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Abstract—This paper provides an answer to the question that
the type-2 fuzzy logic community is now asking: “What comes
after interval type-2 fuzzy logic systems (IT2 FLSs)?” It
demonstrates, through a geometrical understanding of the
type-reduced set, that logical next steps in the progression from
type-1 to interval type-2 to type-2 FLSs are quasi-T2 FLSs,
either an interconnection of a T1 FLS and an IT2 FLS, or an
interconnection of two IT2 FLSs, in which both FLSs are
designed simultaneously. The quasi-T2 FLSs overcome the
computational difficulties that are associated with set theoretic
operations and type-reduction (TR) for general T2 FSs and
FLSs, because all set theoretic operations can be performed as
in existing T1 or IT2 FLSs, and because TR for an IT2 FLS can
be performed using existing KM Algorithms.

1. INTRODUCTION

he type-2 (T2) fuzzy logic (FL) community is now

asking: “What comes after interval type-2 fuzzy logic
systems (IT2 FLSs)?” Some suggest immediately
developing a full-blown T2 FLS [3], [4], [7]. Others suggest
first developing a restricted T2 FLS in which all of the
secondary membership functions (MFs) are symmetrical
triangles [25]. While it is very tempting to immediately
develop a full-blown T2 FLS, to do so is fraught with
computational difficulties (e.g., how to compute set theoretic
and arithmetic operations and perform type-reduction (TR)
for general T2 fuzzy sets (FSs) are active areas of research
[11, [51-[71, [12], [14], [20], [26]). Even developing a
restricted T2 FLS has similar problems, although
approximations for set theoretic operations and TR are
possible. This raises the following question: “Is there a
rational way to decide between developing a full-blown T2
FLS and a restricted T2 FLS as the next step in the hierarchy
of FLSs, from a type-1 (T1) to an IT2 to a T2 FLS?” This
paper provides a basis for answering this question, and
proposes neither the full-blown nor restricted T2 FLSs as the
next step. Instead, it proposes quasi-T2 FLSs (defined in
Section VII) based on a new geometric understanding of TR
for a T2 FS.

II. WIDELY-USED REPRESENTATIONS OF A T2 FS

A type-2 fuzzy set (T2 FS) A can be represented in
different ways [16]. The point-valued representation (which
is usually the starting point for understanding or describing a
general T2 FS) is one in which the membership function

Jerry M. Mendel and Feilong Liu are with the Signal and Image
Processing Institute, Ming Hsieh Department of Electrical
Engineering, University of Southern California, Los Angeles, CA
90089-2564, USA (phone: 213-740-4445; fax: 213-740-4651; e-
mail: mendel@sipi.usc.edu, feilongl@usc.edu)

(MF) of A is specified at every point in its 2D domain of
support, i.e.

A= {((x,u),,uA(X,M))WX eX,Vuel c [0,1]} (1)

The vertical slice representation [29], [23], [24] focuses
on each value of the primary variable x, and expresses (1) as:

A=[ u(/x )
wo=] fofu 3)

el cl0,1]
Uy (x)is called a secondary MF or a vertical slice, and

f.(u) 1is called the secondary grade. The vertical slice
representation is extremely useful for computation and may
also be useful for theoretical studies.

The wavy-slice representation [18] is one in which A is
represented as the union of all of its embedded T2 FSs. An
embedded T2 FS is a T2 FS that has only one primary
membership at each x,, and is also called a wavy slice [18].

For discrete (or sampled) universes of discourse, this means:
A=Y A @)

where n, is the number of embedded T2 FSs, A’. This
representation of a T2 FS, in terms of much simpler
embedded T2 FSs, is not recommended for computational
purposes, because it would require the explicit enumeration
of the n, embedded T2 FSs and n, can be astronomical;
however, it is very valuable in theoretical studies because it
quickly leads to the structure of the solution to a new
problem, after which practical procedures are determined to
compute the solution.

III. ALPHA-LEVEL REPRESENTATION OF A T2 FS

A very valuable representation of a T1 FS uses «-cuts
[11], but to-date, a comparable kind of representation has not
been widely used for T2 FSs. Such a representation would
use horizontal slices of a T2 FS, which would be planes
called o — planes so that this representation would be called
the o — level representation. Note that this representation for
a T2 FS has already appeared in the literature [2], [26] and
we are not claiming credit for it'. The following definition of
an o-plane for a T2 FS is a generalization of an o — cut for
aTl FS.

Definition 1. An o-plane for a general T2 FS A, denoted

;\a , is the union of all primary memberships of A whose

! It also appears in the unpublished report [12].
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secondary grades are greater than or equalto o (0 < <1),
Le.
A, = Ay 2oy = S;(xle). (5)
xeX xeX
S;(xley=(u;(0) =[s, (xla).sp(xlo)]  (6)
S;(xla) is the a-cut of the secondary MF p;(x) [recall
that u;(x) isaT1FS]. W
Example 1. Fig. 1 depicts a vertical-slice representation
for A, i.e. at each sampled value of primary variable x the
secondary MF, t;(x), is shown. The diagram in Fig. 1 is
easy to draw and gives the appearance of a 3D diagram, but
it is on a 2D plane, which is why it is called a “2 %-D
representation.” An example of an ¢-plane for this A is

given as the dark gray shaded area in Fig. 2, where the
continuous primary variable x is sampled as shown. Each of
the dark black vertical lines corresponds to S;(x, o) .

U

AU

p'

o

Figure 1. 27 -D representation of the 3D MF for i (x,u). The

gray shaded area is the FOU. The black filled-in entities are
secondary MFs i (x;). They are filled in only for the effect, and

give the 2D figure a 3D effect.
Au

)
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> X
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Figure 2. The black vertical lines are o-cuts for the Fig. 1

secondary MFs. They all fall within the FOU (the light filled-in
area). The dark gray shaded area just connects the or-cuts, and is
only shown here to make the visualization look more interesting.

Comments: (1) The 2D domain of ;\, for continuous
universes of discourse is called the footprint of uncertainty

of A, FOU(;\) ,and it is the o=0 plane. (2) Compared to
an a-cut, which is a one-dimensional interval, an @-plane

is two-dimensional. (3) Similar to the properties of an ¢-cut

for a T1 FS, one can show: [12]: (a) Aa] c ;\az if o z2a,;

(b) (AUE)a =A,UB,;and, (c) (Aﬂé)a =A,NB,.1A
Definition 2. Let I; (x,ula) be the following 3D

indicator function for ¢-plane A, :
! (x’u)eé",xeXandueSA(xla) @)
0 (x,u)gA,
Associated with IAa (x,ula) is the following FOU(Aa) s
called an « -level FOU:

FOU(A,) = ol; (xulo) M (8)

Iga(x,ul(x)={

FOU(Aa) is the o-plane, ;\a , raised off of the x — u plane

up to the level a . An example of FOU (Aa) for the
example in Figs. 1 and 2 is depicted in Fig. 3.

AU

> X

X, X, Xy-1Xn

Figure 3. The dark gray shaded area is FOU (Aa) for the example
in Fig. 2.

Theorem 1. ( o — Level Representation). A general T2 FS
A can be represented as the union of its a-level FOUs, i.e.

A= |J Fou@, m 9)

ae0.1]
IV. CENTROID TYPE-REDUCTION

A.Type-Reduction (TR)

In a T2 FLS the most intensive computation is TR. We
shall use TR to answer the earlier question: “Is there a
rational way to decide between developing a full-blown T2
FLS and a restricted T2 FLS as the next step in the hierarchy
of FLSs?”

Definition 3: Type-reduction is a collection of operations
that map a function of T2 fired-rule output fuzzy sets into a
T1FS. A

There are different functions that can be used for TR, and
to-date five kinds of TR have been described: centroid,
center of sums, height, modified height and center of sets
[16], [10]. Because of space limitations, this paper focuses
only on centroid TR, but its results apply to all TR methods
(see [20] for the other kinds of TR).

B. Centroid TR
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For centroid TR, all fired-rule output T2 FSs, B , are first
combined by finding their union, i.e.
MB'=B (10)
where
VyeY
lth

(1

rule, and the

My () =0 1, ()
in which () is the secondary MF for the
rectangular symbol denotes the join operation. How to
compute [, (y) is not needed in this paper (see, e.g. [16],

(4], [6]).
As an application of the wavy slice representation given in
(4), the centroid TR set, Y, (X), is obtained as the union of

the centroids of all the embedded T2 FSs of B, i.e.

Y.(x')= oyel, ".jeNeJ)_ min(fy‘ (01),...sny O ))/22‘:_,\1/})109[

(12)

In this equation 6,, J, and f, (Vi) are associated with
U;(y) and Y, (x’) is shown as an explicit function of x = x’
because each 1, (y) in (11) is a function of FLS input x.

For different FLS inputs, different values of Y (x") are

obtained.
Until very recently, the only way to compute Y, (x") was

to use the following (brute-force) procedure [16]. For each
x=x":
(1) Compute u;(y) using (11);
(2) Discretize the y-domain into N points y,,...,y, , as in
Fig. 1;
(3) Discretize each J, x)= [1;(y.), Hz ()] [the primary
memberships of ;(y) at y,] into a suitable number

of points, say M, (( = 1, ..., N), and et
0,(x)eJ, (x);

(4) Enumerate all the embedded T1 sets of B; there will
be Hil M, of them; and,

(5) Compute the centroid of each enumerated embedded
T1 set and assign it a membership grade equal to the
minimum of the secondary grades corresponding to
that enumerated embedded T1 set.

The procedure just described is impractical for
computation because it requires the explicit enumeration of

the embedded T2 FSs and Hil M, centroid calculations,

and, this number will in general be astronomical, which is
why it is referred to it as a “brute-force procedure.” Hence, if
centroid TR is to be used for general T2 FSs, a practical
computational procedure must be found.

C. Recent Works on Centroid TR

A recent approach for computing Y (x), based on
randomly sampling embedded T2 FSs and computing their

centroids [7] claims to give rise to a significant reduction in
the time or resources needed to perform type-reduction. A
theoretical explanation for this has not yet appeared.

Coupland [3] has suggested that TR be bypassed if in fact
only a defuzzified value is desired. To that end, he
recommends the use of the x-coordinate of the geometric
centroid of the 3D MF of f;(y) in (11). This approach does
not reduce to T1 defuzzified results when all sources of
uncertainty disappear; hence, comparing its results with all
earlier results cannot be done on a level playing field.

Lucas et al. [14] have proposed first computing the
centroids of vertical slices and then computing the centroid
of the resulting function. Although ad hoc, this is a rather
novel idea.

D. New Way to Perform Centroid TR

Each a-plane ;\a , can be interpreted as an IT2 FS, so
each a-plane has a centroid, C i (y) (recall that the centroid

of an IT2 FS is an interval-valued set that is completely
described by its two end-points [9], [16]),i.e.

C,ga = [l/;a’rgq]

Let ICAV (ylo) denote the following indicator function

13)

associated with CAQ y):
1 ye C;,a »
0 ye C,;a »
Theorem 2. [12], [20] The centroid type-reduced set for a
general T2 FS A, Y.(x") , is the following T1 FS:
Y.)=J el vle

ae[0.1]
Comments: (1) The proof of this theorem is in [20]. (2)
Each centroid, C i (y) has the structure of a fuzzy weighted

average (FWA) (e.g., see [13]); (3) CAa(y), can be

computed using KM Algorithms [13]; (4) If m o —cuts are
used, then the 2m end-point computations for the m
centroids can all be performed in parallel; and, (5) As shown
in Section V, Y, (x") does not have to be computed in order

I, (yla):{ (14)

15)

to understand its geometrical properties.

V. OBSERVATIONS ABOUT THE SHAPE OF A CENTROID

The o -plane decomposition of the T2 FS B provides a
very valuable way to think about the shape of the centroid of
B, and in this section it is shown that this shape is
predictable and consequently that the computation of the
centroid can be greatly simplified.

To begin, note that each a-level FOU, FOU(Ba) , can be

associated with an interval T2 FS whose secondary grade
equals ¢ . Although it is not possible to obtain a closed-form
formula for C; (y), Mendel and Wu [21], [22] have

obtained closed-form uncertainty bound formulas for the two
end-points of C; (y) that show the length of C; (¥)
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increases (decreases) as the area of FOU (I?a) increases
(decreases). Use of this fact is made below.

In the rest of this section, it is assumed that all secondary
MFs of B are monotonically non-decreasing for
u, €[0,m,], monotonically non-increasing for u, €[m,,1],
and normal. The support of a secondary MF is u, €[a,,b,]
where 0 <a, <m, and m, <b, <1.It may also happen that
Hz(y)=1 for m,, <m, <m, . The secondary MFs that are
depicted in Fig. 1 have these properties. Other examples of
such secondary MFs are triangles and trapezoids.

Based on viewing B in terms of its c-planes, it is
possible to draw the following conclusions about T1 FS
C;(»:

(1) Maximum uncertainty about B occurs for its =0

plane, B,_,;
(2) Minimum uncertainty about B occurs for its =1
plane, B s

«:

(3) When ¢, 2@, , then CBW ) c Ci?a, o

(4) C;(y) is first non-decreasing and then non-increasing;

(5) When all secondary MFs are normal at exactly one
point, then EQZI is a function (i.e., not a plane) so that
Cg‘ (y) is a single point;

(6) When some or all the secondary MFs are trapezoids,
then EQZI is a plane and C 5 (y) is an interval;

(7) When all secondary MFs are (normal) triangles, then
C;(y) is triangle-looking. Its base is computed as
C 5 (y) and its apex is computed as C 5 (y) . The latter
will be a single point (see Item 5), however its sides
may not be straight lines, which is why C.(y) is
called “triangle-looking;” and,

(8) When some or all of the secondary MFs are (normal)
trapezoids, then C;(y) is trapezoid-looking. Its base

is computed as C 5 (y) and its top is computed as
C 5 (y). The latter will be an interval (see Item 6),

however, its two sides may not be straight lines,
which is why C,(y) is called “trapezoid-looking.”

Next, consider a general T2 FS that is totally symmetrical.

Definition 4: A general T2 FS B is said to be fotally
symmetrical if (a) FOU(B) is symmetrical about primary
variable y at y=m, and (b) all of its secondary MFs are
symmetrical.

The most widely used symmetrical secondary MFs to-date
are triangles, since they seem to represent the next logical
extension from interval T2 FSs to full-blown general T2 FSs
[25]. An example of such a totally symmetrical T2 FS is
depicted in Fig. 4.

Theorem 3.1f B is totally symmetrical, then the centroid
of B , C5(y), is symmetrical about y=m, and the average

value (i.e., the defuzzified value) of C;(y) equalsm. H

This theorem, whose proof is in [20], is a generalization of
similar results obtained in [17] for an IT2 FS. It
demonstrates that if one is planning only to use the
defuzzified value of a totally symmetrical T2 FS, then to
carry out T2 computations is a wasted effort, because the
same result could have been obtained using T1 calculations.

M

Vi Y2 n

- iy
Ynv-1Yn

Figure 4. Totally symmetrical T2 FS, whose FOU has a trapezoidal
UMF and a triangular LMF, and whose secondary MFs are
symmetrical triangles.

VI. SIMULATIONS

In this section some simulation results are provided that
not only support the observations made in Section V but also
suggest how to drastically reduce the computations of the
centroid.

In the simulations:

(1) Theorem 2 is used as the computational method; it

requires first determining o-planes and then using
the FWA [13];

(2) All of the results are for centroid TR; however, they
apply as well to other kinds of TR;

(3) T2 FS B can be thought of as the union of two fired-
rule output T2 FSs, whose resulting FOU is lower and
upper bounded by triangular functions, and whose
vertical slices are triangular MFs;

(4) The domain of the primary variable for B is assumed
to be x e [0, 10], and to perform centroid TR, x is
uniformly sampled using 10,000 samples, such that

,—x,=0.001;

(5) For a-cuts, ¢ is also uniformly sampled by choosing
A=100 such that o is divided into A+1 wvalues,
namely 0, 1/A, 2/A,..., (A-1)/A, 1;and,

(6) The simulations are for piecewise linear LMF and
UMF and triangle secondary MFs. As shown in Fig.
5a, UMF(FOU(B)) and LMF(FOU(B)) are each the
maximum of two piecewise linear functions, i.e.

Xiy

(x-1)/2 1=<x<3
UMFFOU(B)(X)=I1’18.X (7-x)/4 3<x<7 ! 16

0 otherwise ( )

(x-2)/5 2<x<6

(16-2x)/5 6<x<8

0 otherwise
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[(x-1)/6 1<x<4
(7-x)/6 4<x<7 |,

0 otherwise

[((x-3)/6 3<x<5
B-x)/9 5<x<8

0 otherwise

LMF,

FDU(E'(x):max

a7)

Each secondary MF is a triangle, whose base equals

UMFFOU(E)(X)_LMFFOU(E)(X)’ and whose apex,
Apex(x) is parameterized, for the purposes of this
example, as:

Apex(x)=LMF,,, 5 (x)

(18)

4—VV[L/A4E;OU(B)(x)-14w15;0U(B)(x)]
where w=0, 0.25, 0.5, 0.75, 1. An example of such
a secondary MF is depicted in Fig. 5b when x=2
and w=0. As w varies from O to 1, the triangle
changes its shape from a right triangle with its right

angle on LMF,,, ;(x), to a non-symmetrical

triangle, to a symmetrical triangle, to another non-
symmetrical triangle, and finally to a right triangle

with its right angle on UMF,,, , ; (x) .

The centroid TR sets for the five values of w are depicted
in Fig. 6. Surprisingly, each of these TR sets looks
symmetrical. Note that when a=0,
C, 0(x)=[3.6605,4.9917] (this is the support of all five

BO!

TR sets), and mean(C; . (x)=m(C; . (x))=4.3261.

Table I provides numerical details for the five values of w.
First it provides the apex, Cjy L (x), of each of the “triangle-

looking” TR sets. Then it provides the centroid of each TR
set, Cpz (ie., the defuzzified value). Observe that

m(C; " (x))—C,; is smaller than 0.0352 for all five values

of w.

Each TR set was also approximated by a triangle that
connected its ¢=0 and =1 values. Table I also provides
the centroid” of each approximate TR set, C,zz, as well as

Curr —Crg . Observe that Cypp —Cpp for all five values of

w is smaller than 0.0154.

This example demonstrates that a very good
approximation to a centroid type-reduced set can be obtained
by computing centroids for only two «-cuts, the &¢=0 and
a=1 a-cuts. See [20] for a second example that supports
this conclusion.

The following conclusions can be drawn from the results
of these simulations:

(1) Conclusions 1-5 and 7 made in Section V are satisfied,

e.g., (Conclusion 4) C; first is non-decreasing and

then is non-increasing (see Fig. 6);

2 Centroid of triangle (I,m,r) [left vertex at (/,0), apex at
(m,h) and right vertex at (r,0)]: C 1(m+I+r). This

formula can be used for any triangle, i.e. it does not have to be
shifted to the origin).

Triangle —

(2) Surprisingly, the TR sets are close to symmetrical (see
Fig. 6 and Table I); and,

(3) An excellent approximation to a centroid TR set can
be obtained using only two «-cuts, when this
approximation is used to obtain a defuzzified value
for the T2 FS.

TABLE I. SIMULATION RESULTS. NOTE THAT
m(Cp » (x))=4.3261.

C B Centroid  m(C Bro ) Centroi.d of  Cum
of TR Approximate _C
set, ““1TR TR set, R
Crr Carr
0 43433 43373 -0.0112 43318 0.0055
w=1/4 43340 4.3303 -0.0042 4.3287 0.0016
w=0.5 43208 43213 0.0048 4.3243 0.0030
w=3/4 43008 4.3090 0.0171 43177 0.0087
w=1 42667  4.2909 0.0352 4.3063 0.0154
205
0 | | | | | | | I;
0 1 2 3 4.5 6 7 8 9 10
(@)
1A
0.5

Grades of Secondary MF atx = 2

0 | | | | ] | | | |=
0 01 02 03 04 0506 0708 09 1
u

(b)

Figure 5. (a) FOU for simulations, and (b) secondary MF at x=2
when w=0.
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Figure 6. C;(x) for the example when w=0, 0.25, 0.5, 0.75, 1

VII. PROPOSED NEW ARCHITECTURES FOR T2 FLSs

Based on the observations made in Sections V and VI, we
propose two new architectures for a T2 FLS, as depicted in
Fig. 7. The architecture in Fig. 7a is for triangle secondary
MFs, whereas the architecture in Fig. 7b is for trapezoidal
secondary MFs. Both architectures could be called a two
o — plane T2 FLS or a quasi-T2 FLS. We prefer the latter.

Both architectures are much simpler than a full-blown T2
FLS, because they do not involve any T2 calculations.
Quasi-T2 FLSs may be good next step in the hierarchy of
FLSs, from T1 to IT2 to T2.

The architecture in Fig. 7a is a T2 FLS that combines a T1
FLS and an IT2 FLS. The defuzzified output of the T1 FLS
and the TR output of the IT2 FLS provide three points (the
vertices of a non-symmetrical triangle), and the overall
output of this quasi-T2 FLS is the centroid of that triangle,
ie.

yx)=[y,(xloe=0)+y,(xla=0)+y'(xla=1)]/3 (20)

The architecture in Fig. 7b is a T2 FLS that combines two
IT2 FLSs. The TR outputs of both IT2 FLSs provide four
points (the vertices of a non-symmetrical trapezoid), and the
overall output of this quasi-T2 FLS is the centroid of that
trapezoid, i.e.

y(x)=2a+b)/3(a+Db) 2D
a=y,xla=1)-y, xla=1) (22)
b=y,xloe=0)-y, xlax=0) (23)

In both architectures, the MF parameters of the two FLSs
are optimized simultaneously, and because of (20) or (21)
this is a coupled optimization and design. Because of more
design degree of freedoms than are present in only one FLS,
we conjecture that the quasi-T2 FLSs have the potential to
outperform an IT2 FLS.

TR for an IT2 FLS uses the iterative KM algorithms, so
this may cause a computational bottleneck for real-time
applications of the quasi-T2 FLSs. A way around this is to
replace each of the TR steps in the two quasi-T2 FLSs by
Wu-Mendel minimax) uncertainty bounds. Using these
bounds directly as an architecture for an IT2 FLS has
already been done in [8] and [15], where it has been

on Fuzzy Systems (FUZZ 2008), WCCI 2008,
A, June 1-6,2008
demonstrated that very good performance can be achieved
by doing this.
Much work remains to be done regarding these new quasi-
T2 FLSs, and we hope that they will be the bases for new
studies by the T2 FL community.

VIII. CONCLUSIONS

This paper provides an answer to the question that the T2
FL community is now asking: “What comes after 1T2
FLSs?” It demonstrates, through a rigorous understanding of
type-reduction for a T2 FS, by means of the alpha-level
representation of a T2 FS, and a subsequent geometrical
understanding of the type-reduced set, that logical next steps
in the progression from T1 to IT2 to T2 FLSs are quasi-12
FLSs, an interconnection of either a T1 FLS and an IT2 FLS,
or an interconnection of two IT2 FLSs. in which both FLSs
are designed simultaneously. The quasi-T2 FLSs overcome
the computational difficulties that are associated with set
theoretic operations and TR for general T2 FSs and FLSs,
because all set theoretic operations are those for existing T1
or IT2 FLSs, and because TR for an IT2 FLS can be
performed using existing KM Algorithms [9], [16], [19], or
even the faster Enhanced KM Algorithms [27]. It is even
possible to bypass TR by using the minimax uncertainty
bounds in [28], after which it is easy to obtain a very good
approximation to the TR set [8], [15]. Applications of the
proposed quasi-T2 FLSs remain to be studied.

IT2 FLS — [ &x1@=0). | Overall
4= 0pla Type-Reduction Defuzzification
a =0plane A\-H(xlaz())] uzz
X (Usmg. the y(x)
centroid of —>
1 the triangle formed
T1 FLS ,- y(xla=1 I fiom the three
o = Iplane values just
computed)
(a)
2 y(xla=0), | Overall
IT2FLS Type-Reduction [ - V?ré e
o =0plane = yp(xlo= 0)] Dduzzlfuallon
X (Usmg thc‘ (%)
centroid of
[‘~ xla=1) the trapezoid formed
IT2FLS Type-Reduction | ! from th‘e four
o= Iplane ye(xla=1) values just
computed)
(b)

Figure 7. New architectures for a T2 FLS: (a) Triangle secondary
MFs and (b) Trapezoidal secondary MFs.
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