone SR effect in the sense that (S, Y) — 0
aso — 0.

Theorem 2. Suppose I(S,Y) > 0 and the threshold neuron Equation (3.6) uses
a-stable noise with location parameter a ¢ (6 — A, 8+ A) Then the neuron (3.6) exhibits

the nonmonotone SR effect if the input signal is subthreshold.

3.2.2 Noise-Enhanced Nanotube Detector Experiments

The nanotube experiments confirmed the SR prediction for nanometer-wide transistors
detecting weak Bernoulli signals in noise and for both finite-variance and infinite-
variance noise. The nanotube detector exhibited the SR effect by comparing the
random Bernoulli input signal to the random output and computing Shannon’s mutual
information, the normalized correlation measure, and the inverted bit error rate.

Each of the nanotube experiments applied 32 independent trials of 1,000-symbol

input sequences for 25 noise levels per type and over a range of gate voltages. The
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25 sampled noise levels ranged from 0.001 to 1 standard deviation o (dispersion vy
for infinite-variance Cauchy) linearly in logarithmic scale. The noisy input S was a
synchronized Bernoulli sequence s; = b; + n; of the sum of random subthreshold binary
values b; and additive white noise n; of three types. So there was no timing noise
in the pulse train as in the FHN neuron model [368], [369]. Synchronization allows
the nanotube systems to implement a variety of algorithms from signal processing and
communications.

The gate voltages in Figure 3.4 were ON= —1.6 V and OFF= —1.4 V for the two
equally likely symbols. The experiments updated the noisy input symbols s; about once
every 10 ms. A 200 mV drain-source voltage biased the nanotube at room temperature
in vacuum. The experiment measured and averaged 10 samples of the detector output at
100 kilo-samples per second near the end of each symbol interval to estimate the output

symbols y;.

Setup for the Nanotube Detector Experiments

The experiment tested a carbon nanotube field effect transistor (FET) as a threshold
detector with subthreshold signal plus noise. The detector consisted of a singlewall
semiconductor carbon nanotube bridging two electrodes in Figure3.5. Reference [250]
contains details of the fabrication. A voltage is subthreshold if it is more positive
than a p-type FET’s threshold voltage and produces picoamp current in an OFF state.
The experiments tested whether noise could enhance subthreshold signals to produce
measurable currents.

The detector had titanium-gold electrodes for the source and the drain terminals and
used the p-doped silicon substrate as a backgate. The nanotube was pristine (undoped)

and was in ohmic contact with the electrodes that consisted of 20 nm Ti and 60 nm Au
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on top of the ends of the nanotube. A thin layer of silicon dioxide (500 nm) insulated
the nanotube from the p-doped backgate.

The CVD technique combined with e-beam lithography to grow a singlewall
nanotube that was less than 2 nm in diameter and 3-5 micrometers (um) long between
the two electrodes for our nanotube detector. The gap between the electrodes was
approximately 3 pm wide but the singlewall nanotube was not straight as it spanned
the gap. Atomic force microscopy produced the image of the detector in Figure 3.5 and
showed that the nanotube had a diameter d < 2 nm that was consistent with a singlewall
nanotube.

Four steps prepared the nanotube detector that started from a piece of wafer to a
chip carrier in a cryostat: transistor screening, wafer cutting, wire bonding, and vacuum
pumping. The screening step measured the current-voltage /-Vp characteristics of every
metal contact pairs on the wafer to identify the conducting devices, measured the I-
Ve of those conducting pairs to identify the semiconductors, and applied atomic force
microscopy to verify that the semiconductors were nanotubes.

The cutting step broke the silicon wafer into smaller chips that would fit in a chip
carrier while a polymer coating protected the detector from any debris. The bonding step
gave a detector the electrical connection to a test equipment from inside a chip carrier
and a vacuum. A wire-bonding machine applied pressure and short bursts of ultrasound
to fuse gold wires to the chip carrier’s bonding posts on the one end and to the silicon
chip’s contact pads on the other end. The pumping step held a detector and its carrier
in a cryostat at room temperature while a vacuum pump evacuated air and contaminants
such as water.

A Hewlett Packard 4156B Semiconductor Parameter Analyzer characterized the
transistor behavior in the current-voltage plots in Figure 3.6. The analyzer produced a

current-drain voltage (/-Vp) curve by sweeping the drain-source voltage while holding
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Figure 3.5: Micrograph of a nanotube bridging two electrodes. Atomic force microscope
(AFM) captured an image of the detector. The nanotube was three to five um long
between the Ti-Au electrodes at the top and bottom of the image and less than 2 nm in
diameter according to the AFM.

the gate voltage constant. The analyzer produced a current-gate voltage (/-V) curve
by sweeping the gate voltage while holding the drain-source voltage constant at small
voltages to avoid channel pinch off.

Figure 3.4(c) plotted the detector’s output current Y against the input voltage S
and showed the p-type transistor behavior of the detector with little hysteresis. Linear
regression estimated the transconductance and the threshold voltage. The estimated

threshold voltage is where the regression line intersects the bottom axis. These estimated
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Figure 3.6: Nanotube transistor gate effect. A Hewlett Packard 4156B Semiconductor
Parameter Analyzer showed the nonlinearity as the transistor’s current / varied with
its gate voltage V. (a) I-Vp: The HP4156B varied the drain-source voltage Vp from
—2 V to 2 V while keeping V; constant. Each curve corresponds to a different V; €
{-5,—4,-3,...,4,5} V. (b) I-Vi: The Vp was constant at 200 mV while the Vg
stepped from —7.5 V to 7.5 V in a single sweep.
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Figure 3.7: Nanotube transistor hysteresis. The HP 4156B performed a double sweep of
the gate voltage: Vi stepped up from —7.5 V to 7.5 V then stepped down to —7.5 V. The
arrows in the plot show the directions of the voltage sweeps. The drain-source voltage
was 200 mV. Exposure to vacuum changed the hysteretic loop (blue). Solid line is for
sweeps to the right. Dashed line is for sweeps to the left. We note that researchers have
reduced hysteresis by coating the nanotube devices with a layer of PMMA polymer and
heating the coated devices [247].

61



S={s:s;=b+n,}
One symbol per 10 ms | NANOTUBE
¥ | DETECTOR
[P-TYPE —
PCA——BASED DATA Vps =200{mV
CQUISITION
(DAQ)
CURRENT-VOLTAGE
1 AV PRE-AMPLIFIER
-10-8 A/V gain
Y={y} 0.1
100 kilosample/sec 1 e RIsETINE

Figure 3.8: Equipment for the nanotube noise experiments. The threshold detector was
a p-type carbon nanotube field effect transistor. The input was the gate voltage and the
output was the current of the nanotube detector. The DAQ updated the input symbols
about once every 10 ms to allow the data acquisition and the amplifier hardware to reach
steady state. Each output symbol was the average of 10 DAQ measurements near the
end of the symbol interval. Each of the nanotube experiments applied 32 independent
trials of 1,000-symbol input sequences for 25 noise levels per type and over a range of
gate voltages. The 25 sampled noise levels ranged from 0.001 to 1 standard deviation
o (dispersion v for infinite-variance Cauchy) linearly in logarithmic scale. A cryostat
provided the electrical connection between the detector and the laboratory and kept the
detector in a vacuum and at room temperatures.

parameters differed from those of the I — V{; curve that the semiconductor analyzer
produced in Figure 3.6(b). The hysteretic effect could account for the differences:
Different parts of the hysteretic loop gave different parameters for the gate effect. The
experiments used input voltages that changed magnitudes at random and produced data

in Figure 3.4(c) that averaged the hysteretic effect.
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Figure 3.8 shows the equipment setup for the experiments. A PC-based National
Instruments PCI-MIO-16XE-10 data acquisition (DAQ) board converted the noise-
corrupted signal S from digital to analog (DA) and converted the conditioned noisy
output ¥ from analog to digital (AD). The AD-DA conversion has a 16-bit resolution
and a 10 microsecond (us) rise time. The DAQ board has a selected input voltage
range in the interval [—5, 5]V for AD conversion and a fixed output voltage range in the
interval [—10, 10]V for DA conversion. A voltage divider divided the smallest output
voltage increment by two. This improved the resolution of the DAQ’s analog output
voltage but reduced the dynamic range of the DA conversion to the interval [—5, 5]V.

A DL 1211 current-voltage preamplifier conditioned the detector output current}y”
before data acquisition sampled it as a voltage. The amplifier converts a small current
(10 nA) into a large voltage (1 V) with the 10~® A/V gain setting. The analog voltage
has a maximal time delay of 0.1 ms with the 0.1 ms rise-time setting.

A software driver in LabView produced the random signal S and the additive
noise, timed the update of the noisy signal sequence, and supervised the DA and AD
conversions. The LabView program provided the uniform random number generator.
The driver converted the uniform random number into zero mean white Gaussian
sequences, zero mean white uniform sequences, zero-location white Cauchy sequences,
and independent Bernoulli sequences with equal symbol probabilities (p = g = /).

Nanotube field effect transistor technology produced detectors that could exhibit
hysteresis [247], [168], [388] or react to adsorbed molecules [355] [93] [249]. The
detector was not ideal because its conductance, gate effect, and hysteresis changed over
time. The detector exhibited some hysteresis but not enough to prevent the SR effect.
A current-voltage /-V; curve showed the hysteretic loop in Figure 3.7. The threshold

voltage and the transconductance changed with a direction change of the gate voltage
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sweep. Charge trapping by water molecules on the silicon dioxide surface could cause
hysteresis [247].

We designed the experiments to prevent the non-ideal detector properties from
confounding the results. The experiments treated the nanotube detector as a memoryless
discrete-time threshold. So the experiments did not treat the hysteretic detector as a
bistable dynamical device such as the optical bistable system in [333]. We kept the
detector in vacuum to reduce the hysteretic effect but some effect persisted even after 72
hours in vacuum. The experiments applied subthreshold symbols that were at least two
standard deviations away from the far left leg of the deterministic hysteretic loop.

Plotting the detector’s random output Y as a function of its noisy input S gave
a stochastic I-V curve that showed the non-ideal but threshold-like gate effect of a
transistor in Figure 3.4(c). The input signals had short hold times, small voltage ranges,
and rapid voltage transitions. This differed from the deterministic voltage sweeps that
had longer hold times, large voltage ranges, and slow transitions that gave the I-V
curve in Figure 3.6(b) and the hysteretic curves in Figure 3.7. Again the hysteresis did

not prevent the observation of the SR effect.

Nanotubes Stochastically Resonate in Experiments

The experiment found the SR effect for mutual information, normalized correlation,
and inverted bit error rate for Gaussian (Figure 3.9) and uniform (Figure 3.10) noise
and for four combinations of binary symbols (a)(—2.0, —1.8) V, (b)(—1.8,—1.6) V,
(c)(—1.6,—1.4) V, and (d)(—1.4, —1.2) V. Each pair had a 0.2-volt separation because
sensitivity analysis showed that the separation gave complete SR modes within the range
of noise levels. A linear regression of the transistor’s gate effect estimated the threshold
voltage and aided the selection of the subthreshold ON/OFF symbols. Figure 3.4(b)

enlarges Figure 3.9(c) and shows the SR effect for additive white Gaussian noise and
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Figure 3.10: SR for additive white uniform noise. The SR effect occurred for four
combinations of gate voltages and for three performance measures: Top blue for the
inverted bit error rate, middle green for the input-output correlation, and bottom red for
the mutual information. Two of the four plots appear to have multimodal SR curves.
Each plot used one of four combinations of input gate voltages. (a) ON = —2.0V and
OFF = —1.8V. (b) ON = —1.8V and OFF = —1.6V. (c) ON = —1.6V and OFF = —1.4V.
(d) ON = —1.4V and OFF = —1.2V.

We also passed impulsive or infinite-variance white noise through the nanotube
detector to test whether it was robust to occasional large noise spikes. We chose the

highly impulsive Cauchy noise [256] for this task. This infinite-variance noise had the

p(n)=1( ! ) (3.17)

T \n?+ 72

probability density function

for zero location and finite dispersion 7. Not all Cauchy experiments produced a
measurable SR effect: Figure 3.11(a) shows that a diminished SR effect still persists

for Cauchy noise with subthreshold signal pair ON = —2.0 V and OFF = —1.8 V.
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Figure 3.11: Robust SR for additive white Cauchy noise. The Cauchy-noise experiments
produced a measurable SR effect for at least one combination of gate voltages and for
three performance measures: the bottom red mutual information, the middle green cross
correlation, and the top blue inverted bit error rate. This highly impulsive noise has
infinite variance and infinite higher-order moments. The plot in (a) shows clear SR
effect with more than one mode. The large SR mode lies at dispersion v =~ 0.003. A
second SR mode lies at dispersion v € (0.3,0.4). The plots in (b) and (c) show an
approximate SR effect for the SR mode occurring for dispersion of at least v = 0.05 in
(b) and v ~ 0.02 in (c). Each plot used one of four combinations of input gate voltages.
(a) ON = —2.0V and OFF = —1.8V. (b) ON = —1.8V and OFF = —1.6V. (c) ON =
—1.6V and OFF = —1.4V. (d) ON = —1.4V and OFF = —1.2V.

The experiments detected an SR effect if a performance measure had at least one
nonmonotonic “bump” or mode. Two statistical tests rejected the null hypothesis Hy that
noise decreased the detector performance monotonically and so confirmed the nanotube-
SR prediction. The hypothesis tests treated three averaged performance measures as
probability density functions (pdf) and compared them to a monotonically decreasing

B-pdf. The tests rejected the null hypothesis because three performance measures all

exhibited one or more statistically significant modes for three types of additive noise.
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Figure 3.12: Bernoulli input and detector output for Gaussian noise shows a SR effect.
Three pairs of input and output sequences (column-wise) show that noise can help signal
detection in a SR effect. The top row shows the random binary (Bernoulli) input where
the symbol ‘41’ stands for ON and ‘—1’ for OFF. The bottom row shows the detector
output for three noise levels. (a) The detector output is small and not similar to the input
for a low noise standard deviation o = 0.001. (b) The detector output is similar to the
input for the optimal noise standard deviation o,,; = 0.01. (c) The detector output is
large and not similar to the input for a large noise level (¢ = 1.0). The output exceeds
the scale in this plot. The transistor gate voltages were —1.6 V for the ON symbol and
—1.4 V for the OFF symbol.

Some of the SR plots show more than one mode. Several researchers reported
multimodal SR [285] [318] [452] in the plot of system performance against noise. The
apparent multiple SR modes in the uniform experiments may be due to fluctuations.
But the clear second mode for the Cauchy experiments may involve clipping: The
limited dynamic range [—5, 5] V of the data acquisition equipment may have produced
the second peak in the graph as a truncation artifact because it clipped large spikes when
it converted the infinite-variance Cauchy noise to voltage.

Plotting the input-output sequences S and Y also shows the stochastic resonance
effect. Figure 3.12 shows three sample pairs of input and output sequences for different
Gaussian noise standard deviations. A segment of the output sequence matches the input
sequence better for near-optimal noise levels in Figure 3.12(b) than for too little noise

in (a) or too much in (c).
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The experiments measured the detector’s performance with the mutual information,
the normalized correlation measure, and the inverted bit error rate. They measured how
well the output sequence matched the input. The performance measures were discrete-
time functions. Shannon’s mutual information used probability densities of the input
and the output sequences.

A histogram of the output sequence Y gave the discrete probability density function
P(Y=Y)=p; (3.18)

that computed the unconditional Shannon entropy H(Y)= — i pilnp; for mutual
information without converting the detector output into a binl:rly sequence with a
threshold scheme. The histogram applied 120 equal-sized bins to the output sequence.
Sorting the output sequence based on the binary input symbols and then applying the

histogram gave the conditional output discrete probability density function

Pyis(Y =Yi|S = §;) = 2 (3.19)
7
conditioned on the input symbols that computed the conditional entropy H(Y|S) = —
N N
> Y piiln ( %'L_"). The mutual information measure was the difference between the
i=1j=1 ?
unconditional and the conditional output entropies (3.12).
The correlation measure was the scalar inner product of the input and output

sequences. A cross-correlation sequence compared the input and output symbol

sequences and gave a measure of their match for different lag values:

rsy(l) = > s(k)y(k — 1) (3.20)

N
k=1
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where the capital letters S and Y denoted the length-N random sequences and the
lower case letters s(k) and y(k) denoted values at some index k. The zero-lag (I = 0)
value of the cross correlation sequence (3.21) gave the scalar performance measure that
compared the input and output random sequences. Subtracting the sample mean from
the output sequence improved the match between similar input and output sequences.
The input Bernoulli sequence was approximately zero mean. The computation used +1
for the equally likely ON symbol and —1 for OFF so equal numbers of +1’s and —1’s
gave exactly zero mean.

A normalization scheme divided the zero-lag cross correlation rsy (0) by the square
root of the energy of the input and output sequences and gave the normalized correlation

measure [427], [356]:

C(S,Y) (3.21)

where the energy of a sequence is the same as the zero-lag value of its autocorrelation:

N

N
2| = > a?(k)= Y a(k)a(k — 1)) = rxx(0) (3.22)
k=1

k=1

The bit error rate measures how often a received bit or detector output y; differs from
the transmitted bit or input s;. The experiments used complete information of the
transmitted signal s; and computed a threshold or discriminant function to classify the

received bit ;. Sorting by the input bit divided the output sequence into two clusters:
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one for each input binary symbol. Optimal two-class discrimination [130] was the

midpoint between the two cluster means:

1 1 Non Norr

1
e | J|si = ON) + —— i|si = OFF 3.23
00)=3 |5 Do Wl = O+ 5o 3~ (ula=0FP)| - 62

based on the sequences for each sampled noise standard deviation ¢ (dispersion y for

Cauchy noise). The threshold scheme converted an output Y to a binary sequence

Viwary () = { - W2 (3.24)
Ofory; <g
to compute the frequency of mismatch between the input and output binary sequences:
BER = Ngpor/N where Ngyor is the number of mismatching bits in a length-V
sequence.
An increase in the bit-error-rate measure (BER) denotes a decrease in performance.
So we inverted the BER by subtracting it from unity: 1-BER = N_yreet/N by counting
the number of matching bits N+ and created a convex (cup down) SR curve. We
note that the BER measure has values in the range [0, 0.5] and that the 1-BER measure
has values in the range [0.5,1]. The apparent offset is due to the threshold detection
of binary signals with two equally likely and subthreshold symbols. Both subthreshold
symbols appear as OFF or ‘0’ to the nanotube detector. So the maximal value of the
BER measure (or 1-BER) denotes that half of the subthreshold symbols are wrong (or
correct).
The nanotube experiments confirmed the SR prediction [256] after simulations
extended the sign threshold (3.6) result to the transistor nonlinearity. The nanotube
detector exhibited a threshold-like gate effect: It had negligible conductance or gave

picoamp current for subthreshold gate voltages (V' > V). The current varied linearly
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Figure 3.13: Gaussian, uniform, and Cauchy noise samples.
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Additive white (a)

Gaussian, (d) uniform, and (g) clipped Cauchy noise samples. The noise samples had

unit standard deviation ¢

1.0 (v = 1.0 for Cauchy). (b), (e), and (h) show the

histograms of the noise samples and estimate the discrete probability density function
of the noise. (c), (f), and (i) show the discrete noise power spectral density. Cauchy
bell curves have fatter tails than do Gaussian bell curves: The impulsive Cauchy noise
produces outliers more frequently. Clipping large values to £5 removed the occasional
large spikes and produced the two peaks on either side of the Cauchy bell curve in (h).
The discrete power spectrum is flat over the [—, ] interval in (c), (f), and (i). The noise

samples were uncorrelated in time.
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with suprathreshold gate voltages (V' < V) where the transconductance was the slope
or gain.

The experiments applied discrete-time white noise of three types: Gaussian,
uniform, and infinite-variance Cauchy noise. Figure 3.13 shows samples of the three
noise types in (a), (d), and (g), their histograms in (b), (e), and (h), and their power
spectra in (c), (), and (i). A power spectral density of the discrete-time zero-mean noise

n(k) is a discrete-time Fourier transformation of its autocorrelation sequence

o o]

Ra(e) = ) ra(l)e (3.25)

l=—00

where the autocorrelation sequence is 7, (I) = >, n(k)n(k—1).
k=—o00

Hypothesis Tests for SR

Two statistical tests confirmed that the SR-curves were nonmonotonic. A goodness-
of-fit test measures how well a candidate probability density function (pdf) matches
a benchmark pdf given a set of data from the candidate pdf. The null hypothesis Hy
states that the two pdfs are the same. The test rejects the null hypothesis if a test statistic
exceeds a critical value for a given significance level a.. The significance level « denotes
the probability of a Type-I error—-the probability of rejecting the null hypothesis when
it is true. The p-value measures the credibility of the null hypothesis Hg given the data.
A statistical test rejects the null hypothesis Hy at the significance level « if the p-value
is less than the significance level: Reject Hy if p-value < a.

The popular 3-pdf family has two shape parameters (« and ) that give continuous
pdfs over a finite-length interval such as the unit interval [0, 1]. Some of these 3-pdf
decrease monotonically. These include the [(3-pdf in Figure 3.14(a) with parameters

a = 0.5 and § = 5 among many others that we tested. Two types of goodness-of-fit tests
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rejected the match between the candidate (normalized) SR curves and the monotonically

decreasing §-pdf 3(0.5,5). A -pdf has the form

CI:a:gl (1 _ x)ﬂ—l

faplz) = B(a,8)

(3.26)

for z € [0, 1] and positive parameters o > 0 and ¢ > 0. The denominator term B(c, )

is

1
_ a—1¢1 _ \0—14.. _ I'(a) T ()
B (a,6) = f;z: (1—2z) " de= Tt (3.27)
0
with I' function -
F'n+1) = /u"e"”du = al'(n) (3.28)
0

forn >0 (1) =1land I'(n + 1) =n!if n is a positive integer). The 3-pdf contrasts
with the SR-curves because it is nonzero only for z € [0, 1] and because it decreases
monotonically to zero as x increases to 1 for the parameters a = 0.5 and ¢ = 5.

The goodness-of-fit tests converted each averaged SR-curve to its equivalent pdf
fsr(k). The conversion interpolated 25 averaged values so that the SR-curves had a
uniform increment of Az = 0.001 and were nonzero only in the interval [0, 1]. The
conversion integrated (via discrete approximation) and normalized the SR-curves so

that they integrated to one:

o0 1 N
/ fsr(z)dz = f fs(z)de~ > fsp(k)Az=1 (3.29)
Bt 0 k=1

where fsg is the normalized SR curve.
The y2-test compared the SR-pdfs (mutual information, correlation measure, and

inverted bit-error-rate) to the 3-pdf in Figure 3.14(a). We converted the pdf f(k) to the
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1+ Kolmogorov=-Smirnov test statistics
I(S,Y) vs. B (0.5,5) : 0.3955
0.8 C(S,Y) vs. B (0.5,5) : 0.4997

40 ¥ test statistic

I(S,Y) vs. B (0.5,5) : 2.632e+011

35r
C(S,Y) vs. § (0.5,5) : 1.648e+011
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Figure 3.14: The SR probability density functions and cumulative density functions. (a)
The [3-probability density function (pdf) and the SR-pdfs. The reference pdf (top black
curve) had a 3 distribution with the parameters & = 0.5 and § = 5 (~ (3(0.5,5)) and
decreased monotonically. A normalization scheme converted the SR-curves in Figure
3.4 (b) into their equivalent pdf fsp (red for information, green for correlation, and blue
for 1-BER). A test statistic that exceeded a critical value rejected the null hypothesis
Hy: SR-pdfs ~ (3(0.5,5) and so confirmed that the SR-curves were nonmonotonic.
(b) The [-cumulative distribution function (CDF) and the SR-CDFs. Integrating the
pdfs gave the CDFs. The 3(0.5,5) pdf gave the top black CDF. The SR-pdfs gave
the red (information), green (correlation), and blue (1-BER) CDFs. The CDF-based
statistical tests removed a potential defect in the pdf-based test: The tail of the pdf could
skew the test statistic if it gave near-zero values in the denominator of the test statistic.
Rejecting the hypothesis Hy: SR-CDFs ~ (3(0.5,5) confirmed that the SR-curves were
nonmonotonic.

cumulative distribution function (CDF) F(k) by integration (via discrete approxima-
tion):

T xZ k
F(z) = /f(u)du=ff(u)dum > F()Az=F (k) (3.30)
—00 0 3=1

The CDF appeared in both a x*-test and a Kolmogorov-Smirnov (KS) test: The tests
compared the SR-generated CDFs to the 3-CDF in Figure 3.14(b).

The goodness-of-fit test applied the x*-test with the null hypothesis Hp: SR-pdfs
~ (3(0.5,5) and the alternate hypothesis H,: SR-pdfs ~ (3(0.5,5) at the smallest level
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of significance @ = 0.001. The test rejected the null hypothesis if the test statistic

exceeded the critical value. The test statistic had the form

0; — E;)
Xt = D ©:—B) = ) 3.31)

i

where O; was an observed value in the SR-pdfs and E; was an expected value in the
reference B-pdf. The critical value was x2 ..., = 48.2679 for the smallest level of
significance o = 0.001 and for degree of freedom v = (k—1—m) = (25—1—2) = 22
where £ was the number of data and m was the number of parameters in the test. The test
statistic was X2 greq; = 2.632 x 10'* for the mutual-information pdf, x2 .., = 1.648 x
10" for the correlation-measure pdf, and X2, = 6.797 x 10" for the inverted bit-
error-rate pdf. So the y?-test showed that the monotonically decreasing 3-pdf differed
substantially from any of the SR-pdfs with p-value < 0.001.

A second x>-test based on the CDF removed a potential confounding factor in the
pdf-based test: The small values in the tail of the pdf might skew the test statistic if it
gave near-zero values in its denominator. The CDF-based goodness-of-fit test applied
the null hypothesis Hy: SR-CDFs ~ [3(0.5, 5) and the alternate hypothesis H,: SR-
CDFs ~ (0.5, 5). The test statistic Was Xz p e = 89.2559 for the mutual information
CDF, X2 pries: = 129.1207 for the correlation measure CDF, and x4 p pyes; = 212.8394
for the inverted bit-error-rate CDF. The test statistics greatly exceeded the critical value
X2iticar = 48.2679. The x-test showed that the 3-CDF differed substantially from the
SR-CDFs with p-value < 0.001.

The Kolmogorov-Smirnov (KS) test for goodness-of-fit also tested how well the
SR-CDFs matched a §-CDF for the null hypothesis Hy: SR-CDFs ~ (3(0.5,5) and
the alternate hypothesis H,: SR-CDFs ~ (3(0.5,5). by comparing the CDF-based test

statistic to the critical value K S¢ .t = 0.32 for the smallest significance level a =
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0.01 and for n = 25 (number of data). The test statistic equaled the largest difference

between the observed and the expected CDF values:
K Siest = max (|0; — Ej) (3.32)

where O; was an observed value in the SR-CDF and E; was an expected value in the
reference 3-CDF. All three test statistics exceeded the critical value: K Spest = 0.3955
for the mutual-information CDF, K S;.st = 0.4997 for the correlation-measure CDF and
K S;et = 0.6138 for the bit-error-rate CDF. So the KS-test rejected the null hypothesis
and showed that the monotonic decreasing 3-CDF differed from the SR-CDFs with p-
value < 0.001.

We performed control experiments to verify that the SR effect occurred for the
nanotube. The control experiments had no nanotube bridging the source and drain
electrodes and applied only additive Gaussian noise. The transistor had no gate effect
in the absence of a nanotube: it gave sub-nano amp current for any gate voltage. The
control showed no SR-effect: the performance curves were flat for any noise level and
for any gate voltage.

The SR-detection results should hold for different nanoscale transistors because the
SR prediction applied to transistor and other threshold-like nonlinearities. These results
suggest that noise can improve nanosensor sensitivity if the devices adapt to the available
noise by changing thresholds. The threshold modification can be field programmable
with the addition of select chemicals or electric fields for ambient noise that is greater
than the optimal noise. The detection system can also adaptively add noise to improve

sensitivity for less-than-optimal ambient noise.
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Chapter 4

Nanotube Antennas Can Directly

Detect Electromagnetic Signals

Nanotube-dipole antennas can detect narrowband electromagnetic (EM) signals. We
present a new nanotube-antenna theorem in this chapter. The theorem predicts
that multiwall nanotube (MWNT) dipole antennas should resemble thin-wire dipole
antennas for nanotube EM-wave propagation at or near the free-space velocity of light.
Nanotube antennas can resonate, have diameter-dependent narrow bandwidths, and can
apply to array designs similar to thin-wire dipoles. The antenna prediction can apply to
quantum conductors that satisfy a central assumption on wave propagation and antenna
current distribution.

Multiwall nanotubes and single-crystal nanowires can act as resonant dipole anten-
nas that can integrate with nanoscale electronics if technology can reduce their intrinsic
resistance. Both multiwall-nanotube and single-crystal nanowire-based dipole antennas
can be highly-selective narrowband detectors because they have high length to diameter
ratios [431] [386] [212] [478]. Both MWNT and single-crystal NW can conduct better
than similar-sized poly-crystal metal wires that can suffer from grain-boundary effects
[46] or can fail due to electromigration [201] [446].

MWNT antennas in an all nanotube architecture can have another advantage
over nanoscale metal wires: Nanotube (NT) wires can connect NT devices and NT
antennas without metal-NT junctions. The junction between metal and a nanotube can

produce high impedance Schottky diodes [202]. Researchers are studying nanotube
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interconnections [103], [367] and could one day produce an all-nanotube architecture
with low junction impedance.

Section 4.1 presents the nanotube-antenna analysis and prediction. Section 4.2
discusses how nanotubes can directly process electromagnetic signals in a cochlear-

model spectral processing.

4.1 Nanotubes Can Detect Narrowband Electromag-
netic Signals Because They Are Narrow Resonant
Dipole Antennas

Quantum-conductor dipole analysis predicts that nanotubes can be dipole antennas
similar to thin-wire dipoles. This prediction applies if the velocity of EM wave
propagation v, in nanotubes is at or near the free-space speed of light c. Antenna analysis
estimated the complex self impedance Z;, = R;, + jX;, of a lossless nanotube dipole
and found that nanotube impedance is similar to that of thin-wire dipoles for v, ~ c. So
nanotube antennas can resonate and have narrow bandwidth similar to thin-wire dipoles.

Nanotube dipoles have thin-wire-like resonant length and radiation resistance for
small quantum-induced changes in EM-wave propagation. Figure 4.1 plots nanotube
self impedance versus normalized nanotube length and compares the perfect-conductor
case k, = ko and a limited quantum-conductor case k, ~ k. The free-space wave
number kj is a function of free-space wavelength A that is a function of ¢: kg = 27/ and
A = w/c. The quantum-limited wave number £k, is a function of quantum-compressed
wavelength \,. Nanotube dipoles can have a fundamental resonant length that is
approximately half free-space wavelength [ = \/2 for small changes in the velocity

of EM-wave propagation v, = c that lead to k, ~ kq.
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Figure 4.1: Similarity between nanotube and thin-wire dipole impedance for &k, =~
ko. The figures plot the real and imaginary parts of impedance versus a normalized
dipole length k,l. (a) k, = ko corresponds to the perfect-conductor case. (b) k, =
1.1 - ky corresponds to a weak quantum-conductor case. The top five color curves are
nanotube input reactance for five different dipole diameters as a function of compressed
wavelength. The five diameters a/), are 0.009525 (red), 0.006350 (green), 0.004763
(blue), 0.003175 (magenta), and 0.001588 (cyan) from top to bottom. The bottom-most
black curve is the nanotube input reactance.

The estimated nanotube impedance predicts resonance for approximately half-wave
dipole lengths because the estimated half-wave impedance has zero reactance (or
imaginary part of impedance). Resonant dipoles have zero reactance according to
antenna theory [382]. Wang et al. have demonstrated optical-frequency antenna length
effect for arrays of multiwall nanotubes [458]. The observed nanotube-antenna length
effect has free-space wavelengths and so supports the predicted thin-wire-like resonant
lengths for nanotube antennas.

Nanotube dipoles can have narrower bandwidths than thin-wire dipoles due to
smaller diameter-to-length ratios. Nanotubes have smaller ratios because they are
nanometers in diameter [431] and can be many micrometers [492] to millimeters
[212] in length. Dipole-reactance curves have slopes that steepen with decreasing

dipole diameter-to-length ratios (Figure 4.1). Steeper slopes correspond to narrower
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bandwidths because small changes in frequency cause large changes in reactance. So
nanotube dipoles have narrower bandwidth than thin-wire dipoles.

The estimated impedance has resistance (or real part of impedance) that resembles
free-space resistance for the fundamental resonant-dipole length. So nanotube dipoles
have thin-wire like radiation efficiency for k, ~ k.

The estimated resistance is the nanotube radiation resistance because the analysis
has a low-resistive loss assumption (lossless case). An efficient antenna radiates most
or all of its input signal power if its radiation resistance matches free-space resistance
because the matched-load case produces little or no wave reflection [382]. The lossless
case gives a kind of best case estimate in the sense that non-zero intrinsic ohmic losses
in the conductor reduces antenna radiation.

The similarity between nanotube impedance and thin-wire impedance also suggests
that thin-wire based uniform-linear-array designs [147] can apply to nanotubes. The
array design can increase nanotube-antenna sensitivity because nanotube-dipole arrays
can gain sensitivity by adding array elements. A corollary to the nanotube-antenna
theorem shows that nanotubes have thin-wire-like mutual impedances. This mutual
impedance similarity directly supports array designs using nanotubes.

Nanotube dipoles can fail to resonate for large reductions in the velocity of EM
wave propagation k, >> ky. Figure 4.2(a) plots nanotube reactance as a function
of normalized dipole length for k, = 1.45 - ky. The estimated nanotube reactance
becomes more negative with small increases in k, (Figure 4.1) and eventually becomes
all negative (Figure 4.2(a)). Nanotube dipoles do not resonate for k, >> kg due to
nonzero estimated reactance.

Figure 4.2(b) plots nanotube resonant resistance as a function of k,. The radiation

resistance falls rapidly as k, increases. Nanotube dipoles can become very inefficient
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Figure 4.2: Nanotube antenna input impedance for k, >> k. (a) Nanotube reactance is
all negative and so the nanotube antenna does not resonate for larger k,. (b) Nanotube
input resistance falls rapidly with increasing k,. The input resistance is the nanotube
radiation resistance for the lossless case.

for large k, because the estimated resistance becomes many orders of magnitude smaller
than free-space resistance.

Nanotube antennas can be an attractive design choice for small reductions in
EM-wave propagation. Multiwall nanotube and single-crystal nanowire antennas can
be better than nanometer-size thin wires because poly-crystal metal wires can have
high intrinsic resistive-losses and act as poor antennas: Oxidation [335], heating and
electromigration [201] [446], and grain-boundary effects [46] can reduce conductivity
for nm-diameter poly-crystal metal wires. The nanotube (or nanowire) antennas are also
better than poly-crystal wires because they can interface with nanotube (or nanowire)
circuits without high-impedance junctions. The antenna prediction applies to quantum
conductors in general and so can apply to single-crystal metallic nanowires such as
in [478].

The antenna analysis assumes a low-resistive loss in the nanotubes and gives a kind

of best-case estimate in the sense that additional ohmic losses in the conductor reduces
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antenna radiation. The lossless case is where the resistive self impedance R;, equals
the radiation resistance because R;, is the only resistance in the radiator’s equivalent
circuit by assumption [382]. The ideal antenna resistance equals or matches the free-
space radiation resistance and would minimize signal reflection [382]. The conductor’s
intrinsic resistance dissipates as heat a portion of the otherwise-radiated power [382].

We note that nanotubes have high measured resistance but should replace poly-
crystal thin-wires as antennas for two reasons [68] [132] [462]. The first reason is that
nanotubes are stronger and have fewer defects. Increasingly narrow poly-crystal thin-
wires have high resistance due to grain-boundary scattering [46] and oxidation [335] or
fail due to heating and electromigration [201] [446].

The second reason is that nanotube resistance should reduce as technology improves.
Multiwall-nanotube resistance should reduce below the predicted minimum of about
6.5 kQ for a singlewall nanotube due to parallel conduction in multiple shells [241]
[411]. Ballistic-nanotube resistance should also reduce [227] [281] [164]. They have a
low predicted resistivity of p & 107 Q/cm that equals or exceeds the conductivity of the
best metal at room temperature for a ym-length mean free path [321]. Such a um-length

nanotube dipole should resonate near THz frequencies.

4.1.1 Nanotube Antenna Theorem: Nanotube dipoles are resonant

and narrowband

We present a new theorem for nanotube-dipole antennas: It shows that nanotube
antennas are resonant and narrowband based on derived formulas for nanotube-dipole
self and mutual impedances. The theorem modified the thin-wire dipole model to
estimate nanotube-dipole self impedance and mutual impedance. And the theorem
predicts that a nanotube dipole resembles a thin-wire dipole if electromagnetic waves

propagate in the nanotube at or near the free-space velocity of light.
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The theorem modifies the perfect-conductor thin-wire dipole model (such as in
[382]) to fit quantum conductors. It alters only one assumption in the thin-wire dipole
model: Quantum conductance limits the velocity of charge and wave propagation in
the nanotube [7] [10] [107] [149] [418] [497]. The slow-wave assumption alters the
wavelength and the propagation constant or wave number k, # ko of EM waves in the
quantum conductor [374]. So we model the quantum-conductor dipole by replacing kg
with £, in nanotube current distribution.

The theorem uses the slow-wave assumption to compress the wavelength in an
assumed sinusoidal current distribution in the dipole antenna. The compressed sinu-
soidal current assumption is in two parts. The first part is that current distribution is
sinusoidal or wave-like in a quantum conductor. This is reasonable because researchers
report wave-like current excitations in one-dimensional quantum systems [69] [70] [49]
[100] [154] [236] [235] [270] [358] [437]. Lee et al. have reported periodic standing
waves due to defects in nanotube quantum wires [270]. Fechner et al. estimated that
“the harmonics of the total current oscillate in space with some periodicity” in a one-
dimensional conductor [154]. Burke set up “standing-wave resonances in SWNT of
finite length” to analyze the one-dimensional conduction and to calculate wave velocity
[69].

The second part is that quantum effects can reduce wave velocity in quantum
conductors. Researchers model the slow-wave effect by using plasmons that have
limited velocity at or near the Fermi velocity [7] [10] [107] [149] [418] [497]. Aligia
et al. estimated that the plasmon velocity in a quantum wire can be 10-30 times the
Bohr velocity or one order of magnitude slower than ¢ [10]. Burke estimated that
the plasmon velocity in a nanotube can approximate the Fermi velocity of graphite

v, &~ vp ~ 8 x 10° or two orders of magnitude slower than c [68] [69]. The reduced
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velocity corresponds to a wave number k, =~ 100 - ko in a quantum transmission-line
model [68] [197] [198] [419] [437]. So k, # ko.

The nanotube-antenna theorem modifies the wave number k, to summarize the
effects of quantum charging on nanotube current distribution that is central to the
nanotube antenna effect. We focus on quantum charging because it strongly influences
electron transport in quantum wires [245] and because electron transport directly
influences current distribution that is central to antenna radiation [382].

Nanotubes exhibit quantum charging either as quantum wires [197] [419] [437]
or as quantum dots [14] [71] [379]. The proof of the nanotube-antenna theorem
focuses on long nanotubes that can exhibit quantum charging [122] [411]: Bezryadin
et al. observed single-electron Coublomb charging in singlewall nanotubes at low
temperatures [45]. Quantum charging causes the slow-wave effects or wavelength com-
pression of EM propagation in quantum conductors [10] [149] [418] [497]. Quantum
transmission lines model this wave compression with an additional quantum capacitance
that alters the wave number k, [69] [70].

The proof of the theorem modifies a perfect-conductor model to fit a quantum
conductor by altering the wave number in the antenna current distribution. The perfect-
conductor thin-wire dipole model assumes a current distribution that uses the free-space
wave number kq:

I(z) = Iysin[ko(|l] — 2)] (4.1)

where 2[ is the dipole length [145] [382].
The nanotube current distribution is sinusoidal in shape similar to the thin-wire

dipole model [144] [382]. But the sinusoidal period shortens due to a quantum-induced
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reduction in the velocity of EM-wave propagation in the conductor [68]. The modified
nanotube current distribution has &, # ko:

I(z) = Iysin [ky(|I| — 2)] 4.2)

A lossless assumption neglects intrinsic resistive losses in the quantum conductor
and leads to a sinusoidal current distribution with a periodicity proportional to the wave
velocity [68] [69]. So the reduced wave velocity gives a shorter wavelength in the
quantum conductor than in free space. The lossless assumption also reduces the wave
vector k to a scalar wave number or propagation constant ko [68].

Other model assumptions include [145]: The dipole is in free space. The dipole
diameter is much less than either the dipole length or the wavelength of the EM signal.
The current lies on the surface of the cylindrical dipole: This is reasonable for a
quantum-limited nanotube where most or all of the current flows on the surface of the
outermost shell. The end effects are negligible: This is reasonable for a nanotube that
has a very small diameter relative to its length. The feed-region effects are negligible:
A half-dipole over a reflecting ground plane can approximate a full-dipole in free space
that has an infinitesimal voltage source at the input.

The derivation of the impedance formulas equates the radiated power of a lossless
dipole antenna P, to its dissipated power Fy;; and solves for the input impedance z;n.
Poynting’s theorem gives the radiated power as a function of an induced electric field

and an antenna current distribution [145]:

— 1 1
Prog = _me-/ E-J™dV + -D%‘j{ E x H*dS 4.3)
5% ), Thdadh 4
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where the second term in (4.3) gives the radiated power of the energy flow across a
surface S. A circuit with input current /;,, and input impedance Z;,, dissipates an average
power

— 1
Pgis = EIinI;nZin 4.4)

And an induced electromagnetic field (EMF) method calculates the radiated electric
field in the Fresnel (or near) zone around the antenna.
The proof of the theorem derives nanotube-impedance formulas by equating the

dissipated power (4.4) and the radiated-power term in (4.3)

S T / (B x ) - dS “5)
2 2 /s

The total radiated power is the integration of the Poynting vector over a cylindrical

surface around the dipole antenna for an arbitrary current distribution [382]:
l
|12 | Z;, = —f E.(a,2)I*(2')dZ (4.6)
i

where a is the diameter of the cylindrical surface and where the limits of the integration
spans the length of the cylinder 2/. The formula uses only the z-directed electric field
because only E, in the Poynting vector has a nonzero dot product with dS in (4.3).

The proof then uses the induced EMF method and substitutes a modified current
distribution. The modified current distribution changes the form of the electric field and

so changes the form of the self and mutual impedances.

Theorem: (Self Impedance) Suppose that a nanotube dipole has a compressed current
distribution /(z) with a wave number £, that differs from the free-space wave number

ko due to quantum-charging effects.
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Then nanotube-dipole self impedance Z;, or Z;; has the form:

k J"o
A e OB A 4.7
(k(,) 4 sin® k! St
I e—jkoRg e—ikoR1 e JkoR2
—2cos(k,l + + sink,(l — |z|)dz
[ {-zeostin T + S 4 S fsinlt - )

ky JMo
- k —1)— 2 —
¢ ( ) 4 sin® k!

/ / sin(k,(I — |])) sin(k, (I — |2])) _Jkordz’d,’z

where Ry = v/a® + 22 is the distance between an observe point P = (z,y,z) on
a cylindrical surface around the dipole and the center of the dipole (0,0,0), R; =

a? + (z —1)? is the distance between P and the top of the dipole (0,0, 1), Ry, =
v/a® + (z +1)? is the distance between P and the bottom of the dipole (0,0,) and
T= m is the distance between P and an arbitrary point on the dipole axis
(0,0, 2') and where a® = 2% + 3%

We briefly state the corollary to the theorem before the proof.

Corollary (Mutual Impedance) Suppose that two nanotube dipoles lie on the yz-plane
and have the same wave number k,. And suppose that dipole 1 has length 2[; and centers
at the origin and that dipole 2 has length 2, and centers at (0,Y, Z).
Then the formula for the mutual impedance Z;, between the two nanotube dipoles has
a similar form as the self-impedance formula (4.8) except for different distances Ry,
Ry, R, and r and different limits of integration =/, and +I,. The modified distances
= m is the distance between an observe point Q = (0,Y,z + Z) on
dipole 2 and the center of dipole 1 (0,0,0), Ry = /Y2 + (z + Z — )2 is the distance

between Q and the top of dipole 1 (0,0, +1), Ry = /Y2 + (z + Z + )2 is the distance
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between Q and the bottom of dipole 1 (0,0,—1),and r = \/Y2 + (z + Z — 2')? is the

distance between Q and an arbitrary point along the axis of dipole 2 (0,0, 2').

Proof: The proof of the theorem follows from the power relation between the
maximal dissipated power and the total radiated power of a lossless antenna. The
radiated power is due to Poynting’s theorem. We compute the Fresnel-zone electric
field using a cylindrical surface around the nanotube dipole. Then the radiated power
depends only on the z-directed electric field £, due to the dot product between the
electric field E and the cylindrical surface vector dS.

The proof models a nanotube as a quantum conductor. The quantum-conductor
model has a compressed sinusoidal current distribution I(z) that induces an electric
field that differs from the perfect-conductor thin-wire model. We calculate the required
electric field E. by substituting the compressed /(z) into the induced EMF method.
We then substitute the calculated E. into the Poynting vector (4.6) and solve for the
impedance.

The induced EMF method calculates the electric field due to a current distribution in
the nanotube antenna. The Fresnel-zone (or near-zone) solution of Maxwell’s equations
for the radiated field has the form [382]:

E.(a,2) = _—34‘:—“9 f [z + Aig (2-V) v’] I(#)vd? 4.8)
where a line integral along 2’ replaces the surface integral for the slender-dipole model
and where the operator V' differentiates with respect to the source-dipole coordinates

Z.
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We solve for the induced electric field £, due to an assumed sinusoidal current /(z).

The nanotube current distribution has the form
I(z) = Ipsink, (I — |2|) (4.9)

and uses a wave-propagation constant &, that differs from the free-space propagation

constant ky. Equation (4.9) modifies the thin-wire current distribution
I(z) = Ipsinkg (I — |2|) (4.10)

and differs only in the propagation constant &, # kq. This modified current distribution
is central to the derivation of the nanotube impedance formula.
The induced electric field has the form
_ —JwWHo

: 1 42 B
E.(a,z) = o ./—t [1+k_§6_z’_2} I(z")Vdz 4.11)

The derivation uses integration by parts to solve the near-zone electric field [382]:

: 1
—JWho ’ 1 / ’
= I BT ,
E.(a,z) = /;1 [ (2') + e dsz(z )] Udz 4.12)
—jwpo [, d¥ _dI(z)]
Ay — .
» 4k [ (z)dz’ v dgt | 5 (4+13)

where ' is the coordinate of the source dipole and z is the coordinate of the receive
dipole.
An alternate form of the current distribution rewrites the absolute value function |Z’|

in I(2') to simplify the differentiation [382]:

I(Z") = Iy [sin k,l cos kp2" — cos kyl sin kp2'Sgn(2')] (4.14)
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where Sgn(2’) is the sign function and equals one for 2’ > 0, zero for z' = 0, and minus
one for z' < 0. This begins the Prata solution for the impedance formula [382].
The derivation requires the first and second derivative of the current distribution with

respect to z' . They have the forms below for compressed current distribution I(2'):

) _ ilo (sin kyl cos k2’ — cos kyl sin kp2'Sgn(2)) (4.15)
dz' e
= Ip{ — kpsinkylsink,2’ — 26(2") cos k,l sin k2’
—  kycoskyl cos kp2'Sgn(2')}
and
d2I(z
-%j)- = —Io{k}sinkyl cos ky2' + 28'(2") cos kyl sin k2’ (4.16)

+  kp28(2") cos kyl cos kp2' + ky28(2") cos kpl cos k2’

— K cos kylsin ky2'Sgn(2')}
where the derivative of the sign function is a delta function

%Sgn(z') = 28{2) 4.17)

The first term of the integration by parts (4.12) uses the second derivative of the

current distribution so its integrand has the form

B N 1 I()
Integrand = {I(z) + 20 & 4.18)
Y ,
- Io{ _P) sin (k,(1 — |2'])) 4.19)
0
2 o
- —%5’(z')coskplsmkpz
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- %(2 + 2)d(2") cos kyl cos kpz’}\ll

where

§(7) = —68(2) (4.20)

The delta functions d(2') and ¢’(z’) reduce an integration into an evaluation [382]:

/ 9(E)S(EVE = 9(6)]eco @4.21)
and
] 9(€)5'(€)de = —d% G 422)

So the first term of the integration by parts gives

. —jw k
First Term = 4; 1::0 [0{ -2 (A_Z) cos kpl U] —g (4.23)

+ ko (1—%) f_ l s'm(kp(l—|z’|))lIJ(z,z’)dz’}

1

Note that Prata’s solution keeps only the first half of the first term (4.23) because k, = kg
zeros out the second half of (4.23) in perfect-conductor thin-wire dipole models.

The second term of the integration by parts uses only the product of the wave

dI(z')

ey and has the form

function ¥ and the first derivative of the current distribution

Second Term = _41:“%0 [—111

(4.24)

dI(2)]’
dz' | _,

_ _jW,UO ’ _2_ ! : ]
= irk U(z,z )Ig{ T §(z") cos kylsin k,z

. !
+ %z sin kyl sin kp2' + k_z cos kyl cos k,2'Sgn(z’) }—z
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because

dr]’
! —_— —

{I(z ) dz,}_l =0 (4.25)
where £¥(2) is bounded and multiplies I(z' = +1) and I(z’ = —I) that are zero by
assumption. The evaluation for 2’ = [ and 2z’ = —[ gives

Second Term = Ziwinlo (ky [‘I’| 1=t + Yo z] (4.26)
47Tk'0 k‘o A g

The Fresnel-zone (or near-zone) electric field combines (4.23) and (4.26) and has

the form

E, = _ﬂ’f"{ () [~2oos(hb)=m + <hemt ] 427)

— ko (% )flsm (I —|2'])¥(z,2")dz }

where the integral is with respect to the source dipole coordinate 2’ and where 7, =
wito/ko = 120m. Note that the second half of E, becomes zero for a perfect-conductor
thin-wire model k, = k.

We substitute the calculated electric field (4.28) into the power relation

Zin = l/ 2(a, 2')1*(2')dz (4.28)

and solve for the impedance. The self impedance Z;; or Z;, has the final form as in

(4.8)

kp J"o
2} =0 4.29
fco) 4 sin® k! A
l e~ JkoRo e~ JkoRa e ikolt2 )

/l { —2 cos(kyl) A + i, + 7 }sm kp(l — |2|)d=
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kp "o
T I B s T e
0 (kg ) 47 sin® kyl

Uopl
./—z /—z sin(k,(l — |2])) sin(ky(I — |2]))¥(z, 2")dz'dz

where
Ry = +/a? + (2) (4.30)
Ri=Va+(z-1)? 431)
Ry =+v/a?+ (2 +1)? (4.32)
and

e—Jko a?+(z—2')?
Wz = (4.33)
a2+ (z—2F

O
The mutual impedance Z;, has a similar derivation as Z;, and has a similar form.
It generalizes for two distinct dipoles and so uses different distances R and different

dipole lengths in the formula. The mutual impedance between two nanotube dipoles has

the form:
kp jﬂo
= (- 4.34
22 (ko) 47 sin kply sin kyla S
L2 e—ikoRo  o—jkoR1  g—jkoR2 )
-/;lz {—2 cos(kpl) e £ R + R2 }sm ky(ly — |2|)dz
O\ K2 47 sin kyly sin kpls
la I3
/ f sin(k,(l; — |2'])) sin(k,(lo — |2]))¥ (=, 2")dz'd=z
—lg J =11
where

Ry=+Y?+(2+ Z)? (4.35)
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Ri=+Y2+ (z+Z —1)? (4.36)

Ry=VY2+ (2+Z+1)? (4.37)
and
e—jko\fy2+(z+Z—z")2

Hz2) = VY24 (z+2Z - 2)?

(4.38)

The mutual-impedance formula generalizes the self-impedance formula: Self
impedance is a special case where the source and the receive dipoles are physically
the same.

The mutual-impedance formula follows a similar derivation as the self-impedance
formula except that the source dipole (or dipole 1) is distinct from the receive dipole (or
dipole 2). The center of the source dipole is at the origin and the center of the receive
dipole is at the point (0, Y, Z). Both dipoles lie on the yz-plane. The induced current at

the length-I, receive dipole has the assumed sinusoidal distribution

I(z) = Iysink, (I, — |2|) (4.39)

And the length-/; source dipole has the assumed sinusoidal distribution

I() = Iysink, (I; — |2/|) (4.40)

The induced electric field has a similar form as (4.28)

k‘P _jTFOIO e~ Fkoflo e~ ikoR1 e—jkoRz

~ \k eyt 4.41

" ("“ﬂ) anky | Rt @AD
kp\ —imolo [ [* .
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where the distances Ry, R;, and R, differ from (4.28):

Ro= Y2+ (2 + Z)? (4.42)

Ri=+Y2+(z+2Z =12 (4.43)

Ry=+Y2+ (24 Z +1)2 (4.44)
where the modified wave function is

ko TTGTE
VY r(z+ Z-2)

U(z,2') (4.45)

4.1.2 Quantum-Dipole Impedance Results Lead to Three Key Pre-

dictions

The nanotube-antenna theorem makes three key predictions. The first prediction is that
nanotubes can approximate ideal dipoles for low resistive losses and for limited quantum
effects. Nanotube-dipole antennas can resemble thin-wire antennas for a limited range
of k, = ko: A nanotube dipole can have a resonant length of approximately half
freespace-wavelength \/2 and a radiation resistance of the same order of magnitude
as the free-space radiation resistance (73 €2).

The second prediction is that nanotubes can have narrower bandwidths than thin-
wires because they are narrower. And the third prediction is that nanotubes can be poor
radiators for strong quantum effects. Quantum-conductor dipoles can fail to resonate
and have a low radiation resistance of the order 10~2 () for kp =~ 100 - k.

The proof of the theorem also suggests a testable hypothesis: The current distribution

in a nanotube-dipole antenna has a sinusoidal shape and a compressed wavelength for
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kp, # ko. Observed nanotube antenna-length effect had free-space wavelengths [458].
This strengthens the sinusoidal-current assumption.

The nanotube-antenna theorem gives an impedance formula that can estimate self or
input impedance Z;, = R;, + jX;, that has a real or resistive part R;, and an imaginary
or reactive part X;,. The reactive input impedance or input reactance predicts nanotube
resonance, narrow bandwidth, and limits on quantum-induced wave compression &,/ ko.

The resistive input impedance or input resistance predicts lower radiation efficiency
for a nanotube-dipole antenna that has quantum-induced wave compression k, # kq.
The nanotube input resistance estimates the radiation resistance for the lossless-case
and reduces with increasing k.

Figure 4.3 plots the real and the imaginary parts of the input impedance Z;, as a
function of k! or as a function of the ratio of dipole length to the compressed wavelength
[/, and for four values of k, = 1.0 - ko, 1.1 - ko, 1.2 - ko, and 1.3 - ko. The estimated
reactive self impedance (or self reactance) X, shows a first resonance for approximately
half wavelength dipoles, for most dipole diameters, and for quantum effects that give a
wave-compressed k, < 1.3 - kg or %;3 < 1.3

The input reactance curves all cross zero (0 €2) and so predict resonance for the
dipole diameters shown. A dipole is resonant if its impedance has no capacitive or
inductive components or that its self reactance equals zero [382].

We note that dipole resonant length is based on the longer free-space wavelength for
small k, =~ ko and that dipoles can fail to resonate for large k, >> k. The nanotube-
antenna resonant lengths appear to increase in Figure 4.3 from (a) to (d) because the
resonant length is half the free-space wavelength \/2 instead of half the compressed
wavelength A, /2 [10] [69]. The apparent lengthening is due to a shrinking &,/ relative

to free-space k! for wave compression that increases k.
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Figure 4.3: Nanotube antenna input impedance for different values of &k, ~ ky. The
figures plot the real and imaginary parts of impedance versus a normalized dipole length
kpl. (a) k, = ko corresponds to the perfect-conductor case. (b)-(d) k, ~ ko corresponds
to four increasing but weak quantum-conductor cases. The top five color curves are
nanotube input reactance for five different dipole diameters as a function of compressed
wavelength. The five diameters a/\, are 0.009525 (red), 0.006350 (green), 0.004763
(blue), 0.003175 (magenta), and 0.001588 (cyan) from top to bottom. The bottom-most
black curve is the nanotube input reactance.

The reactance curves have steeper slopes for smaller dipole diameters and so
predict narrow bandwidths for increasingly narrower dipoles. The reactance curves also
becomes more negative with increasing k, and is a periodic function of dipole length. So

the reactance curves will become all negative as k, grows for stronger quantum effects.
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The resistive self impedance R;,, predicts increasing resistance with longer dipoles
similar to classic thin-wire models but predicts a decreasing radiation efficiency with
more quantum effects. The input resistance increases with dipole length as expected but
the self-resistance curves fall for increasing k,. Figure 4.2(b) shows that the radiation
resistance of a resonant dipole falls rapidly with increasing k,,.

The self impedance plots show that the estimated self impedances for nanotubes
and nanowires are similar to the self impedance for perfect conductors in thin-wire
dipole models. So nanotubes and nanowires can work as well as thin-wires in dipole
antennas for the lossless case (k, = ko). Nanotubes and nanowire dipoles can become
more attractive than increasingly narrower thin-wire dipoles because thin-wire dipoles
can become poor radiators with decreasing width. Nanotubes and nanowires can
conduct better than poly-crystal thin wires that can lose conductance due to oxidation,
electromigration, and grain-boundary effects. And nanotubes can be more flexible and
resist oxidation better than single-crystal nanowires.

The reactance curves for nanometer diameters predict high quality (@) factor for
nanotube dipoles. The predicted high Q-factor or narrow bandwidth relative to center
frequency [129] is based on the steep slopes of the nanotube reactance curves.

The reactance plots in Figure 4.4 show several curves that correspond to different
dipole sizes. The curves that correspond to 2-nm and 50-nm diameters show rapid
changes in X, for relatively small changes in dipole length. This suggests that a
resonant-length dipole has near-zero reactance (or nearly resonates) only for a narrow
range of frequencies. The reasoning is that small changes in length [ causes large
changes in reactance X away from zero. So the reactance of a resonant-length dipole
remains near zero for a narrow band of frequencies around the resonant frequency.

The estimated self reactance predicts no resonance (Figure 4.5) for any length

dipoles, for nano and micro-scale dipole diameters, and for k, >> kq. Sensitivity
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Figure 4.4: Input reactance has steep slope for small diameters and for &k, ~ ko. The
slope of the reactance curve and its magnitude vary wildly for nanometer-size diameters.
The central black curve contains five overlapping curves for the five dipole diameters
shown in Figure 4.3. The nearby green curve corresponds to a 50-nm wide dipole. The
large blue curve corresponds to a 5-nm wide dipole. The estimated reactance neglects
diameter-dependent quantum effects for this figure to illustrate the diameter dependence
of dipole bandwidth. Smaller dipole diameter causes more variation in input reactance
with small changes in dipole length. So a smaller range of frequencies can approximate
a dipole’s resonance frequency. (a) corresponds to the perfect conductor case k, = ko
and (b) corresponds to weak quantum effects k, ~ k,. Both exhibit the sharp slope
in reactance that predicts narrow bandwidths. Note that smaller diameter dipoles will
begin to lose resonance sooner than larger diameter dipoles because reactance becomes
increasingly negative for larger k, and combines with impedance periodicity to become
entirely negative.

analysis shows that the reactance grows more negative with increasing ratio while the
resistance falls rapidly. Sensitivity analysis also shows that the first resonance occurs
for half free-space wavelength (=~ )\/2) for k, ~ k, and that resonance fails to occur (all
negative reactance) for small diameters.

Quantum conductors should make poor antennas if quantum effects reduced wave
velocity to be much less than the free-space velocity of light [10] [69]. Resonance
fails to occur for any dipole length and for all simulated diameters for k, ~ 100 - ko

in sensitivity analysis. We note that a plasmon-limited quantum conductor has wave
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Figure 4.5: Antenna reactance begins to lose resonance for some dipole diameters and
small k,: k,/ko = 1.29 in (a) and becomes all negative for large k: k,/ko = 1.45
in (b). This predicts no resonance for any dipole length. The five curves shown here
have diameter to length ratios of a/l = 0.009525, 0.00635, 0.004763, 0.003175, and
0.001588 from top to bottom.

number k, =~ 100- ko if nanotube Fermi velocity limits the plasmon velocity and so
limits the velocity of electronic wave propagation in the nanotube [68] [374] [107]. Our
near-field based nanotube-antenna theorem extends the analysis in [68] and predicts no
resonance and a lower radiation resistance of the order 10~3 Q for this plasmon-limited

case.

4.1.3 Mutual Impedance Results: Nanotubes Should Employ Thin-

Wire Based Array Designs

Nanotubes can employ thin-wire based array design techniques because nanotube
dipoles and thin-wire dipoles have similar mutual impedances. The similarity holds
for limited quantum effects k, =~ ko. And researchers have reported the excitation of
arrays of nanotubes [190] and antenna effects in arrays of nanotubes [458].

Figure 4.6 plots the mutual impedance between two nanotube dipoles as a function

of normalized separation and for different £,. The two nanotube dipoles have resonant
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Figure 4.6: Mutual-impedance similarity between nanotube and thin-wire dipoles. (a)
shows the mutual impedance for the perfect-conductor (or thin-wire dipole) case. (b)
shows the mutual impedance for a limited quantum conductor (or nanotube) case for
k, = 1.1 - k. The figures plot the mutual impedance between two parallel half-
wavelength dipoles as a function of normalized dipole separation Y/I. The top blue
curve is the real or resistive part of the mutual impedance. The bottom red curve is the
imaginary or reactive part.

lengths [ = A/2. The mutual impedance plots are similar between the perfect-conductor
case k, = ko and the limited quantum conductor case k, = k.

The mutual-impedance similarity suggests that nanotubes can employ uniform-
linear-array (ULA) design and analysis. ULA design and analysis [11] factor antenna
radiation into two terms: An element factor and an array factor [146]. The element
factors involve only the current distribution in one of the elements [146].

The nanotube-thin-wire similarity suggests that the two types of resonant dipoles
have similar element factors. The fine structure in the antenna pattern comes from the
array factor for small elements that have broad patterns such as dipoles [146]. ULA
designs based on nanotube half-wave dipoles could be identical to designs based on
thin cylindrical dipoles because the designs would involve only the array factor and so

involves only the spacing between the elements and the relative phase of the fed signals.
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4.2 A Proposed Cochlear-Model Architecture Uses
Nanotubes to Detect and Process Signals

A proposed cochlear-model architecture can sample and process the frequency spectra
of electromagnetic signals by using banks of nanotube antennas. The narrowband
nanotube antennas match different frequency components and can directly analyze the

spectrum of an EM signal with high resolution.

4.2.1 Mammalian Cochlea Inspires Signal Processing that Uses Fre-

quency Decomposition and Banks of Narrowband Detector

The mammalian cochlea of the inner ear excels at processing sound and has inspired
many signal processing designs [50] [185] [263] [300] [348] [434] [442] [461]. Noca
et al. have proposed nanotube acoustic sensors based on artificial cochlear stereocilia
[348] and proposed radio frequency spectrum analyzers based on an array of nanotube
mechanical oscillators [216]. They also demonstrated radio-signal coupling in an array
of cantilever nanotubes [109] [210] [215]. Other researchers have proposed a silicon
“fishbone” that spatially separates the frequency components of an acoustic signal and
then feeds a bank of tuned cantilever oscillators [434].

Here a proposed nanotube cochlea-model architecture can directly process elec-
tromagnetic (EM) signals and does not require mechanical oscillators such as [348],
[216], [410], and [434]. Applying nanotube antennas to a cochlear model suggests an
architecture that uses nanotube-dipole antennas to sample an EM signal’s frequency
spectrum and perhaps uses a waveguide to separate the signal’s frequency components.
Figure 4.8 shows a schematic drawing that illustrates the proposed architecture. The rest
of this section briefly reviews some relevant features of cochlear signal processing and

then discusses the proposed architecture.
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The cochlea separates the input acoustic signal into overlapping frequency bands
and compresses the large acoustic intensity range into the much smaller mechanical and
electrical dynamic range of the inner hair cell [12]. The cochlear structure processes or
filters acoustic signals in a so-called “traveling wave” [453]: The cochlea resembles a
dispersive transmission line where the different frequency components that make up the
input signal travel at different speeds along the basilar membrane. This isolates each
frequency component at a different place [203] along the basilar membrane (Figure
4.7(c)). The different frequency components attenuate and do not travel beyond their
frequency-matched place in the basilar membrane. Mammalian cochlear processing
includes frequency-domain sampling [12] [158], dynamic-range compression [395]
[396], amplification [397], and noise enhancement (stochastic resonance) [224].

Hair bundles or stereocilia protrude from the apexes of hair cells (Figure 4.7(d))
along the reticular lamina [213] or the upper surface of the organ of Corti. Acoustic
signals produce shearing between the tectorial membrane and the reticular lamina
and displace the hair bundles. Each bundle consists of two to four rows of hair-like
stereocilia. The hair cells transduce the mechanical displacements into a change in the
receptor current flowing through the cell by mechanical gating of ion channels located
in the hair bundle [13]. Auditory-nerve fibers attached to the hair cells produce action
potentials in response to these voltages.

Auditory nerve fibers connect to the base of each of the two types of hair cell. The
inner hair cells connect to the auditory nerve by afferent fibers that deliver neural signals
to the brain. The outer hair cells connect by efferent nerve fibers that receive neural
signals from the brain. The outer hair cells outnumber the inner hair cells about three
to one but 95% of the auditory-nerve fibers innervate or connect to the inner hair cells.
The outer hair cells can convert voltage across their cell membrane into length changes

and influence cochlear micromechanics [58] and amplify the mechanical signal [346).
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Figure 4.7: Cochlear anatomy. (a) The location of the human cochlea with respect
to the external ear canal. The cochlea is shown here as the blue spiral structure, which
resembles a snail. With permission from A. N. Salt [406]. (b) The interior of the cochlea
has two membranes that span the length and width of the cochlea and sandwich the organ
of Corti. The basilar membrane is on the bottom, and the tectorial membrane is on top
of the organ of Corti. With permission from S. Neely [345]. (c) Enlarged image of the
organ of Corti that is sensitive to acoustic signals. With permission from D. J. Lim [282].
The cochlear fluids have negligible damping effect on the cochlear transduction [158]
[13]. (d) A light microscopic image of a hair cell that has been isolated from the tissues
that normally surround it. Hair cells convert mechanical stimulations of the microscopic
sensory hairs that project from their apical surface into an electrical signal. This hair
cell is about 30 um long and the hair bundle is about 5 pm wide. With permission from
A.J. Hudspeth [213].
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4.2.2 A Proposed Cochlear-Model Architecture Uses Nanotubes to

Sample and Process EM Signals

The proposed nanotube-based cochlea-model processor (NCP) applies nanotube signal
processing electronics and nanotube-dipole antennas to directly process electromagnetic
(EM) signals. Nanotube antennas have narrow bandwidth that can increase the
resolution of the spectral processing. Nanotube signal processing can make the spectral
processing faster and more sensitive.

An array design can also increase detector sensitivity. The array of nanotube
antennas tunes for each narrow frequency band. A bank of array antennas can help
the NCP sample the signal spectrum.

An array of MWNT dipoles can gain antenna power by increasing array elements
and so increases array cross-sectional area to intercept more EM energy similar to
traditional dipole arrays [145]. This is because element spacing depends on the free-
space wavelength of the frequency signal regardless of the width of the MWNT dipoles
[382].

The advantage of the narrow dipole elements is their compatibility with nanotube
(or nanowire) electronics. An all-nanotube architecture avoids high-impedance contacts
between metal and nanotubes. And the nano-scale electronics can fit more function in
the antenna area for sufficient shielding between the electronics and the nanotube (or
nanowire)-based dipoles.

A reconfigurable array of nanotube dipoles can receive multiple frequency signals by
connecting different number of dipole elements in a line to form longer dipoles [383].
The elements can interconnect with nanotube-based relays that have predicted high-
speed switching [271] [233] and can integrate with nanotube dipoles.

The narrowband nanotube antennas should match spatially isolated frequency

components because this can increase frequency selectivity. A waveguide or a bank
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WAVEGUIDE NANOTUBE-ARRAY LOW-NOISE
ANTENNAS AMPLIFIERS

Figure 4.8: A sketch of the waveguide-fed nanotube-array antennas. The nanotube
cochlear-model spectral processing architecture uses an optical frequency waveguide to
separate different frequency components and to feed frequency-matched nanotube-array
antennas. A nanotube-array antenna is more sensitive than a single nanotube. A bank
of tunable bandwidth low-noise amplifiers can both filter the antenna output to increase
frequency selectivity and amplify the antenna output. The nonlinear amplifier allows
noise to enhance faint antenna outputs. The sample nanotube array is reproduced with
permission from Kempa et al. [458].

of tunable filters can separate frequency components in space. Figure 4.8 shows a
schematic waveguide that distributes different frequency signals to matching nanotube-
array antennas. A modified waveguide can implement a dispersive transmission line by
reducing waveguide dimensions over its length to restrict the wavelength of a transmitted
signal [98] [217].

Researchers have demonstrated optical waveguides with hollow-core fibers [98],
a dielectric coaxial waveguide [217], and nanowires [267]. Filtering can also model
the cochlear “traveling wave”. Researchers have demonstrated an array of antenna-

resonator-antenna modules or a frequency-selective surface that directly bandpass-filters
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a microwave frequency signal [4]. A NEMS-based tunable filter can also attenuate
undesired frequency components in the antenna output to increase frequency selectivity.

The bank of nanotube antennas can estimate an electromagnetic signal’s spectrum.
The nanotubes sample each frequency component over some time period over a range
of frequencies. This is similar to a wavelet decomposition that samples the frequency
range with sinusoidal basis functions [381] such as the Gabor transform or the short-time
Fourier transform [450].

The sampled spectrum can estimate a signal’s spectrogram that has applications in
speech, sonar, and radar processing. The estimated spectral density is also the Fourier
transform of a signal’s autocorrelation (3.25) [223]. This suggests that the proposed
architecture can implement signal processing techniques that require an estimate of the
autocorrelation of the input signal such as the Yule-Walker algorithm in adaptive signal
processing and beamforming algorithms in array signal processing [200].

The frequency sampling suggests that the proposed architecture should be able to
process signals in the frequency domain. This can apply to filtering, Doppler radar,
matched-filter detection, and frequency-hop detection. Frequency-domain filtering
suppresses, amplifies, or phase-shifts select frequency components for low-pass, band-
pass, high-pass, comb, and arbitrary-impulse-response linear time-invariant filters. The
proposed architecture can implement the frequency-domain multiplication of the signal
with the filter transfer function [356] by processing the output of the nanotube antennas.

Doppler radar estimates velocity using a first and second order moment based on
an estimate of the Doppler spectrum [57]. Matched filtering is an optimal detection that
maximizes the signal to noise ratio [223] when the input signal matches the target signal.
The frequency-domain filter weights are the Fourier transform of the time-reversed
target signal. Frequency-hop detection is a special case of the matched-filter detection

where the target signal is a sinusoid with time-varying frequencies. A frequency-hop
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detector can apply to digital frequency modulation and to frequency-division multiple
access where the signal changes frequency over time and the hop-pattern conveys
information.

The nanotube cochlear-model processing (NCP) can benefit from an all-nanotube
architecture that combines high-speed nanotube signal processing with nanotube-
dipole antennas. The all-nanotube NCP can process optical frequency signals because
nanotube devices can operate up to predicted THz speeds [67] and nanotube arrays have
shown antenna length effect at optical frequencies [458]. And nanotube antennas have
very narrow bandwidths that can increase the resolution of the cochlear-model spectral
processing.

The proposed architecture may also apply noise-enhanced detection of weak
signals. Experiments on nanotube stochastic resonance showed that electrical noise
can help nanotubes detect faint voltage signals. And researchers have reported noise-
enhanced detection in biological cochleae [224] and cochlear implants [339]. So noise-

enhancement should benefit the proposed cochlear-model spectral processing.
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Chapter 5

Nanotubes Should Enhance Body

Armor

Nanotubes should enhance body-armor stealth and strength. This proposed research
direction extrapolates applied and theoretical findings. We present a review of
nanoenhanced materials, our experimental analysis of body-armor performance, and
a proposed adaptive camouflage that support the informed extrapolation.

Researchers have demonstrated that nanotube additives strengthen fibers [264] [6]
and toughen ceramics [371], [428], [482], [481], [489] and so can help body armor
resist ballistic impacts. Researchers have also demonstrated that nanoparticle-treated
fabric armor can adapt to stimuli [272] and can reduce physiological costs of wearing
armor.

Nanotubes can reduce physiological costs such as bruising because strengthened
materials can reduce body-armor deformation. Nanoparticle-enhanced armor stiffens
on impact to reduce deformation [272] and so should reduce or eliminate the bruising
effect of bullets that deform soft body armor. The enhanced materials may further reduce
heat exhaustion because they can decrease body-armor stiffness, thickness, and weight
as well as increase body-armor heat-carrying capacity.

We modeled body-armor bruising effects to study a physiological cost of wearing
armor. Field experiments measured body-armor performance with a bruise profile. We

modeled the bruising effect of nonpenetrating bullet impacts with statistical and fuzzy
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methods and a baseball comparison. The analysis techniques can also model the bruising
effects of nano-enhanced body armor.

Nanotube electronics should adapt camouflage patterns to disguise armor. A
proposed adaptive camouflage uses nanotubes and nanoparticles to help conceal armor.
The proposed camouflage uses octopus-model artificial color organs to display changing
camouflage patterns and uses nanotube sensors and processors to coordinate the
displayed patterns.

Section 5.1 discusses how nanomaterials can enhance body armor performance.
Section 5.2 summarizes our study of soft body-armor performance in terms of a bruise
profile. The Appendix presents the experimental results in detail. Section 5.3 proposes
an octopus-model adaptive camouflage that uses nanotubes and nanoparticles to help

disguise body armor.

5.1 Nanomaterials Can Enhance Body-Armor Strength

and Adaptability

Nanotubes and nanoparticles can strengthen armor materials and make adaptive and
programmable armor materials. Nanotubes can strengthen polymer fibers and ceramic
composites in body armor whereas nanoparticles can help make armor fabric more
flexible until external stimuli causes the armor to stiffen.

Body armor materials include textiles, fiber composites, ceramic composites, and
metal. Military flak jackets are a compromise between mobility and protection and can
consist of camouflaged flexible Kevlar fabrics that cover the torso and composite or
metal-plate inserts that reinforce key areas. Mobility is important because it makes the

armor user harder to target.
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The flexible fabrics allow more mobility but do not stop rifle bullets [454]. The
metal or composite plates stop rifle bullets but are heavy so protect only parts of the
torso. The flak jackets optimize ballistic protection by covering the torso and shoulders
with flexible fabric and reinforcing the front and back with ceramic or metal plates.

Flak jackets optimize mobility by exposing the limbs and joints. The joints are
unprotected to retain mobility because thick fabric armor can be stiff and resists bending.
An effective camouflage should enhance armor stealth and further improve armor
performance.

Alumina ceramic-composite armor can be harder than bullets and can often fracture
a bullet on impact without deforming. But ceramics are inflexible and heavy and
inhibit movement and heat dissipation. Thin and flexible armor give the armor user
more mobility and reduce physiological costs such as heat exhaustion [180]. Nanotube
additives strengthen ceramics [371], [428], [482], [481], [489] and polymers [6]. The
strengthened materials can make armor thinner and lighter and so reduce physiological
costs.

Researchers have found that adding 0.1 wt % carbon nanotubes to alumina com-
posite increases the fracture toughness from 3.7 to 4.9 MPa-m'/2 [428] and that adding
10 wt % nanotubes nearly triples the fracture toughness of nanocrystalline alumina (9.7
MPa-m'/2) [489]. Nanotube-enhanced alumina ceramics permit armor designs that use
thinner and lighter ceramic plates to cover a larger area and so can add mobility and
reduce physiological costs. Nanotubes might also toughen boron carbide that has a
diamond-like hardness of about 30 GPa but that fails to resist high-velocity bullets [79].

The textile and fiber-composite soft body armor resist bullet penetration because the
fibers distribute a bullet’s crushing force over a large area when the bullet deforms the
armor [302]. The two most common ballistic fabrics in the United States are Kevlar

and Spectra Shield [454]. Kevlar is an aramid or poly-(p-phenylene terephthalamide)
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(PPTA) fiber and its fabrics are woven [301]. Zylon or poly(p-phenylene benzobisoxa-
zole) (PBO) fibers are stronger than Kevlar but Kevlar is the most popular armor fiber.

Spectra Shield consists of ultra high molecular weight polyethylene and its fibers
are resin-bonded instead of woven and lie parallel in each criss-crossing sheet [454]. A
ballistic fabric resists bullets better if its threads consist of numerous fine microfibers
[301].

Nanotube additives strengthen polymers to make stronger fibers and fabrics. Ballis-
tic fabrics absorb and disperse an impact’s energy from the struck fibers to other fibers
in the fabric [454]. This dissipation reduces the severity of the impact when the armor
stops the bullet.

Nanotube-strengthened fibers can absorb more energy. Researchers have strength-
ened Zylon or PBO fibers with multiwall nanotubes: Adding 10 wt% MWNT increases
PBO fiber’s tensile strength by 50% [264].

Nanoparticle-treated fabrics recruit more fibers to disperse a bullet’s impact energy.
The silica nanoparticle-based shear thickening fluid (STF) hardens on impact and
reduces sliding between fibers. This helps a struck fiber disperse the impact energy
to neighboring fibers.

Researchers have shown that a STF-treated Kevlar armor resists ice pick thrusts that
penetrate untreated armor [143] and have shown that the STF-treated armor deforms less
on bullet impact than untreated armor [272] [232] (see Figure 5.1). STF-treated armor
can be thinner and so can be more flexible. This should help armor designs that protect
limbs and joints.

Magnetic rheologic (MR) fluids harden in magnetic fields so a MR-treated armor
can have programmable toughness. The iron nanoparticles turn a MR fluid into a solid

when magnetic fields cause the nanoparticles to agglomerate [1] [2].
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(a) Silica Nanoparticle (b) Resist Spike Impact
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Figure 5.1: Shear thickening fluid enhances Kevlar armor (a) Scanning electron
micrograph of silica nanoparticles in a shear thickening fluid. (b) STF-treated Kevlar
resists spike penetration. (c) Untreated Kevlar shows larger deformation than (d) STF-
treated Kevlar. With permission from Wetzel et al. 2004 [143].
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Deshmukh et al. have found that a MR-treated cellular solid can modulate total
energy absorption by a factor of 50-fold for small volume fractions of the fluid (=15%)
using magnetic fields varying from 0 to 0.2 Tesla [116]. MR fluid-impregnated armor
fabric should recruit fibers to disperse impact energy similar to the STF-treated armor
because the fabrics have interfiber spacing that resembles the experimental substance
in [116]. These enhanced fabric armor might prevent a bullet impact from bruising the

tissue beneath the armor.

5.2 A Bruise Profile Measures Soft Body Armor Perfor-
mance

A bruise profile can measure the performance of nanoparticle-enhanced body armor.
Field experiments used a bruise profile to model the blunt injury effects of a handgun
bullet that deformed generic Kevlar fabric armor against a backing material that
simulated tissue. The bruise profile measured armor performance in terms of a
physiological cost. This section summarizes our experimental findings based on Kevlar-
fabric armor. The Appendix contains the complete report.

Our analysis techniques can also model bruising effects in nanoenhanced armor. The
analysis techniques can evaluate the performance of the enhanced armor that can reduce
or eliminate bruising effects for nonpenetrating bullets.

We analyzed the experimental data statistically and found that impact deformation
correlated with bullet weight and momentum better than it correlated with bullet kinetic
energy. We applied a fuzzy system to predict the bruising effect of handgun bullets
on body armor. This type of fuzzy analysis can learn to predict the bruising effect for

nanoparticle-enhanced body armor.

115



We also compared handgun bullets and baseballs by shooting bullets at armor-clad
Plumber’s Putty targets and by pitching baseballs at bare Putty targets. The Plumber’s
Putty does not simulate tissue but records the impact deformation in a consistent
medium.

Baseball impact depths were comparable to bullet-armor impact depths: Getting shot
with a .22 caliber bullet when wearing soft body armor resembles getting hit in the bare
chest with a 40-mph baseball. Getting shot with a .45 caliber bullet resembles getting
hit with a 90-mph baseball.

What is the bruising effect of a bullet on soft body armor that deforms and permits
the impact to affect tissue beneath the armor? Figure 5.2 shows the bruise beneath the
armor after a .44 caliber bullet struck a police officer’s upper left chest. The Kevlar-
fabric armor stopped the bullet but the impact still injured soft tissue. Few researchers
examine the bruising effect of soft body armor [226]. A national standard for armor
testing [343] includes an evaluation of the so-called “backface signatures” that are the
deformation in the armor’s backing material after a gunshot. The standard uses modeling
clay to back and record the armor deformation instead of gelatin blocks that can simulate
tissue. So the backface deformation data correlate little with a bullet’s bruising effect.

We examined the bruising effect with a fuzzy function approximator and a baseball
analogy. Bullet impact experiments produced the bullet-armor bruise data that generated
a quantitative bruise profile and a baseball-impact comparison. The bruise profile gave
the depth and width of the deformation that a handgun bullet made on gelatin-backed
armor (see Figure 5.3) for gelatin blocks that we made with Type 250A Ordnance
Gelatin (from Kind & Knox Gelatin).

Experiments shot different caliber handgun bullets at gelatin-backed armor to
produce armor deformations. The depths and widths of the deformations correlated with

handgun-bullet weight, momentum, and kinetic energy. Deformation correlated the least
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Figure 5.2: (a) Actual bruise from a police officer shot by a .44 caliber weapon in the
line of duty while wearing soft body armor. (b) Close-up of the “backface signature”
bruise in (a). Note that the bruise includes the discoloration around the wound. Photo
reproduced with permission from the IACP/Du Pont Kevlar Survivors’ Club.

(a) Fabric Armor (b) Gelatin Block

Figure 5.3: Armor experiments used soft body armor and ordnance gelatin blocks. (a) A
14-ply Kevlar soft body armor panel (from a Superfeatherlite vest from Second Chance)
and some sample cartridges (.22, .38, .357 magnum, .40, and .45 caliber). The right side
of the image shows the pristine and armor-deformed bullets for the five calibers. (b) A
sample 10% ordnance gelatin block. A target consisted of a generic armor-clad gelatin
block. The gel block simulated tissue.

132



with bullet kinetic energy and did not correlate with bullet speed for experiments that
varied both bullet weight and speed.

We applied a simple linear regression model

y = [o+piz (5.1)

to test whether bullet deformation y correlated with each of a bullet’s properties: weight,
momentum, kinetic energy, speed and distance to target. The null hypothesis Hy : ; =
0 stated that the slope 3; of the regression line in (5.1) was zero and thus the impact
deformation’s depth and width (dependent variables) did not vary with a bullet’s weight,
momentum, Kinetic energy, speed, or distance to target (independent variables). The
p-value measures the credibility of Hp. A statistical test rejects the null hypothesis Hg
at a significance level « if the p-value is less than that significance level: Reject Hy if
p-value < «. A test would reject the null hypothesis Hy at the standard significance
levels a = 0.05 and o = 0.01 if p-value < 0.001. Correlation coefficient R? measures
the strength of the correlation.

Linear regression gave correlation coefficients R? between armor-deformation depth
and bullet weight (R? = 0.880 and p < 0.001), momentum (R? = 0.741 and p < 0.001),
kinetic energy (R? = 0.474 and p < 0.001), speed (R? = 0.089 and p < 0.025), and
distance to target (R?> = 0.415 and p < 0.001). This showed that the correlations for
weight and momentum were statistically more significant than kinetic energy and that
speed did not correlate with deformation depth.

We applied a multiple regression

y = Bo+ bz + Bazy (5.2)
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Figure 5.4: The deformation data from gelatin-backed bullet-armor experiments that
used generic Kevlar fabric armor. The figures show the complete set of experimental
depth data in (a) and the width data in (b) and their fit to regression planes as functions
of weight (X) and momentum (X3). The regression planes consist of those points that
satisfy the regression equations: y; = 5.550 4 0.304z; — 1.361z, for depth in (a) and
Yo = 84.846 + 0.425z, — 0.240z, for width in (b).
for combinations of a bullet’s property such as weight and momentum and tested the
null hypothesis Hy : 3; = 0 for ¢ = 0,1, 2 that all the parameters were statistically
insignificant. This tested whether the deformation’s depth and width varied with the
combination of a bullet’s weight and momentum. The multiple regression produced
regression coefficients between deformation depth and the combination of weight and
momentum (3, = 0.304, p < 0.001, #2 = —1.361, and p = 0.510) and the combination
of weight and kinetic energy(3; = 0.293, p < 0.001, #; = —0.006, and p = 0.427).
This showed that the coefficient for bullet weight was statistically more significant than
for either momentum or kinetic energy. These regression tests helped guide our choice
of weight and momentum as the inputs of a fuzzy system.

A fuzzy system learned from the bullet-armor experimental data to predict the bruise

profile for range ammunition, generic fabric armor, and ordnance gelatin blocks. Figure

5.4 shows a set of data that tuned a fuzzy system. Impact experiments that test new
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Figure 5.5: A regulation baseball and a crater of its impact. Pitching machines threw
baseballs at tubs of Plumber’s Putty. A chronograph measured the speed of each
baseball. The baseball speeds were approximately 40, 50, 60, 70, 80, and 90 miles
per hour.

armor designs would produce impact data that can tune the fuzzy system and update the
bruise profiles for the new armor designs including nano-based enhancements.

Baseball experiments compared bullet-armor impacts to baseball impacts in two
ways: Deformation depths in putty and the slopes of the fitted regression lines. The first
way compared how the two types of projectile deformations differed. The experiments
found that baseball impacts and bullet-armor impacts had similar depths in Oatey’s
Plumber’s Putty (see Figure 5.5). The similarity of impact depths suggested that
handgun shots on soft body armor would feel like baseball impacts without armor. Fast-
baseball impact depths were comparable to bullet-armor impact depths: Getting shot
with a .22 caliber bullet when wearing soft body armor resembles getting hit on the
chest with a 40-mph baseball. Getting shot with a .45 caliber bullet resembles getting
hit with a 90-mph baseball.

The second way compared the correlation and regression slopes of the two types of
impacts. The experiments found that the mean depth of a baseball’s impact and the depth
of a bullet’s armor-impact both correlated with projectile momentum (see Fig. 5.6). The
baseball impacts had correlation R? = 0.93, regression equation y = —6.155 + 5.188x,

and p-value < 0.001 where z was a baseball’s momentum in kilograms meter per second
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Figure 5.6: Baseball and bullet impact depths in Plumber’s Putty versus momentum.
The baseball impact depth correlated with baseball momentum R? = 0.93 and p-value
< 0.001 for the null hypothesis: 3; = 0. The solid line on the right is the regression
line for the baseball impacts (blue dots) y = —6.155 + 5.188z where z is baseball
momentum and y is putty deformation depth. Only two data points fell outside of the
95% confidence bounds. Bullet-armor impact depths correlated with bullet momentum
R? = 0.97. The green dashed line on the left is the regression line for the bullet-armor
impacts (green circles) y = 2.124 + 4.766x where x is bullet momentum and y is
depth. The two regression lines have the similar slope 3, ~ 5. A multiple regression
analysis with dummy variables (Gujarati-Chow test) could not reject the null hypothesis
Hp : (i(baseball) = [ (armor) for the test statistics ¢ = 0.855 and p-value = 0.396. So
the test retained the null hypothesis that the two types of impacts had the same slope.

(kg m/s) and y was the putty deformation depth in millimeters (mm). The bullet-armor
impacts had similar correlation R? = 0.97, regression equation y = —2.12 4+ 4.76z, and
p-value < 0.001.

The putty-impact regression lines had similar slopes (3, = 5 for the baseball impacts
(41 = 5.188) and the bullet-armor impacts (3; = 4.766). Fig. 5.6 suggests that the two
lines are parallel: Same slope with different intercepts. A modified Chow test (Gujarati-
Chow test [189]) confirmed that the two putty-impact regression lines had statistically

indistinguishable slopes for the slope-term test statistic £ = 0.855 and p-value = 0.396.
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The p-value implies that the identical-slope hypothesis must be retained at the standard

significance levels o = 0.05 and o = 0.01.

5.3 A Proposed Octopus-Model Architecture Uses Nan-
otubes and Nanoparticles to Adapt Camouflage

Nanotubes can coordinate octopus-model artificial color organs to disguise body armor.
The proposed adaptive camouflage models an octopus that changes skin patterns to avoid
detection.

The adaptive camouflage can match a background by using nanotube signal pro-
cessing to change displayed patterns. Nanotube optical sensors [484] can sample a
background image. Nanotube processors can quickly [67] select a preset pattern or
compose a custom pattern that optimally matches a background.

Nanotubes can interconnect the sensors, processors, and color organ by applying
embedded wired connection in a flexible substrate [54] or by applying wireless
connection in a distributed network (such as in [432]).

This section reviews how Octopus vulgaris and other cephalopods camouflage or
disguise their bodies and proposes an octopus-model adaptive camouflage that uses

nanotubes and nanoparticles.

5.3.1 Octopus Physiology for Camouflage

An octopus can abruptly change its appearance or mimic other animals by changing its
color, texture, posture, and locomotion [325]. The octopus responds to visual input and
selects an appropriate body pattern from a small set of patterns that are “hardwired” into
the central nervous system [325]. The preset patterns either help the animal match its

background or break up the outline of its body.
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Researchers have further documented nine octopus specimen that mimic poisonous
animals [352] (see Figure 5.7). These octopuses use posture and locomotion to mimic
swimming fish and sea snake both in appearance and motion.

The octopus camouflage changes whole body patterns to either blend in with the
background by matching the color, brightness, and texture (see Figure 5.8(a)) or break
up the body outline by displaying disruptive patterns (Figure 5.8(b)). A whole body
pattern consists of organized collections of skin patches or units (see Figures 5.8(c) and
5.8(d)).

Individual skin patches have chromatophores and iridophores that display different
colors, leucophores that adjust brightness, and skin papillae musculature that change
texture [325]. The chromatophores and the iridophores occur across the whole
patch. The leucophores occur only in the central region of the patch and beneath the
chromatophores and the iridophores. A skin papilla occurs exactly at the center of a
patch. It contracts to stretch the patch into a spike.

The octopus camouflage is an orchestration between chromatophores, iridophores,
leucophores and skin muscles [325]. Octopus vulgaris has up to 230 chromatophores
per square millimeter of skin and devotes millions of neurons to control them [325].
Chromatophore motoneurons send pulses to expand specific sets of chromatophores in
the skin. Banks of chromatophore motoneurons act in concert to produce the bars,
bands, and lines in Octopus vulgaris’ skin [325]. An octopus selects a stipple, mottle,
or disruptive pattern if it sees discontinuities.

The octopuses match the background brightness by manipulating the chro-
matophores and the leucophores. Relaxing the dark-colored chromatophores reduces
their size and uncovers the underlying leucophores that reflect the surrounding light and

help match both the color and brightness of a low-light background (see Figure 5.9).
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Figure 5.7: Mimic octopus (a) sentinel state in mouth of burrow; (b) normal foraging
color pattern; (c) flatfish mimicry; (d) flatfish model, banded sole (Zebrias sp.); (e) lion-
fish mimicry; (f) lion-fish model (Pterois sp.); (g) sea-snake mimicry; (h) sea-snake
model, banded sea-snake (Laticauda sp.). Photographs by permission M. Norman et al.
2001 [352].
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(c) Skin Patch (d) Cross Section

Figure 5.8: Examples of cephalopod camouflage. (a) S. officinalis hatchling conceals
itself with major lateral papillae and raised arms (mantle length 10 mm). Messenger
2001 [325]. (b) Octopus zonatus shows disruptive pattern (mantle length, 30 mm).
Hanlon 1988 and Messenger 2001 [195]. (c) Octopus vulgaris chromatophore unit.
Underlying leucophores reflect white and iridophores appear as small blue-green. Scale
bar 50 um. Froesch and Messenger, 1978 [167]. (d) Low-power electron micrograph
of a vertical skin section of Octopus vulgaris shows a chromatophore (CP) above
iridophores (IP) and leucophores. IP for iridosomal platelets, N for nucleus, and LC
for leucophore clubs. Scale bar 5 um. Froesch and Messenger, 1978 [167].
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Figure 5.9: Schematics of background matching with chromatophores (ch) and leu-
cophores (leu). (a) The chromatophores contract their muscle fibers and expand to
absorb light and let their pigment color show for well-lit backgrounds. (b) The
chromatophores relax and reduce their size for low-light backgrounds. This uncovers
the leucophores that reflect the background light. Messenger 2001 [325].

The octopuses match the colors in a well-lit background by selectively contracting
the chromatophore muscles that control the relative sizes of the differently colored
chromatophores. Octopus vulgaris has yellow, orange, red, brown, and black chro-
matophores [360]. The iridophores refract light to give green, cyan, and blue colors.
The uncovered leucophores reflect background light so can match the background color.

A single chromatophore receives multiple innervation so it can participate in
different patterns [325]. The skin papilla muscles contract and turn a skin patch into
a spike. This can match the smooth or rough texture of a background [360].

The chromatophores in an octopus and other cephalopods are neuromuscular organs
[325]. A cephalopod uses neural control of the chromatophore organs to change its
appearance almost instantaneously [325]. Each chromatophore consists of a pigment-
containing elastic sacculus that attaches to a set of obliquely striated radial muscles.
Each radial muscle has its own nerves and glia. The excited muscles contract to
expand the chromatophore. The relaxed muscles allow the elastic sacculus to retract

the chromatophore (see Figure 5.10).
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Figure 5.10: Cephalopod chromatophore organ. The figure is a retracted chromatophore
from the squid, Loligo opalescens. Messenger 2001 [325].

Figure 5.11: The cephalopod next to a white stone displays a white square. A plastic ruff
placed around the “neck” of Sepia officinalis (mantle length 120 mm) prevents it from
seeing its own mantle but does not prevent it from showing an appropriate disruptive
pattern, which includes such distinctive components as the White square. Messenger
2001 [325].

Octopus vulgaris has more than a million neurons in the chromatophore lobes.
Specific nerve fibers innervate groups of chromatophores within fixed morphological
arrays and so produce visible chromatomotor fields [325]. Researchers believe that the
skin patterns are hard-wired. But the mimic octopuses [352] suggest that at least a part

of the camouflage behavior is learned. Figure 5.11 shows a cephalopod that adapts its

gross disruptive patterns to mimic a nearby object.
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5.3.2 A Proposed Adaptive Camouflage Models Octopus vulgaris

A proposed adaptive camouflage can help conceal armor by modeling octopuses to
match camouflage patterns to backgrounds. The proposed architecture loosely follows
the schematic in Figure 5.9. Artificial color organs can display programmable patterns.
And nanotube detectors and processors can select a camouflage pattern that optimally
matches a background.

A prototype adaptive camouflage may use available components. Researchers have
developed a color-change gel in Figure 5.12(a) that models octopus chromatophore
organs. Commercial cadmium selenide (CdSe) semiconductor quantum dots or g-dots
in Figure 5.12(c) can be superior pigments in artificial chromatophores. Retro-reflective
materials in Figure 5.12(d) can be efficient artificial leucophores. Nanotube-based
actuators [192] can implement artificial papillae that alter surface textures.

Programmable MR-treated fabrics can help an armor user maintain a posture to
remain hidden. The MR-treated armor can programmably stiffen [231] [116] to support
joints and so can help with posture.

Nanotube signal processing should further help disguise armor by approximating
invisibility. Researchers have demonstrated an “optical camouflage” [433] that approx-
imates invisibility by duplicating the background image. The adaptive camouflage
should approximate invisibility by simulating a transmissive medium at the pixel level.

Nanotubes and nanoparticles can model an artificial chromatophore organ or
chromatomotor that consists of photoemitters, reflecter/scatterers, and photoabsorbers.
Stimuli-responsive polymer particles [8] can combine with mature products such as
CdSe g-dots [385] and retro-reflective beads and prisms [393] to produce prototype
chromatomotors. A 20-60 pm diameter particle of N-isopropylacrylamide (NIPAM)

polymer shrinks by a factor of ten for heating that increases the temperature to 34 °C
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from room temperature [8]. Particles smaller than 20 ym in diameter absorb light poorly
so the shrunken particles show little color [8].

Commercial CdSe g-dots should improve the pigments in [8] because g-dots are
more stable than most dye and offer many more color choices. A 50 um diameter bead
rests on a reflective surface and reflects an incident light back to its source [433] with
high reflective efficiency.

Commercial retro-reflective beads should improve the leucophores [393]. Octopus
vulgaris chromatophores measure 300 m in diameter (see Figure 5.9(a)) so an artificial
chromatophore of a similar size would use tens of NIPAM particles and reflective beads.

One possible architecture resembles a modified liquid-crystal display (LCD) (see
Figure 5.9(b)): The expanded polymer particles display color from the g-dots and
cover the retro-reflective beads in each artificial chromatomotor pixel. Other possible
architectures can use electromechanical switches to cover and uncover the g-dots and
the reflectors or use switchable reflective substrates [295].

The artificial chromatophores can incorporate a light source to conceal an armor user
in backlit conditions or when the armor user appears darker than the background (see
Figure 5.13). An ultraviolet emitter can stimulate a cluster of artificial chromatophores
and cause their g-dots to emit light [385] in low-light conditions. Nanotube field emitters
can generate ultraviolet light [349] with an electron beam.

Effective camouflage requires only a fixed set of patterns that can match most
backgrounds as the octopuses demonstrate. A central control architecture models the
optic-lobe controlled camouflage in an octopus that selects an optimal pattern based on
visual information.

A camouflage pattern can be hardwired for designed patterns (Figure 5.14) and

can also be adapted for new or changing patterns. An adaptive camouflage can take
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(a) Expanded Color-change Gel

33333

(c) CdSe Quantum Dots (d) Micron-scale Beads

Figure 5.12: Micro and nano scale materials for adaptive camouflage. (a) and (b)
Dispersions of color change gel particles that contain black, magenta and blue dye.
(a) Expanded state at 20 °C. (b) Shrunken state at 40 °C. With permission from R.
Akashi [8]. (c) Vials of nano scale quantum dots under UV illumination. The colored
spheres illustrate the relative sizes of the CdSe quantum dots in the vials. Quantum Dot
Corporation, online http://www.qdots.com (d) Micron scale beads converts a reflective
surface into a retro-reflective surface: Light reflects back toward the source. With
permission from S. Tachi [433].

a snapshot of its surroundings, compare the image sample with stored patterns, and

select the best hardwired pattern using little computation.
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Figure 5.13: Matching background brightness and color improves camouflage. The
center soldier appears brighter than the surroundings. The fourth soldier on the right
appears darker than the immediate surroundings. This shows that brightness-matching
and color-matching improves camouflage effectiveness. Photograph by permission G.
Cramer [97].

Nanotube photodetectors can be compact and sensitive and fit in ultra-dense arrays.
An all-nanotube architecture for signal processing and interconnection can operate at
high speeds. This nanotube signal processing can process the visual information,
assemble a combination of fixed patterns, and control an array of photoemitters such
as the artificial chromatomotors.

Pure singlewall nanotube fibers [150] have strength and conductivity that suggest
super-strong and conductive fabrics that can be part of the armor and can connect the
detector array to the signal processing integrated circuits. The nanotube sensors and
circuits can also integrate on a flexible conductive polymer substrate [479] that covers
the armor.

Adaptive camouflage can approximate invisibility if it precisely duplicates the

background. A so-called “optical camouflage” duplicates the background perfectly
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(b) Subtropic

(c) Desert (d) Woodland

Figure 5.14: Designed camouflage patterns. The designer developed these camou-
flage patterns using proprietary graphics techniques known as Camouflage Designated
Enhanced Fractal Geometry. Photographs courtesy of G. Cramer [96].

but only from certain viewing positions (see Figure 5.15). True invisibility requires
duplicating almost all incident light as if the light passed through air.

Nanotube signal processing may approach invisibility at the pixel level: A high-
resolution wide-area array of photodetectors samples the incident light. A similarly
distributed array of photoemitters displays the sampled image. A central or distributed

signal processor extracts the frequency, phase, amplitude, and angle of arrival from the
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(a) Optical Camouflage (b) Video Projection

Figure 5.15: Video projection produces near invisibility. A camera behind the person
records the background for projection onto the person’s cloak. The cloak has a coating
of retro-reflective material. S. Tachi 2003 [433].

sampled image and computes the weights for each emitter to duplicate the optical field
for almost all viewing positions. This should resemble a holographic display.

Nanotube high-speed computation [67] may perform the image and array signal
processing in real time with a reduced resolution. Nanotube interconnection, switches,
sensors, and emitters can enable compact and low-power designs.

Single-electron transistor-based artificial molecules can improve on the octopus
model. True hologram-like invisibility may be possible with large arrays of nanoscale
photodetectors, emitters, and distributed signal processors. One such nanoscale emitter
may be a CNT-SET-based artificial molecule that can tune its emission frequency.

The artificial molecules can emit light using the same principle as the semiconductor
quantum dots [385]: Excited electrons emit photons with energy equal to or greater than
the semiconductor bandgap to return to its ground state. Each semiconductor nanoscale
dot has an electronic density of states with a size-dependent bandgap. So a SET-based
artificial molecule can tune its emission frequency because it can alter the electronic

density of states by adding single electrons [319].
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Chapter 6

Conclusions

Nanotubes can process noisy signals in various contexts. We presented two central
findings and a proposed research direction that support this general thesis.

Nanotubes can enhance signal processing by using noise-enhanced detection and
by using nanotube-enhanced transistors. We presented experimental results based on
a carbon nanotube transistor that showed noise-enhanced detection at the nanolevel.
We also reviewed nanotube electrical and mechanical properties that can enhance
transistors.

Nanotubes can further enhance signal processing by directly detecting electromag-
netic (EM) signals as narrowband resonant dipole antennas. We presented a nanotube-
antenna theorem based on a quantum-conductor model that showed a similarity between
nanotube-dipole antennas and thin-wire dipole antennas for limited quantum effects.
This nanotube detection of EM signals lead to a proposed cochlear-model signal
processing architecture that could directly detect and filter EM signals.

Nanotubes can also enhance body-armor stealth and strength. We proposed a
research direction for adaptive camouflage based on applied and theoretical analysis. We
reviewed nanotube-enhanced armor materials and nanoparticle-enhanced body armor.
We also presented experimental analysis of body-armor performance in terms of a
physiological cost.

We next propose five areas for future research that are informed extrapolations of the
presented work. The first area of research is the measurement of the current distribution

in a nanotube-dipole antenna. The presented antenna analysis assumes a compressed
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sinusoidal current distribution for quantum conductors and requires experimental data
to verify the current-distribution assumption.

Experimental setup can be difficult. Nanotubes and nanowires have large contact
resistance with micro-scale electrodes that can complicate impedance measurement
and so affect current-distribution measurements. The size of nanotubes and nanowires
can further complicate voltage and current measurements along nano-diameter dipole
antennas.

A related research area is that noise should help our proposed architecture for direct
cochlear-model spectral processing of EM signals using nanotube antennas. Noise
enhancement should benefit the proposed architecture because noise helps nanotube
transistors detect signals and because gated nanotubes can act as antennas. So noise
should benefit gated nanotube-array antennas. Noise can also benefit the proposed
architecture because programmable-threshold transistors should adapt to changing noise
levels to optimize noise benefits and because amplifiers can exhibit noise-enhancement
and so apply noise enhancement to the proposed architecture that amplifies the antenna
output.

The second area of research is that noise should help tune a mechanical oscillator’s
resonance frequency or help it filter signals. Researchers have demonstrated stochastic
resonance (SR) in bistable systems that include oscillators. Their results suggest noise-
enhanced detection could benefit nanotube oscillators.

Thermal or acoustic noise might help an oscillator use less power. Oscillator SR
effect could save power if thermal noise helps an oscillator maintain a frequency using
a low-power reference signal or using a reduced power supply.

A related area of research is to use nanotube electromechanical oscillators in
cochlear-model spectral processing. Nanotube oscillators resemble cochlear stereocilia

in shape, variable-conductivity, frequency-tuning, and variable-length. An artificial
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cochlea might use nanotube stereocilia to amplify, transduce, and process acoustic
signals. Noise should help nanotube stereocilia detect faint signals because noise
helps the mammalian cochlea detect faint sounds and because researchers showed that
mechanical oscillators exhibit SR.

The third area of research is to develop a prototype artificial color organ using
commercial products. The proposed adaptive camouflage can enhance concealment if
it selects from a set of hardwired camouflage patterns and can switch between desert,
woodland, and urban camouflage patterns for example. Nanoscale quantum dots can
improve the pigments in a camouflage pattern. Microscale retroreflectors can help a
camouflage match background light levels. And researchers have demonstrated a heat-
activated polymer that can compress pigment sacs.

The fourth area of research is the manipulation of artificial molecules. The
single-electron transistor (SET)-based artificial molecules may form programmable
pseudo orbitals as each additional electron in the SET modifies the electron density
of states. The proposed artificial molecule [319] may improve adaptive camouflage by
programmably emitting light of different frequencies.

Artificial molecules might also help manipulate particles at the nanolevel. A
programmable electron pattern can attract a particle but prevent it from forming van
der Waals attachment with the substrate of the artificial molecule. So this manipulator
might resemble a miniature crane that can programmably pick up and release nanoscale
objects.

The fifth area of research might apply nanotube-based electronics to further enhance
body armor by heating and melting copper-jacketed bullets similar to an electric armor
for lightly armored vehicles. British researchers have developed an electric armor to
defend against shaped-charge weapons [417] and protect lightly armored personnel

carriers.
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The electric armor defeats a shaped charge by disrupting the focus of the molten
copper that a shaped charge produces to melt thin armor. The electric armor consists
of two conductive armor plates that send a large electric current to a copper jet that
completes the circuit. This generates intense heat that vaporizes the molten copper and
disperses the copper jet.

Nanotubes may help body armor protect against bullets with a similar strategy.
Banks of nanotube-based supercapacitors [287] can provide the electric charge with
minimal size. Nanotube electronics can use Doppler radar to detect and locate an
incoming bullet [218]. Two laser beams can track the bullet and create a plasma
path [25] in the air to electrically heat the bullet in addition to the two parallel conductive
armor plates in the electric armor. Melting the copper jacket and the lead core of a bullet

can disrupt the bullet because the bullet’s spin can disperse the melted metal.
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Appendix I
Modeling Gunshot Bruises in Soft-Body Armor with An
Adaptive Fuzzy System

Abstract — Gunshots produce bruise patterns on persons who wear soft body armor
when shot even though the armor stops the bullets. An adaptive fuzzy system modeled
these bruise patterns based on the depth and width of the deformed armor given a
projectile’s mass and momentum. The fuzzy system used rules with sinc-shaped if-
part fuzzy sets and was robust against random rule pruning: Median and mean test
errors remained low even after removing up to one fifth of the rules. Handguns shot
different caliber bullets at armor that had a 10%-ordnance gelatin backing. The gelatin
blocks were tissue simulants. The gunshot data tuned the additive fuzzy function
approximator. The fuzzy system’s conditional variance V[Y|X = z| described the

second-order uncertainty of the function approximation. Handguns with different barrel
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lengths shot bullets over a fixed distance at armor-clad gelatin blocks that we made
with Type 250A Ordnance Gelatin. The bullet-armor experiments found that a bullet’s
weight and momentum correlated with the depth of its impact on armor-clad gelatin
(R? = 0.881 and p-value < 0.001 for the null hypothesis that the regression line had
zero slope). Related experiments on Plumber’s Putty showed that highspeed baseball
impacts compared well to bullet-armor impacts for large-caliber handguns. A baseball’s
momentum correlated with its impact depth in putty (R* = 0.93 and p-value < 0.001).
A bullet’s momentum similarly correlated with its armor-impact in putty (R* = 0.97 and
p-value < 0.001). A Gujarati-Chow test showed that the two putty-impact regression
lines had statistically indistinguishable slopes for p-value = 0.396. Baseball impact
depths were comparable to bullet-armor impact depths: Getting shot with a .22 caliber
bullet when wearing soft body armor resembles getting hit in the chest with a 40-mph
baseball. Getting shot with a .45 caliber bullet resembles getting hit with a 90-mph
baseball.

I.1 Modeling Bullet-Armor Bruise Impacts

How does it feel to get shot while wearing soft body armor? One police officer described
it as a sting while another officer described it as a “hard blow” [3]. Fig. 7.1 shows the
bruise beneath the armor after a .44 caliber bullet struck a police officer’s upper left
chest. The armor stopped the bullet but the impact still injured soft tissue.

We examined the bruising effect with a fuzzy function approximator and a baseball
analogy. Bullet impact experiments produced the bullet-armor bruise data that generated
a quantitative bruise profile and a baseball-impact comparison. The bruise profile gave
the depth and width of the deformation that a handgun bullet made on gelatin-backed
armor for gelatin blocks that we made with Type 250A Ordnance Gelatin (from Kind &
Knox Gelatin).
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Figure 7.1: (a) Actual bruise from a police officer shot by a .44 caliber weapon in the
line of duty while wearing soft body armor. (b) Close-up of the “backface signature”
bruise in (a). Note that the bruise includes the discoloration around the wound. Photo
reproduced with permission from the IACP/Du Pont Kevlar Survivors’ Club.

Few researchers have studied the relationship between the bruising effect and the
so-called backface signature or the deformation in the armor’s backing material after
a gunshot [226], [343]. Our bruise profile modeled the bullet-armor bruise with the
depth and width of the deformation as a blunt object that could injure soft tissue.
We quantified the bullet-armor impacts and baseball impacts on a common backing
material-Plumber’s Putty. The baseball analogy helped estimate gunshot impacts on
armor. We found that a fast baseball could hit as hard as a large caliber handgun bullet
on armor. The baseball and bullet impacts in putty had similar depths and statistically

indistinguishable regression slopes.
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Figure 7.2: One of the authors holds a 14-ply Kevlar soft body armor panel (from a
Superfeatherlite vest from Second Chance) and some sample cartridges (.22, .38, .357
magnum, .40, and .45 caliber). The right side of the image shows the pristine and armor-
deformed bullets for the five calibers.

Soft Body Armor

An adaptive fuzzy system learned to model the depth and width of bruise profiles
from the bullet-armor impact experiments. Two armor-impact experimental setups used
gelatin blocks to simulate human tissue. A third armor-impact experimental setup used
Plumber’s Putty to record the bullet-armor deformation that compared with baseball
impacts. The experiments confirmed the expectation that a bullet made a larger impact
if it had a larger caliber or a larger momentum (see Table 7.1). But a larger and slower
handgun bullet hit harder than a smaller and faster one in the experiments. Impact depth
correlated better with momentum than with kinetic energy. This corroborated the finding
that kinetic energy was not a good predictor of bullet penetration wounds [408].

We picked the initial rules based on our ballistic judgment and experience. The
experimental data tuned the rules of an adaptive standard-additive-model (SAM) fuzzy
system [252]. The SAM system used two scalar subsystems to model the depth and

width of a bullet-armor impact in parallel given the bullet’s weight and momentum. We
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tested the robustness of the fuzzy system by removing rules in a random rule pruning.
The median, mean, and maximal test errors resembled the initial approximation error
for pruning that randomly removed up to 20% of the rules.

The next two sections review soft body armor and bullet-impact bruises. Section II
reviews rule-based fuzzy function approximation. Section III reviews the standard addi-
tive model. Section IV provides the setup and results of the bullet-armor experiments.
Section V provides the setup and results of the baseball impact experiments. Section VI
provides the experimental setup and the results of the fuzzy function approximation.

Soft body armor prevents most handgun bullets from penetrating a user’s body [454].
Our armor experiments used a generic armor that we made by combining many layers
of fabric that wove together Kevlar fibers. Thinner armor is softer than thicker armor.
Another type of armor material laminated together many layers of parallel fibers. Both
types of armor deform under a bullet’s impact and spread the impact’s force over a wider
area. Bullets penetrate by crushing [302]. So soft body armor arrests a handgun bullet
by reducing its crushing force below a material-failure threshold [302].

Failure analysis does not consider the physiological effects as the armor stops a
bullet. Some researchers define armor failure as material failure such as broken fibers or
breached fabric layers [16], [303], [101], [84], [148]. Others require complete bullet
passages [30]. Such definitions do not address the interactions that flexible armor
permits with the underlying material.

These interactions have two effects. The first is that a bullet-armor impact can injure
soft tissue even though the bullet does not penetrate the armor (see Fig.7.1). The second
effect is that soft body armor’s performance can differ for different backing material
that supports the armor [302]. We found that a hammer strike breached several layers of
concrete-backed armor fabric but at least one handgun bullet bounced off gelatin-backed

armor fabric.
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DEPTH R? Bo B1 Ho: 08 =0

REGRESSION t (p-value)
WEIGHT 0.880 5.385 0.280 19.892 (p < 0.001)
MOMENTUM 0.741 9.443 13.718 12.415 (p < 0.001)
KINETIC ENERGY 0.474 20.225 0.066 6.972 (p < 0.001)
SPEED 0.089 79.885 -0.124 —2.208 (p = 0.025)
TARGET DISTANCE 0.415 20.328 —1.203 —4.453 (p < 0.001)
WIDTH R* Bo By Ho: 08, =0
REGRESSION t (p-value)

WEIGHT 0.865 84.816 0.421 18.580 (p < 0.001)
MOMENTUM 0.745 00.205 20.870 12.566 (p < 0.001)
KINETIC ENERGY 0.482 106.478 0.101 7.094 (p < 0.001)
SPEED 0.079 194.170 —=0.177 —2.153 (p = 0.036)

TARGET DISTANCE 0.004 58.162 0.1082 0.340 (p < 0.001)

Table 7.1: Summary of linear regression statistics for the gelatin-backed bullet-armor
impact experiments and for the simple linear model y = [ + f1z. Momentum mv
and weight m correlated with an impact’s depth and width while kinetic energy %mv2
correlated the least. Target distance d correlated with an impact’s depth while speed v
and distance d correlated little with the impact’s width. The R? measures the strength
of the correlation between the input and output variables. The ¢ statistic tested the
parameter significance of a single regression coefficient 3; between deformation (mm)
and one of a bullet’s mean weight (grain), momentum (kg m/s), kinetic energy (kg
m?/s?), target distance (yard), and speed (m/s). The p-value measured the credibility of
the null hypothesis Hy that the regression line had zero slope 3; = 0 or that a dependent
variable did not vary with the independent variable. A statistical test rejects the null
hypothesis Hy at a significance level « if the p-value is less than that significance level.
So the regression rejects the null hypothesis Hy for the customary significance levels
a = 0.05 and a = 0.01 because p-value < 0.001.

The backface signature is the deformation in the backing material after a bullet
strikes armor [343]. Studies of backface signatures [226] give little information about
the impact as a bruising force if the backing material differs from soft tissue. One
industry standard [343] measures the backface signature on a clay backing material. The
clay records the impact in a plastic or permanent backface deformation but its properties
differ from soft tissue.

Gelatin tissue simulant is elastic and responds to a bullet’s crushing force similar
to how soft tissue responds in bullet penetration tests [304], [305], [151]. So testing
gelatin-backed soft body armor can help study the performance of the armor on a user’s
body. We performed the bullet-armor impact experiments on tissue simulant and defined

a simple two-parameter bruise profile to describe the impact.
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Bruising and the Bruise Profile

Bruising implies injury but need not indicate the severity of the injury. A bruise is
escaped blood in the intercellular space after a blunt impact injures soft tissue [404].
The visible part of a bruise is the part of the escaped blood that is close to the skin
surface. Scraping with a coin or a spoon can leave extensive but superficial bruises
or welts that resemble bruises from abuse [169]. The visible bruise can change over
time [426] at different rates based on sex, age, body fat [404], and medication [361].
So a bruise shows that a blunt impact occurred but need not show that internal injuries
occurred [73], [448]. This can occur in sports injuries where soft tissue injuries can
escape detection [214].

A bruise profile models the shape of the bullet-armor impact and can help guide the
examination after an armor gunshot. This is similar to a wound profile [151] that can
help the examination of a gunshot wound. The bruise profile can indicate the affected

internal tissue beneath the visible armor bruise.

1.2 Bullet-Armor Impact Experiments Measure Armor Deforma-

tions
Experimental Setup

Two experimental setups measured the bullet-armor impacts’ depths and widths against
a gelatin-block backing in the Orange County Indoor Shooting Range. The first
setup used donated commercial armor to produce the deformation data. It fixed the
bullet caliber (9-mm) and varied the distance between the target and the handgun.
The distances were 5, 7, and 10 yards. These three short distances produced three
measurably different bullet impacts because air friction quickly slows a bullet after it

leaves the gun barrel.
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Figure 7.3: A sample 10% ordnance gelatin block. A target consisted of a generic
armor-clad gelatin block. The gel block was the tissue simulant.

The second setup used generic armor that we made from eight layers of Kevlar fabric
to produce the deformation data. It varied both the bullet caliber and the handguns’
barrel lengths and fixed the distance (5 feet) between the target and the handguns. The
setup used .22, .38, .40, and .45 caliber bullets. This choice of bullets gave a monotonic
increase in bullet diameter and weight. We also used .357 magnum bullets that had
weight similar to .38 caliber bullets and momentum similar to .45 caliber bullets due to
higher speeds. A .44 magnum bullet penetrated the 8-layer generic armor. So we had no
deformation data for the .44 magnum bullets. Hexcel Schwebel donated the Style 713
Aramid fabric that had 1000 deniers of Kevlar 29 fibers in plain weave.

The gel-backed experiments used 10% gelatin blocks to simulate tissue that backed
the armor. Fig. 7.3 shows a sample gelatin block. The gelatin blocks consisted of one
part Type 250A Ordnance Gelatin from Kind & Knox Gelatin and nine parts water
by weight. We weighed the water-filled mold to find the 10% weight for the gelatin
powder and weighed the mold while we added water to achieve the 1:9 ratio. Slowly
stirring water into the gelatin powder reduced bubble formation. The mixture required

refrigeration for 24 hours to prevent spoilage while the powder hydrated. This further

186



reduced air bubble formation. A warm water bath of about 40°C melted the mixture and
prevented denaturing the gelatin. A cold water bath set the melted gelatin in molds that
measured about 40 cm long by 30 cm wide by 12 cm thick.

Refrigeration hardened the gelatin blocks in 48-72 hours and ensured a uniform
temperature of about 4°C in the blocks. The refrigerator ran for 24 hours before use to
ensure that its temperature equilibrated in a range above freezing and below 4°C. This
kept a gelatin block’s temperature low while avoiding damage from ice crystals. We
used ice chests to transport the gelatin blocks to and from the shooting range.

A BB shot calibrated each gelatin block before use by giving BB penetration at
known temperatures. A model 760B BB Repeater Air Rifle from Crossman Air Guns
can shoot a 5.5-grain BB at between 530-590 feet per second (ft/s) with 10 pumps. An
outdoor thermometer measured the gelatin temperature before using the blocks.

We measured the bullet velocity at 12 feet or 3 yards and separate from the impact
experiments. The Prochrono Plus optical chronometer from Competition Electronics
complicated shot placement in the indoor shooting range. It required a separation
of at least 10-15 feet from the handguns to prevent interference from the propellant
smoke. The indoor lighting dictated a 12-ft separation between the chronometer and the
handguns and a 58-inch separation between the chronometer and the floor. This was
because the optical sensors required some minimal amount of light to detect a bullet’s
shadow as the bullet passed. The lack of a pistol holder allowed marksmanship to further
complicate shot placement in the experiments.

The shooting range provided reloaded ammunition with full-copper-jacketed bullets.
The 9-mm bullets weighed 115 grains on average. The mean velocity was 1216 feet per
second (ft/s) for bullets from the same ammunition box. Table 7.2 shows the mean bullet
speeds for each combination of bullet caliber and barrel length. The .22 caliber bullets

had one mean weight (40 grains) and two different speeds (977 ft/s and 1059 ft/s on

187



22| 38| 40| 45| 357mag | .44mag
WEIGHT | 40 | 150 | 165 | 185 158 240

SPEED | Barrel 1 | 977 | 722 | 937 | 808 1135 | 1263
Barrel 2 | 1059 | 751 | N/A | 897 N/A | N/A

Table 7.2: Average bullet speeds for the available combinations of bullet weight (caliber)
and barrel length.

average). We used the data in Table 7.2 (except the .44 magnum bullets) for the weight

and momentum that trained the fuzzy system.

Results of the Bullet-Armor Impact Experiments

The gelatin-backed bullet-armor experiments found that a bullet’s impact depth corre-
lated with it’s distance to target d with the first setup and found that depth correlated
with bullet properties that included the mean weight m, momentum p = muv, and
kinetic energy %, mv? in decreasing order with the second setup. Depth correlation with
kinetic energy was much less than the correlations with weight or momentum. Impact
depth also correlated with combinations of weight, momentum, and kinetic energy. The
impact width similarly correlated with the bullet properties except distance. The impact
depth and width correlated very little with a bullet’s mean speed v. This held because the
45 caliber bullet-armor impacts were deeper and wider than both the .22 and .38 caliber
impacts when the .22 caliber bullets were faster and the .38 caliber bullets were slower.
Table 7.3 shows the regression statistics. The statistics were based on two subsets of the
experimental data: Dataset (1) was complete and Dataset (2) excluded the .357 magnum
data. The key results held for both datasets. Dataset (2) had stronger correlations (larger
R?) than Dataset (1). Deformation correlated with momentum more than it correlated
with weight in Dataset (2).

Regression analysis fit the experimental data to a straight line. The simple linear
model used functions of x and had smaller p-values than quadratic and cubic models

while the quadratic and cubic models had marginally larger R? values. The R* measured
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DEPTH R Bo B Ho:081 =0 Ho: fBp,1=10
REGRESSION t (p-value) F (p-value)
WEIGHT (1) 0.880 5.385 0.280 19.892 (p < 0.001) 395.702 (p < 0.001)
(2) 0.893 5.424 0.283 19.210 (p < 0.001) 369.022 (p < 0.001)
MOMENTUM (1) [ 0.741 9.443 13.718 12.415 (p < 0.001) | 154.135 (p < 0.001)
(2) 0.875 4.838 16.700 17.549 (p < 0.001) 307.966 (p < 0.001)
KINETIC ENERGY (1) 0.474 20.225 0.066 6.972 (p < 0.001) 48.606 (p < 0.001)
2) 0.786 7.018 0.118 12.694 (p < 0.001) 161.138 (p < 0.001)
SPEED (1) 0.080 70.885 —0.129 —2.2 p=0. . p=0.
) 0.278 129.560 —0.314 —4.115 (p < 0.001) 16.929 (p < 0.001)
TARGET DISTANCE 0.415 29.328 —1.203 —4.453 (p < 0.001) 19.8 p < 0.001
WIDTH R? Bo B1 Hp: 8, =0 Hp : Bg,1 =0
REGRESSION t (p-value) F (p-value)
WEIGHT (1) | 0.865 84.816 0.421 18.580 (p < 0.001) | 345.214 (p < 0.001)
(2) 0.882 84.900 0.428 18.170 (p < 0.001) 330.141 (p < 0.001)
MOMENTUM (1) 0.745 90.295 20.870 12.506 (p < 0.001) 157.8 p < 0.
2) 0.906 8§2.612 25.844 20.589 (p < 0.001) 423.899 (p < 0.001)
KINETIC ENERGY (1) 0.482 106.478 0.101 7.094 (p < 0.001) 50.328 (p < 0.001)
(2) 0.851 84.692 0.186 15.842 (p < 0.001) 250.978 (p < 0.001)
SPEED(1) 0.079 194.170 —0.177 —2.153 (p = 0.036) 1.636 (p = 0.036)
2) 0.220 258.890 —0.424 —3.521 (p = 0.001) 12.395 (p = 0.001)
TARGET DISTANCE 0.004 58.162 0.1082 0.340 (p < 0.001) 0.115(p = 0.737)
DEPTH R? Bo By 2 Hp : Bp,1,2 =0
REGRESSION t (p-value) t (p-value) t (p-value) F (p-valu:&
WEIGHT AND (1) 0.881 5.550 0.304 —1.361 F = 196.020
MOMENTUM 2,616 (p = 0.012) 7.903 (p < 0.001) | —0.663(p = 0.510) | p < 0.001
(2) 0.896 4.913 0.207 4.625 F = 186.190
2.225 (p = 0.031) 2.988 (p = 0.005) 1.119 (p = 0.270) | p < 0.001
WEIGHT AND (1) 0.881 5.586 0.293 —0.006 F =196.851
KINETIC ENERGY 2.638 (p = 0.011) 13.494 (p < 0.001) —0.800 (p = 0.427) p < 0.001
2) 0.896 4.845 0.247 0.018 F = 185.965
2.177 (p = 0.035) 6.782 (p < 0.001) 1.096 (p = 0.279) p < 0.001
MOMENTUM AND (1) 0.887 5.574 31.388 —0.112 —F = 208.555
KINETIC ENERGY 2.704 (p = 0.009) | 13.943 (p < 0.001) | —8.305 (p < 0.001) | p < 0.001
2) 0.897 5.348 29.484 —0.097 F = 186.838
2.418 (p = 0.020) 6.810 (p < 0.001) —3.015 (p = 0.004) p < 0.001
WIDTH R* Bo By B2 Hg : Bo,1,2 =0
REGRESSION t (p-value) t (p-value) t (p-value) F (p-value)
WEIGHT AND (1) 0.865 84.846 . —0.240 F = 169.430
MOMENTUM 24.742 (p < 0.001) 6.846 (p < 0.001) —0.073 (p = 0.942) p < 0.001
2) 0.908 .646 0.093 20.438 F = 211.752
26.075 (p < 0.001) 0.932 (p = 0.356) —0.073 (p = 0.001) p < 0.001
WEIGHT AND (1) 0.865 B4.967 431 —0.004 F =169.917
KINETIC ENERGY 24.804 (p < 0.001) 12.261 (p < 0.001) —0.370 (p = 0.713) p < 0.001
2) 0.907 82.342 0.267 0.078 F = 209.355
25.661 (p < 0.001) | 5.086 (p < 0.001) 3.361 (p = 0.002) | p < 0.001
MOMENTUM AND (1) 0.883 84.603 46.864 —0.165 F = 200.376
KINETIC ENERGY 26.588 (p < 0.001) 13.486 (p < 0.001) —7.914 (p < 0.001) p < 0.001
(2) 0.908 82.866 32.226 —0.048 F = 212.991
26.139 (p < 0.001) 5.192 (p < 0.001) —1.,050 (p = 0.300) p < 0.001

Table 7.3: Linear regression statistics for the gelatin-backed bullet-armor impact
experiments. The statistics were based on two subsets of the experimental data: Dataset
(1) was complete and Dataset (2) excluded the .357 magnum data. The key results
held for both datasets. First was that deformation depth and width correlated with a
bullet’s weight, momentum, and kinetic energy while speed correlated little. Second
was that kinetic energy had a weaker correlation with deformation than either weight or
momentum. A bullet’s weight monotonically increased with its caliber in Dataset (2)
and could represent caliber by excluding the magnum data. Dataset (2) had stronger
correlations (larger R?) than Dataset (1). Momentum correlated with deformation more
than weight in (2).

the strength of the correlation between the dependent and the independent variables. The

first gel-backed experiments used a regression equation of the form

Bo + B (7.1)

y =
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where y was the deformation depth or width in millimeters (mm) and z was the distance
between the target and the handgun in yards.

The second gel-backed experiments used the simple linear regression equation (7.1)
to model how deformation depends on the individual bullet properties such as mean
weight, speed, momentum, and Kinetic energy. Multiple linear regression modeled
how deformation depends on weight, momentum, and kinetic energy. The multiple

regression equation had the form

y = o+ iz + Paze (7.2)

where y was the deformation depth or width in mm and z, and z, were the weights
in grains, momentum in kilograms meter per second (kg m/s), or kinetic energy in
kilograms meter squared per second squared (kg m?/s?).

We applied the simple linear model in (7.1) to test whether bullet deformation
correlated with each of a bullet’s properties. The null hypothesis Hy : 8, = 0
stated that the slope 3, of the regression line in (7.1) was zero and thus the impact
deformation’s depth and width (dependent variables) did not vary with a bullet’s weight,
momentum, kinetic energy, speed, or distance to target (independent variables). The
p-value measures the credibility of Hy. A statistical test rejects the null hypothesis Ho
at a significance level « if the p-value is less than that significance level: Reject Hy if
p-value < a. The test rejected the null hypothesis Hy at the standard significance levels
a = 0.05 and o = 0.01 because p-value < 0.001.

We applied the multiple regression in (7.2) for combinations of a bullet’s property
such as weight and momentum and tested the null hypothesis Hy : 8; = 0 for: =
0,1, 2 that all the parameters were statistically insignificant. This tested whether the

deformation’s depth and width varied with the combination of a bullet’s weight and

190



s .
— 50 o BOL $ H 1
E E |
E E | . ‘ :
S0 50~
i =
o [=]
a o =z wf
:
= » ° 30r
<<
2 ' :
o 20| Ll b % 20+
[ e
w . w
Q. - 24
L]
02 l ﬂl 6 7 ; ; I‘U |; 12 AZ ; ; é i" ; 9 III‘I 1 12
TARGET DISTANCE (yards) TARGET DISTANCE (yards)
(a) DEPTH (b) WIDTH

Figure 7.4: Impact data from the first gelatin-backed bullet-armor experiments. (a)
The impact depth correlates with distance to target. The correlation was R* = 0.415
and linear regression gave y; = 29.328 — 1.203z with p-value < 0.001 where z
was the distance in yards and y; was the deformation depth in mm. (b) The impact
width correlates poorly with distance: R*> = 0.004. The regression equation was
Yo = 58.162 + 0.1082z. Note that the regression line is nearly horizontal.

momentum. The test found that the regression coefficient for weight was statistically
more significant than the coefficients for momentum or kinetic energy (see Table 7.3).

This helped guide our choice of weight and momentum as the inputs of the fuzzy system.

Fig. 7.4 shows the depth and the width of the bullet-armor deformation after each
impact in the first gelatin-backed experiments. The deformation depth decreased as
target distance increased. Linear regression (see Table 7.3) gave R? = 0.415, regression
equation y; = 29.328 — 1.203z, and p-value < 0.001 where = was the distance in yards
and y; was the deformation depth in mm. The width y, did not appear to vary with
target distance for R? = 0.004, y» = 58.162 + 0.1082z, and p-value < 0.001. These
statistics suggested a non-zero slope but almost no correlation for B> = 0.004. The
correlations between deformation and target distance also held for between deformation

and momentum because bullet weight was approximately constant and velocity was
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a monotonic function of distance. The limited number of data points was due to the
availability of the donated armor. The shots should overlap as little as possible and avoid
the armor panel edges for consistency. Marksmanship further decreased the number of
shots as distance increased.

Fig. 7.5 shows the complete deformation depth data in (a) and the complete width
data in (b) of the bullet-armor deformation as a function of bullet weight and momentum
in the second gelatin-backed experiments. The regression planes suggested that depth
correlated with bullet momentum more than weight and that width correlated with
weight more than momentum. Excluding the magnum data in (c) and (d) changed
the depth regression plane: It suggested that deformation depth correlated with both a
bullet’s weight and momentum. The correlation strengths were R? = 0.881 for the depth
and R? = 0.865 for the width using the complete set of experimental data. The depth
equation was y; = 5.550 + 0.304z; — 1.361z5 where x; was bullet weight (grain) and
xo was momentum (kg m/s). The width equation was ys = 84.846 + 0.425z; — 0.240x5.
The test statistics for depth correlation were F' = 196.020 and p-value < 0.001. The test
statistics for width correlation were I’ = 169.430 and p-value < 0.001. The test rejected
the null hypothesis Hy at the standard significance levels a = 0.05 and a = 0.01.

The experiments used five bullet calibers (.22, .38, .40, and .45 caliber and .357
magnum, see Fig. 7.2) and two different speeds (such as on average 808 ft/s and 897 ft/s
for the .45, see Table 7.2) per caliber to produce 56 sets of input-output data. This gave

the sparse sampling of the input space in Fig. 7.5.
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Figure 7.5: Impact data from the second gelatin-backed bullet-armor experiments. The
figures show the complete set of experimental depth data in (a) and width data in (b)
and their fit to regression planes as functions of weight (X;) and momentum (X5). (c)
and (d) show a subset of the data that excluded the .357 magnum experiments. The
regression planes consist of those points that satisfy the regression equations: y; =
5.550 + 0.304x, — 1.361z, for depth in (a), y2 = 84.846 + 0.425z, — 0.240z, for width
in (b), y; = 4.913 + 0.207xz, + 4.625z- for depth in (c), and y, = 82.646 + 0.093z; +
20.438x, for width in (d).

1.3 Baseball Impact Experiments Compare Handgun Bullets and
Baseballs

Experimental Setup

Two putty-backed experimental setups compared the baseball impacts to bullet—anln%:’;

impacts. The baseball setup measured baseball impacts on tubs of Oatey’s Plumber’s



Figure 7.6: A regulation baseball and a crater of its impact. Pitching machines threw
baseballs at tubs of Plumber’s Putty. A chronograph measured the speed of each
baseball. The baseball speeds were approximately 40, 50, 60, 70, 80, and 90 miles
per hour.

Putty at the Home Run Park in Anaheim, California. The outdoor batting cage used
pitching machines that threw baseballs at 40, 50, 60, 70, 80, and 90 miles per hour
(mph). The chronometer used sunlight and a baseball’s passing shadow to measure the
baseball speed. We placed the chronometer approximately a half foot from the putty
target. The putty-filled tubs were approximately three to five feet from the pitching
machines. Each tub consisted of at least 15 pounds of the putty. Fig. 7.6 shows one
sample deformation that a baseball made in putty.

The bullet-armor setup shot bullets at putty-backed soft body armor. The exper-
iments shot .22, .38, .40, and .45 caliber bullets and .357 magnum and .44 magnum
bullets. The armor was the Superfeatherlite model from Second Chance. The target
was 5 feet from the handguns. Fig. 7.7 shows the depths of the putty deformations from
baseball impacts next to the depths of the putty deformations from bullet-armor impacts.
The deformations deepened as baseball speeds increased and as bullet caliber increased.
The baseball impact experiments used regulation baseballs (Fig. 7.6) to produce at least
10 data points for each of the six different speeds. The putty deformed and recorded each
impact. The baseballs’ weight was constant so plotting the deformation depth against

momentum preserved the proportion of plotting against speed. We plotted depth against
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Bullet Caliber 22| 38| 40| 357 | 45| 44
Depth (mm) 5 15 19 21 | 22 | 40
Baseball Speed (mph) | 40 70 80 90 n/a
Depth (mm) 65 | 136 | 17.0 | 21.6 n/a

Table 7.4: Baseballs deformed Plumber’s Putty similar to handgun bullets. For instance:
The mean impact depth was 21.6 mm for 90-mph baseballs and the bullet-armor impact
depth was 21 mm for a .357 magnum bullet and 22 mm for a .45 caliber bullet. The .44
magnum bullet-armor impact deformed the putty to a depth of 40 mm that was about
twice the effect of the fastest baseball available so had no comparable highspeed baseball
impact.

momentum in Fig. 7.7 because the gelatin-backed bullet-armor experiments found that
momentum correlated better with deformation depth than it correlated with weight or

speed alone.

Results of the Baseball Impact Experiments

The baseball experiments compared bullet-armor impacts to baseball impacts in two
ways: Deformation depth in putty and the slopes of the fitted regression lines. The first
way compared how the two types of projectile deformations differed. Baseball impacts
and bullet-armor impacts had similar depths in Oatey’s Plumber’s Putty (Table 7.4). The
similarity of impact depths suggested that handgun shots on soft body armor would feel
like baseball impacts without armor. Fast-baseball impact depths were comparable to
bullet-armor impact depths: Getting shot with a .22 caliber bullet when wearing soft
body armor resembles getting hit on the chest with a 40-mph baseball. Getting shot
with a .45 caliber bullet resembles getting hit with a 90-mph baseball.

Fast baseballs were similar to large caliber bullets (on armor) in denting putty (see
Fig. 7.7) except for the .44 magnum. The .44 magnum dented the putty to a 40 mm-
depth or about twice the depth of the 90-mph baseballs. The 90-mph baseballs made
21.6 mm-deep dents in putty on average. This is similar to the depths of the dents from

a .40 caliber (19 mm), a .45 caliber (22 mm), and a .357 magnum (21 mm) bullets. A
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.38 caliber bullet made a 15-mm-deep dent in armor-clad putty. This depth is between
the mean depth values of the 70-mph (13.6 mm) and the 80-mph (17 mm) baseballs.
Table 7.4 summarizes these results.

The second way compared the correlation and regression slopes of the two types of
impacts. The experiments found that the mean depth of a baseball’s impact and the depth
of a bullet’s armor-impact both correlated with projectile momentum (see Fig. 7.7). The
baseball impacts had correlation R? = 0.93, regression equation y = —6.155 + 5.188z,
and p-value < 0.001 where z was a baseball’s momentum in kilograms meter per second
(kg m/s) and y was the putty deformation depth in millimeters (mm). The bullet-armor
impacts had similar correlation R? = 0.97, regression equation y = —2.12 + 4.76z, and
p-value < 0.001.

The putty-impact regression lines had similar slopes 3; ~ 5 for the baseball impacts
(81 = 5.188) and the bullet-armor impacts (3, = 4.766). Fig. 7.7 suggests that the
two lines are parallel: Same slope with different intercepts. But the multiple-regression-
based Chow test [389], [85] gave only that the two regression lines differed for ' =
61.826, degrees of freedom (2,62), and p-value < 0.001. So we applied a modified
Chow test (Gujarati-Chow test [189]) to test whether the slope terms [, differed, the
intercept terms [, differed or both.

The Gujarati-Chow test was a multiple regression analysis with a dummy variable
approach [389], [189] that compared two groups of data. It used a binary dummy
variable D (see Appendix) to test separately whether the slope terms [; differed
and whether the intercept terms (3, differed. The slope-term ({3;) test statistics were
t = 0.855 and p-value = 0.396. The two putty-impact regression lines had statistically
indistinguishable slopes because we retained the null hypothesis that the slope terms

were identical at the standard significance levels oo = 0.05 and a = 0.01. This confirmed
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Figure 7.7: Baseball and bullet impact depths in Plumber’s Putty versus momentum.
The baseball impact depth correlated with baseball momentum R? = 0.93 and p-value
< 0.001 for the null hypothesis: 5 = 0. The solid line on the right is the regression
line for the baseball impacts (blue dots) y = —6.155 + 5.188x where x is baseball
momentum and ¥ is putty deformation depth. Only two data points fell outside of the
95% confidence bounds. Bullet-armor impact depths correlated with bullet momentum
R? = 0.97. The green dashed line on the left is the regression line for the bullet-armor
impacts (green circles) y = 2.124 4+ 4.766x where z is bullet momentum and y is
depth. The two regression lines have the similar slope 3; ~ 5. A multiple regression
analysis with dummy variables (Gujarati-Chow test) could not reject the null hypothesis
Hp : Bi(baseball) = S (armor) for the test statistics ¢ = 0.855 and p-value = 0.396. So
the test retained the null hypothesis that the two types of impacts had the same slope.

L !
45 5 56

that the putty-backed baseball impacts and the bullet-armor impacts had the same slope
[ in their regression lines as Fig. 7.7 suggested.

The intercept-term ([3;) test statistics were ¢ = —4.995 and p-value < 0.001. The
putty-impact regression lines had statistically distinct intercepts because we rejected the
null hypothesis that the intercept terms were identical at the standard significance levels
a = 0.05 and @ = 0.01. This confirmed the Chow-test result that the two regression
lines were distinct.

We note that the regulation baseball’s constant weight implied that the correlation

between deformation and speed was the same as the correlation between deformation
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(a) DEPTH X5: MOMENTUM
RULES LE] M | MS | MD [ ML | LG | VL
VL | MD | MD | MD [ LG LG LG | VL
TG | MD | MD | MD | LG [IG G VL
X, L | MD | MD | MD | MD [ MD | MD | LG
WEIGHT MD | SM | MD | MD | MD [[MD | MD | LG
" MS SM | SM'|'SM SM |USMT| MD | LG
SM | SM | SM | SM | SM [SM | MD | MD
Vs VS VS VS SM [ SM | MD | MD
(b) WIDTH X2: MOMENTUM
RULES VS | SM | M5 |UMD [[ML | LG | VL
VL | MD | MD | MD [ MD | LG | LG | VL
M [ SM | MD | SM [ LG | IG VL

X1 ML SM | SM | SM [MD | LG | VL
WEIGHT MD | SM SM | SM [ MD | MD | LG
MST | VST | vsT|ivs VS | SM | MD | IG
TSM [ VS | V5 [ V§ VS [SM | MD | MD
VS V3 VS V5 VS [[SM | ™MD [ MD

(c) THEN-PART X3: MOMENTUM
DISPERSION VS [ MS UMD ML | LG | VL

VL | LG | LG | MD | MD | LG | MD | SM

TG | LG | IG [ MD | MD [[MD [ 3M | 3M
X1 ML | LG | MD | MD | MD [ MD | SM | SM |
WEIGHT ™MD | MD | MD | MD | SM [ SM | SM | SM |

ol MST | MDTIMDE[TMDY | SM | sMT|isME | MD

SM | SM | SM | MD | MD [ MD | LG | LG

VS | SM | SM | MD | MD [ MD | LG G

Table 7.5: Initial fuzzy rules for the function approximation. Each entry represented
one rule for the depth subsystem in (a) and width subsystem in (b). We based the 49
initial fuzzy rules for the armor-deformation depth and width on the experimenters’
ballistic judgment and experience. The rules had two-dimensional if-part sets and two
parallel scalar then-part sets. A typical rule (highlighted) had the word form “If the
bullet’s weight X is medium small (MS) and the momentum X is medium (MD) then
the armor deformation depth Y7 is small (SM) and the width Y5 is very small (VS).”
The then-part set functions b; had center parameters c; based on the entries in (a) and
(b). The area parameters V; were based on the entries in (c). Seven if-part fuzzy sets
described the bullet’s weight and momentum {Very Small (VS), SMall (SM), Medium
Small (MS), MeDium (MD), Medium Large (ML), LarGe (LG), Very Large (VL)}. Five
then-part fuzzy sets described the armor deformation {VS, SM, MD, LG, VL}. Three
volume or area values in (c) described the rule uncertainty {SM, MD, LG} by fixing the
dispersion or width of the then-part sets.

and momentum. This corroborated the results from the first gelatin-backed bullet-armor

experiments.

I.4 Fuzzy Systems Analyze Gunshot Armor Bruise
Adaptive Fuzzy Systems

Bullet-impact experiments trained an adaptive fuzzy system to model the depth and

width of the bullet-armor impact given a handgun bullet’s weight and momentum.
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Figure 7.8: Sample if-part and then-part fuzzy sets. (a) Joint (product) sinc if-part set
function for two-dimensional input case [24]. The joint set function has the factorable
form a;(x) = aj(z1,22) = a}(z1) x a}(x;). The shadows show the scalar sinc set
functions af; : R — Rfor{ = 1,2 that generate a; : R? — R. (b) Scalar Gaussian
then-part set function centered at c;.

We picked the fuzzy system’s initial rules in Table 7.5 based on the correlations in
the experimental data (Table 7.1) and based on our ballistic judgment and experience.
Similar rules described the depth and width subsystems. A typical rule in Table 7.5 was
“If a bullet’s weight is small (SM) and its momentum is very small (VS) then the armor
deformation depth is SM and the width is VS.” A rule’s volume (or dispersion) reflected
its uncertainty. The gunshot data tuned the rules in an adaptive standard-additive-model
(SAM) function approximation.

We applied two scalar-valued additive fuzzy systems [252], [334] F' : R* — RP
(for p = 1) in parallel that used two-dimensional inputs (n = 2) to model the depth and
width of a bullet-armor impact. These systems approximated some unknown function
f : R*> — R by covering the graph of f with m fuzzy rule patches and averaging
patches that overlap. An if-then rule of the form “If X is A then Y is B” defined a fuzzy
Cartesian patch A x B in the input-output space X x Y. The rules could use fuzzy sets of

any shape for either their if-part sets A or then-part sets B. This held for the feedforward
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standard additive model (SAM) fuzzy systems discussed below. Their generality further
permitted any scheme for combining if-part vector components because all theorems
assumed only that the set function mapped to numbers as in a : R* — [u,v]. Fig. 7.8
shows a sample two-dimensional if-part set that used a joint factorable sinc function.
The general fuzzy approximation theorem allows any choice of if-part sets or then-
part sets for a general additive model and specifically allows any choice of if-part sets
for the SAM case (which in turn includes most fuzzy systems in use) [334]. These
nonlinear systems can approximate any continuous (or bounded measurable) function
on a compact domain [252].

The if-part fuzzy sets A; C R" and then-part fuzzy sets B; C RP had set functions
a; : R? — [0,1] and b; : R — [0,1] for n = 2 and p = 1. An additive fuzzy
system [252], [334] summed the “fired” then-part sets B;

Blz) = Y wB; = Y wja;z)B;. (7.3)
i=1 i=1

The scaling choice B} = a;(x)B; gave an SAM. The SAM output F' was the centroid
of B(z) in (7.3): F(z) = Centroid (B(z)).

The shape of if-part sets A; affected how well the feedforward SAM output F
approximates a function f and how quickly an adaptive SAM output F' approximated
it when learning based on input-output samples from f tuned the parameters of A; and
the centroids c; and volumes V; of the then-part set B;. The shape of the then-part sets

B; did not affect the first-order behavior of a feedforward SAM output F' beyond the
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effect of the volume V; and centroid c;. This held because the SAM output computed a

convex-weighted sum of the then-part centroids ¢; for each vector input x

ijaj(w)Vjci
Fz) = = (74)
> wia;(2)V;
g=1
= Y pile)y = E[Y|X=q] (7.5)
i=1

for if-part joint set function a; : R® — [0, 1] that defined the if-part set A; C R", rule
m

weights w; > 0, p;(z) > 0,and ) p;(x) = 1foreach z € R2. Fig. 7.9(a) and 7.9(c)
j=1

are examples of the SAM output F' based on the rules in Table 7.5 with two-dimensional

joint factorable sinc if-part set functions. The convex coefficient

wja;(z)V;

m (7.6)
> wiai(z)V;
i=1

pi(z)

depended on then-part set B; only through its volume or area V; (and perhaps through
its rule weight w; ).

The fuzzy output F'(z) in (7.4) equals the conditional expectation E[Y|X = z]
in (7.5) because the then-part set functions b; are non-negative and have finite volume
(area) and because F(z) is the centroid of B(z). Appendix II shows that these two
conditions give a well-defined conditional probability density function p(y|z) in F'(z) =
T yp(y|z)dy [252]. So the SAM output describes the first-order behavior of the fuzzy

—0C0

system and does not depend on the shape of the then-part sets B;. But the shape of
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B; did affect the second-order uncertainty or conditional variance V[Y'|X = z] of the

SAM output F'(x) [252]:
VIVIX =2] = Y pi(@)oh, + > pi(@)le; — F()? (7.7)
Jj=1 j=1

where or%j is the then-part set variance

op, = f (y — ¢;)*ps; (y)dy (7.8)

where pg,(y) = b;(y)/V; is an integrable probability density function and b; : B —
[0, 1] is the integrable scalar set function of then-part set B;. Fig. 7.9(b) and 7.9(d) show
examples of the conditional variance V' [Y'|X = z] based on the rules in Table 7.5 with
Gaussian then-parts. The first term on the right side of (7.7) gave an input-weighted sum
of the then-part set uncertainties. The second term measured the interpolation penalty
that resulted from computing the SAM output F'(z) in (7.4) as the weighted sum of
centroids. The second-order structure of a fuzzy system’s output depended crucially on
the size and shape of the then-part sets B;.

Learning tuned the volumes V; and centroids ¢; of the then-part sets B; in our
adaptive function-approximation. The adaptive SAM fuzzy system learned from data
with learning laws that updated the fuzzy rules so as to reduce the squared error of
the function approximation. The two-dimensional joint factorable sinc if-part (see
Fig. 7.8(a) ) had learning laws that updated the two-dimensional vector center m; and

dispersion (or width) d; parameters:

mh(t+1) = mk (t)

::r:—m;? (t)

+ el e — F(2))(a5(z) — cosCoy ) smrg. 0°9)

a;(@) af (ak x—m}
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di(t+1) = dk(t)

i(z) aj(z z—mk(t)
b SO o F(a))(ay(x) — cos(SH )y 0.10)

a;(@) af (=

where p; was a learning rate at iteration ¢ and €, was the approximation error or the
difference between the fuzzy output F'(x) and the approximand f. The Gaussian then-

part parameters had learning laws that updated the scalar centroid ¢; and volume V':

ci(t+1) = c¢i(t) + me(z)p;(z) (7.11)
e = V) - me@ g - F) 7.12)

where the volume or area of a scalar Gaussian then-part set was a function of the
standard deviation: V' = 21rcr§3j = 0, /2. This related the dispersion or width of
a then-part set to its volume and so related the volume parameter V' to the set variance
o, that contributed to the conditional variance.

Fuzzy systems F' : R™ — RP suffer from rule explosion in high dimensions. A fuzzy
system F needs on the order of k"*7~! rules to cover the graph and thus to approximate
a vector function f : R® — RP. Optimal rules can help deal with the exponential
rule explosion. Lone or local mean-squared optimal rule patches cover the extrema of
the approximand f: They patch the bumps [252]. Better learning schemes move rule
patches to or near extrema and then fill in between extrema with extra rule patches if the

rule budget allows.

Fuzzy System Setup

The adaptive SAM fuzzy system used the learning laws (7.9), (7.10), (7.11), (7.12)
to learn from the gelatin-backed bullet-armor experimental data. We used the two-

dimensional joint factorable sinc function (see Fig. 7.8) for the if-part fuzzy sets A;.

203



ELY,| X,=x,, X,=x.): DEPTH (mm)

VY| X =, X%

' g
\‘\/‘&’4 “
X, MOMENTUM (kg mis) L X,: WEIGHT (grains) X, MOMENTUM (kg mis) ° © X,: WEIGHT (grains)
(a) DEPTH: F)(x,22) = E[Y1|X; = 21, X2 = 2] () V[1|X; = 21, X2 = 23]

VIV X Xmx)

a g o
X, MOMENTUM (kg mis) © O X, WEIGHT (grains) X, MOMENTUM (kg mis) © ©

X,: WEIGHT (grains)

(c) WIDTH: Fa(z1,22) = E[Y2|X; = 21, X2 = 22] d) V[Y2|X1 = z1, X2 = 2]

Figure 7.9: Initial fuzzy system output and conditional variance. An adaptive fuzzy
system used two parallel scalar fuzzy systems to model the depth and width (mm) of a
bullet-armor deformation given the bullet’s weight (grain) and momentum (kilograms
meter per second). The output gave the depth and width of the bruise profile. Each
surface plots the output against the momentum to the left and the weight to the right.
The first-order outputs are the depth in (a) and width in (c). The depth and the width
subsystems produced similar surfaces. Both the depth and width increased as the bullet
weight and momentum increased. The second-order uncertainties are the conditional
variance in (b) and (d) for the depth and width outputs. We picked the initial fuzzy rules
based on the correlations in the experimental data (see Table 1) and the fuzzy sets in
Table 2. The left and right side rules were less certain because their if-parts covered
untested combinations of bullet weight and momentum. So their then-parts had larger
set variances and gave larger conditional variances.
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Figure 7.10: Tuned fuzzy system output and conditional variance. The complete set of
experimental data trained the fuzzy system from the initial states in Fig. 3.

Sinc sets often converge faster and with greater accuracy than do triangles, Gaussian
bell curves, Cauchy bell curves, and other familiar set shapes [334]. We used scalar
Gaussian set functions for the one-dimensional then-part fuzzy sets B;. This gave the

: 2 e V.
set variance o3, from the then-part set volume V; : o5, = V; /2.
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A larger then-part rule volume V; produced more uncertainty in the j** rule and so
should result in less weight. So we weighted each rule with the inverse of its squared

volume [252]: w; = 1/ ij. This gave the final form of the SAM output F' from (7.4)

p;(x)c; (7.13)
=1

Z G‘J(T) j

o

A larger volume V; also gave a larger conditional variance.

We picked the fuzzy system’s initial rules according to the observed correlations in
Table 7.1: Same-weight bullets hit harder if they were faster. Same-speed bullets hit
harder if they were heavier. But heavier and slower handgun bullets can hit harder than
some lighter and faster ones. The adaptive SAM system used 49 rules according to
Table 7.5. The if-part set functions a; used center and width parameters to uniformly
cover the input space. The then-part set functions b; used center parameters or centroids
c; that gave an output according to Table 7.5 (a) and (b) and used volume or dispersion
parameters in (c) that reflected the uncertainty of the rules. The fuzzy sets in Table 7.5
listed the initial rules that we created based on our experience with ballistics and soft
body armor. The volume V; was a function of the then-part’s dispersion or width
parameter. A rule was less certain if its if-part covered untested combinations of bullet
weight and momentum so its then-part had a larger set variance. Fig. 7.9 shows the fuzzy
system’s initial first-order output F'(z) = E[Y|X = z] and second-order uncertainty
VI[Y|X = z].

A random resampling scheme selected half of the sparse experimental data as the
bootstrapped training set and the remaining half as the test set. A bootstrap scheme [496]
sampled the training data with replacement at random to generate 300 sets of input-

output data to tune the fuzzy system.
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Figure 7.11: Learning curve. Tuning reduced the fuzzy system’s sum squared error
(SSE) of the function approximation for two subsets of data: Dataset (a) was complete
and Dataset (b) excluded the .357 magnum data. The depth subsystem in (a) reduced
its SSE from 45 to 17 over 3000 epochs of learning and had test SSE = 16. The width
subsystem in (a) reduced its SSE from 126 to 44 and had test SSE = 46. The depth
subsystem in (b) reduced its SSE from 43 to 15 and had test SSE = 14. The width
subsystem in (b) reduced its SSE from 45 to 31 and had test SSE = 25.

Fuzzy System Predicts Armor Bruise

We used two sets of the experimental data to train the fuzzy system: Dataset (1) was
complete and Dataset (2) excluded the .357-magnum data. Tuning with Dataset (1)
reduced the fuzzy system’s error function SSE= %__(f(z) — F(z))* that summed the
squared approximation error f — F' for 3000 epochs of learning. Fig. 7.10 shows the
tuned system output F(z) = E[Y|X = z] and its conditional variance V[Y|X = z].
The tuning was effective because the depth subsystem had an initial error of SSE = 45,
final error of SSE = 17, and low test error of SSE = 16 and the width subsystem had
initial SSE = 126, final SSE = 44, and low test SSE = 46 (see Fig. 7.11(a)).

Tuning with Dataset (2) produced system output F(z) and conditional variance

V[Y|X = z] similar to the initial state in Fig. 7.9. The fuzzy system’s final SSE
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Figure 7.12: Rule pruning plot shows fuzzy system robustness. The fuzzy system was
robust against random pruning. The figure plots the system’s test error in log scale
versus the percent of pruned depth rules in (a). Similar results hold for random pruning
of width rules in (b) and for pruning rules that trained without magnum data in (c) and
(d). The vertical bars show the maximal and minimal range of 100 trials. The solid
polygonal line interpolates the median of those trials. The dashed line interpolates the
mean. The maximal error remained below 100 sum squared error (SSE) for up to 20%
of randomly pruned rules. Both the mean and median error remained low for rule losses
of up to 35%.

resembled its initial SSE after tuning even though the low test SSE suggested that the

tuning was effective: The depth subsystem had an initial error of SSE = 43, final error
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of SSE = 15, and test error of SSE = 14 and the width subsystem had initial SSE = 45,
final SSE = 31, and test SSE = 25 (see Fig. 1.4).

We tested the robustness of the tuned fuzzy system by randomly pruning its rules
(see Fig. 7.12). The fuzzy system proved robust both when the learning included the
magnum data and when it did not. Pruning randomly removed a fraction of the rules
over 100 trials. The depth and the width subsystems gave similar results. The maximal
test error remained low (SSE < 100) for random rule loss of up to 20 percent using
Dataset (1) and up to 10 percent using Dataset (2). The low test SSE was comparable
to the approximation errors in data tuning. Both the mean and the median of the test
error remained low for random pruning that removed up to 30 percent of the rules using

Dataset (1) and 20 percent using Dataset (2).
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L5 Journal Appendix: Standard Additive Model (SAM) Theorem

This Appendix derives the basic ratio structure (1) of a standard additive model fuzzy
system [252], [334].
SAM Theorem: Suppose the fuzzy system F' : R" — RP is a standard additive
model: F(z) = Centroid (B(z)) = Centroid (f:leaj (z) B;) for if-part joint set
i=

function a; : R® — [0, 1], rule weights w; > 0, and then-part fuzzy set B; C RP.

Then F(z) is a convex sum of the m then-part set centroids

> wja;(z) Ve .
e
F(z) = = = > pilx)c; (7.14)
> wjai(2)V; =
j=1
The convex coefficients or discrete probability weights p;(z), ..., p,(z) depend on the
input z through
w;a;(z)V;
piz) = = {o)V; (7.15)
Z wiai(w)V«E
i=1

V; is the finite positive volume (or area if p = 1) and ¢; is the centroid of then-part set

B,

Vi = [ b1, 9p)dyr...dyp >0 (7.16)

RP

f bi (#1y++ 2 Yp) dun . . . dyp
RP

Cj = !
f bi (Y1, Yp) Ay - . - dyp
RP

(7.17)
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Proof: There is no loss of generality to prove the theorem for the scalar-output case
p =1when F : R® — RP. This simplifies the notation. We need but replace the scalar
integrals over R with the p-multiple or volume integrals over R? in the proof to prove

the general case. The scalar case p = 1 gives (7.16) and (7.17) as

V; = f bj (y) dy (7.18)
f yb; (y) dy

g6 = =2 (7.19)
/bj (y) dy

Then the theorem follows if we expand the centroid of B and invoke the SAM

assumption F'(z) = Centroid (B(z)) = Centroid (> wja; () B;)to rearrange terms
=1

F(z) = Centroid(B (z)) = ——— (7.20)
/ b(y) dy
/ y > wit) (y)dy
= R (7.21)

Ma

wjb; (y)dy

<.
Il
i

Ms

Yy wja; () b; (y)dy

[
[

1

.
Il

(7.22)

Ma

]o wjaj (x) b; (y)dy

1

LN
Il

z1]



o0

ijaj ($)fybj (v) dy
— Jj =B (7.23)
> wia; (x) f b; (y) dy
j=1 a
- f yb; (y) dy
wia; (2) Vi—————
; f s J V?
= = (7.24)
> wia; )V
=1
Y wia; (2) Vie;
= =2 (7.25)
> wia; ()Y
j=1

1.6 Journal Appendix: Additive Statistics Theorem [252]

Suppose F: R™ — R is an additive fuzzy system with scalar output such that F'(z) =

Centroid(B(z)) and B(z) = i w; Bj(x). Then
j=1

F(z) = EY|X=2]= Z p;(x)Eg[Y|X = 2] (7.26)
VY| X =z] = ipj(x)V[ﬂX =z, B} (720

j=1
the convex coefficients p;(z) are weighted volume ratios of the “fired” sets B;:

w;V!(z)

J

= — (7.28)
> wVi(x)
k=1

p;(z)
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where

V@) = [ Y@y (129)

Proof: The proof that centroidal fuzzy systems are conditional means follows from
the ratio structure of the centroid and the boundedness and non-negativity of the set
values b(z,y) > 0 of the combined set B of “fired” then-part sets B;. Each input x

gives its own B(z) and thus its own output F'(z):

F(z) = Centroid(B(z)) (7.30)
f yb(z,y)dy
e BB (7.31)
f b(z, y)dy
RP
= /prp(ylw)dy (7.32)
= E[Y|X =2] (7.33)

for each £ € R™. This holds because the ratio of the joint distribution to the marginal

defines a proper conditional probability density

p(ylz) = )
f b(z, y)dy
RP

even though b(z,y) > 1 may hold.

(7.34)

Then we continue the same chain of equalities to show that F'(z) is a convex sum of

local conditional mean realizations or centroids:

> w; f ybi(z, y)dy
i=1

—00

Flo) = % (7.35)
ijfyb}(w,y)dy
=
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oo

/ ybi(z, y)dy

b (@, y)dy—o

f b (z, y)dy

—0C0

m
D

j=1

é\g

m o0}

ng f yb(z, y)dy

=1

oo

ZWJV'fyb’ (ylz)dy
ijv;
i=1

> pi(@)Eg[Y|X = 1]

i=1

Z Pj(if)cz.'
j=1

The variance (covariance) result follows in the same way:

= [V|X = %]

[ (v — E[Y|X = a])*(z, y)dy

7 b(z,y)dy

—00

> 5@ [ (v= BIYIX = ol pa(ula)dy

S p@VIYIX =, B

(7.36)

(7.37)

(7.38)

(7.39)

(7.40)

(7.41)

(7.42)
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The SAM structure B;(z) = a;(x)B; simplifies the conditional variance Vi, [Y|X = 7]
)
because the conditional probability density pp; (y|z) does not depend on the input z for

aj(z) > 0:

piy(yla) = —2) (7.43)
a;,-(:r:)/ﬂp bi(y)dy
— b.?(y) — bj(y) — ij(y) (7.44)

f blgidy
RP

The marginal density pp;(y) lets us define the variance of the (implicitly normalized)

then-part set B;:
(y — Es,[y])*ps, (y)dy (7.45)

op, =

(v — ¢;)?ps; (y)dy (7.46)

é\g Eli\g

This holds since the then-part set centroid c; is just the mean with respect to the j*

then-part marginal density pp: (y):

o0

f yb;(y)dy

—00

PRl - S— (7.47)

o 0]

[ ey

—0CQ
(oo}

= f yps, (y)dy (7.48)

= Ep,[y] (7.49)
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Then we use these facts to simplify the first-order and second-order conditional statistics
of a SAM system. It gives the SAM conditional variance as a convex sum of the local
then-part variances plus a global dispersion term.

Corollary (SAM Statistics): The scalar-valued SAM system

F(z) = Centroid() _ wja;(z)B;) (7.50)

Jj=1

has conditional mean and variance

EY|X =z] = Fz)=)_pi(z) (7.51)
j=1
VIYIX =2] = > pi(e)on, + > pi(z)(c; — F(x))? (.52
j=1 i=1
with convex coefficients
py(a) = %@V (7.53)
> wja;(x)V;
k=1

The second term in (7.52) acts as a penalty term. It is positive if and only if some ;"
rule fires (a;(z) > 0 and thus p;(z) > 0) and ¢; # F(z). So it is positive iff the fuzzy
system F interpolates to reach the output F'(z). Each rule comes with its own output
uncertainty O'2Bj. Interpolated outputs have more variance than just the sum of these
weighted rule variances. Combining two uncertain structures gives a still less certain

third structure.
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I.7 Journal Appendix: Learning Laws for Scalar and Joint-

Factorable If-Part Sets

This appendix derives the learning laws for scalar and joint factorable if-part sets [334].
Supervised gradient descent can tune all the parameters in the SAM (7.4). A gradient

descent learning law for a SAM parameter £ has the form

OF
§t+1) = £(t) - Heoe (7.54)

where y; is a learning rate at iteration ¢. We seek to minimize the squared error E(z) =
1o(f(x) — F(x))? of the function approximation. The vector function f : R® — RP
has components f(z) = (fi(z),. .-, fp(z))" and so does the vector function F(z). We
consider the case when p = 1. A general form for multiple output when p > 1 expands
the error function E(z) = ||f(z) — F(z)|| for some norm ||.||. Let £ denote the k'
parameter in the set function a;. Then the chain rule gives the gradient of the error
function with respect to the if-part set parameter {f, with respect to the then-part set

centroid ¢; = (cj, ..., c})”, and with respect to the then-part set volume V;

OE OEOF da; OE _QEOF  OE OEOJF

where
9E _ _ _ = oOF _ pi(z)

The SAM ratios (7.4) with inverse-squared-volume rule weights w; = 1/ Vf give

%: a;(z)/V; = p;(z) (7.57)
T @)
j=1
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BF pj (ZE)

v, v

(¢; — F(z)) (7.58)

Then the learning laws for the then-part set centroids c; and volumes V; have the form

cj(t + 1) = ¢;(t) + pe(z)pi(z) (7.59)
Vit +1) = V;(t) — uiet(a:)pjl(f) [c; — F(z)] (7.60)

The learning laws for the if-part set parameters follow in like manner for both scalar

and joint sets as we show below. Chain rule gives for scalar sinc set function

OE  OFE OF Oaj OE  OFE OF Oa;

o T e o ot B MG
omk ~ OF da; omt ' 0dF  OF Oa; Odt

(7.61)

A joint factorable set function a;(z) = aj(z)...a}(z) leads to a new form for the

error gradient. The gradient with respect to the parameter of the j'* set function a; has

the form
OE  OE OF da; 0a} Ba; 1o < a;(z)
il il ) here —L = ;) = =2—=. 7.62
omk ~ OF 0a; 0af o} Oak #Hka"(m) Ay

Combining (7.54), (7.55), (7.61), and (7.62) gives the if-part learning laws:

mi(t+1) = mk(t)

mk ()

4 #tstm_{l{(—x%(q - F(‘r))(a’_?(:c) - COS(I;j(t) )).‘t—f?]‘;.;‘(i) (7.63)

aj (z) aj' (@

di(t+1) = dh(t)

i(x) aj z—mk(t)
+ utst%aj_{(:g)(cj—F(z))(aj(z:)—COS(—W))E;(T). (7.64)
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I.8 Journal Appendix: Hypothesis test for simple linear regression

This section reviews the hypothesis test whether the slope term of a simple linear
regression equation has a certain value ¢c: Hy : 81 = c versus H, : 3 # c [392].

The simple linear regression model for n observations has the form
y=P0o+ bz +e (7.65)

where the independent variable x, dependent variable y, and error term € are n X 1 vector

representations of the n observations. The prediction equation
y=bo+pz (7.66)

uses the least squares estimators

Z (zi — Z)(yi — ¥)

B = (7.67)
> (wi— =)
i=1
G = §— BT (7.68)
The test statistic is R
N . [ N (7.69)
8/1 }Z(ﬂ?; —i‘)z
=1
where
SSE L .
= ——and SSE =3 (v — %) (7.70)

i=1
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The test rejects the null hypothesis Hy if the test statistic |t| > tq/2,n—2. We note that ¢

has a noncentral distribution ¢(n — 2, §) with noncentrality parameter ¢ that has the form

E(f) _ 5

= = on :
var(f) G/Z (z; — 7)?

(L)

The hypothesis test for Hy : §; = 0 versus H, : 3; # 0 can use (7.69)—(7.71) for
c=0and d = 0.

1.9 Journal Appendix Multiple Regression Analysis and the

Dummy Variable Approach (Gujarati-Chow test)

Multiple regression [389] can compare two groups with unequal numbers of samples.
The dummy variable approach [189] can compare the two groups’ linear regression
coefficients to see whether they have different intercepts, different slopes, or both. This
modifies the Chow test [85] that tests whether both the intercepts and slopes differ
between the two groups.

The Gujarati-Chow test is a multiple regression analysis that uses a dummy variable
D [189], [389] to create interaction terms. The test concatenates the data from the
two groups and uses the binary dummy variable D to determine whether a data sample

belongs to Group A or Group B:

'
1 if the observation lies in Group A

(of N; observations).

0 if the observation lies in Group B

(of N, observations).
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The dummy-variable regression equation has the form

y = ag+ a1 D + axx + az(Dx) (1.92)

where z is the independent variable and y is the dependent variable for both groups
of data. The dummy variable D is in both an additive and a multiplicative forms.
The constants a; and a3 are the differential intercept and differential slope coefficients.
The Gujarati-Chow test performs a multiple linear regression and can test two null
hypothesis: Hg' : a; = 0 and Hg® : ag = 0.

The intercept value of Group A’s data is a; + ao if a, is statistically significant then
ag is the intercept value of Group B’s data in this case. Else ag estimates the intercept
term of both groups of data if a, is statistically insignificant (large p-value).

The slope of Group A’s data is az + as if ag is statistically significant then a; is the
slope of Group B’s data in this case. Else a; estimates the slope term of both groups
of data if aj is statistically insignificant (large p-value). The additive and multiplicative
dummies give whether two linear regressions differ either in the intercept or the slope
or both.

We want to test the null hypothesis Hy that the two regression slopes are identical
for the bullet-armor impact data (Group A) and the baseball impact data (Group B). This
tests the hypothesis Hy : az = 0 versus H, : ag # 0. The hypothesis test retains the
null hypothesis for a high p-value: as is not statistically significant and a, estimates the

slope term of both the bullet-armor data and the baseball data.
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