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Abstract—Levy noise can help neurons detect faint or sub-
threshold signals. Levy noise extends standard Brownian noise
to many types of impulsive jump-noise processes found in real
and model neurons as well as in models of finance and other
random phenomena. Two new theorems and the Itô calculus show
that white Levy noise will benefit subthreshold neuronal signal
detection if the noise process’s scaled drift velocity falls inside
an interval that depends on the threshold values. These results
generalize earlier “forbidden interval” theorems of neuronal “sto-
chastic resonance” (SR) or noise-injection benefits. Global and
local Lipschitz conditions imply that additive white Levy noise can
increase the mutual information or bit count of several feedback
neuron models that obey a general stochastic differential equation
(SDE). Simulation results show that the same noise benefits still
occur for some infinite-variance stable Levy noise processes even
though the theorems themselves apply only to finite-variance Levy
noise. The Appendix proves the two Itô-theoretic lemmas that
underlie the new Levy noise-benefit theorems.

Index Terms—Levy noise, jump diffusion, mutual information,
neuron models, signal detection, stochastic resonance (SR).

I. STOCHASTIC RESONANCE IN NEURAL SIGNAL DETECTION

S TOCHASTIC RESONANCE (SR) occurs when noise ben-
efits a system rather than harms it. Small amounts of noise

can often enhance some forms of nonlinear signal processing
while too much noise degrades it [12], [13], [22], [27], [45],
[49], [58], [60], [61], [69], [71], [72], [84]. SR has many useful
applications in physics, biology, and medicine [5]–[7], [11],
[14], [17], [18], [21], [23], [32], [40], [41], [43], [52], [53], [55],
[56], [62], [70], [75], [83], [85], [89], [91]. SR in neural net-
works is itself part of the important and growing area of sto-
chastic neural networks [9], [10], [38], [86]–[88], [90]. We show
that a wide range of general feedback continuous neurons and
spiking neurons benefit from a broad class of additive white
Levy noise. This appears to be the first demonstration of the SR
effect for neuron models subject to Levy noise perturbations.

Fig. 1 shows how impulsive Levy noise can enhance the
Kanisza square visual illusion in which four dark-corner figures
give rise to an illusory bright interior square. Each pixel is the
thresholded output of a noisy bistable neuron whose input sig-
nals are subthreshold and quantized pixel values of the original
noise-free Kanizsa image. The outputs of the bistable neurons
do not depend on the input signals if there is no additive noise
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because the input signals are subthreshold. Fig. 1(a) shows that
adding infinite-variance Levy noise induces a slight correlation
between the pixel input and output signals. More intense Levy
noise increases this correlation in Fig. 1(b) and (c). Still more
intense Levy noise degrades the image and undermines the
visual illusion in Fig. 1(d) and (e). Fig. 2 shows typical sample
paths from different types of Levy noise. Fig. 3 shows the
characteristic inverted-U or nonmonotonic signature of SR for
white Levy noise that perturbs a continuous bistable neuron.

We generalize the recent “forbidden interval” theorems [50],
[51], [61], [65], [66] for continuous and spiking neuron models
to a broad class of finite-second-moment Levy noise that may
depend on the neuron’s membrane potential. The original for-
bidden interval theorem [50], [51] states that simple threshold
neurons will have an SR noise benefit in the sense that noise
increases the neuron’s mutual information or bit count if and
only if the noise mean or location parameter does not fall
in a threshold-related interval: SR occurs if and only if

for threshold where for
bipolar subthreshold signal . The theorems below show that
such an SR noise benefit will occur if the additive white Levy
noise process has a bounded scaled drift velocity that does not
fall within a threshold-based interval. This holds for general
feedback continuous neuron models that include common signal
functions such as logistic sigmoids or Gaussians. It also holds
for spiking neurons such as the FitzHugh–Nagumo, leaky inte-
grate-and-fire, and reduced type I neuron models. We used the
Itô stochastic calculus to prove our results under the assumption
that the Levy noise has a finite second moment. But Fig. 1 and
Figs. 3(c), 4(c), 5(c), 6(c), 7(c), and 8(c) all show that the SR
noise benefit still occurs in the more general infinite-variance
case of some types of -stable Levy noise. So the SR effect is
not limited to finite-second-moment Levy noise. We were not
able to prove that these stable infinite-variance SR effects must
occur as we did prove with simpler neuron models [50], [51],
[65].

Levy noise has advantages over standard Gaussian noise
in neuron models despite its increased mathematical com-
plexity. A Levy noise model more accurately describes how
the neuron’s membrane potential evolves than does a simpler
diffusion model because the more general Levy model includes
not only pure-diffusion and pure-jump models but jump-diffu-
sion models as well [35], [74]. Neuron models with additive
Gaussian noise are pure-diffusion models. These neuron models
rely on the classical central limit theorem for their Gaussian
structure and thus they rely on special limiting case assumptions
of incoming Poisson spikes from other neurons. These assump-
tions require at least that the number of impinging synapses
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Fig. 1. SR in the Kanisza square illusion with symmetric�-stable noise (� � ���) in a thick-tailed bell curve with infinite-variance but finite intensity or dispersion
�[30]. The Kanisza square illusion improves as the noise dispersion � increases from 0.047 to 0.3789 and then it degrades as the dispersion increases further. Each
pixel represents the output of the noisy bistable potential neuron model (1)–(2) and (5) that uses the pixel values of the original Kanisza square image as subthreshold
input signals. The additive �-stable noise dispersions are as follows: (a) � � �����, (b) � � ������, (c) � � ����	�, (d) � � �, and (e) � � ����
�.

Fig. 2. Sample paths from 1-D Levy processes: (a) Brownian motion with drift � � ��� and variance � � ����; (b) jump diffusion with � � ���, � �
��

�, Poisson jump rate � � �, and uniformly distributed jump magnitudes in the interval ����
� ��
� (and so with Levy measure �
	
� � 
������	
 for

 � ����
���
� and zero else); (c) normal inverse Gaussian (NIG) process with parameters � � 
�, � � �, 
 � ���, and � � �; (d) infinite-variance �-stable
process with � � ��� and dispersion � � ���
�
 [� � �, � � �, and �
	
� is of the form 
���
� �	
].

be large and that the synapses have small membrane effects
due to the small coupling coefficient or the synaptic weights
[28], [47]. The Gaussian noise assumption may be more ap-
propriate for signal inputs from dendritic trees because of the
sheer number of dendrites. But often fewer inputs come from
synapses near the postsynaptic neuron’s trigger zone and these
inputs produce impulses in noise amplitudes because of the
higher concentration of voltage-sensitive sodium channels in
the trigger zone [29], [46], [64]. Engineering applications also
favor the more general Levy model because physical devices
may be limited in their number of model-neuron connections

[59] and because real signals and noise can often be impulsive
[30], [63], [76].

II. NOISY FEEDBACK NEURON MODELS

We study Levy SR noise benefits in the noisy feedback neuron
models of the general form

(1)
(2)
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