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Abstract -- This paper presents a reduced complexity deterministic annealing (DA) approach for vector
quantizer (VQ) design by using soft information processing with smplified assgnment measures. Low
complexity distributions are designed to mimic the Gibbs distribution, where the latter is the optimal
distribution used in the standard DA method. These low complexity distributions are simple enough to
facilitate fast computation, but at the same time they can closaly approximate the Gibbs distribution to
result in near optimal performance. We have aso derived the theoretical performance loss at agiven
system entropy due to using the ssmple soft measures instead of the optimal Gibbs measure. We use the
derived result to obtain optimal annealing schedules for the simple soft measures that approximate the
annealing schedule for the optimal Gibbs distribution. The proposed reduced complexity DA agorithms
have significantly improved the quality of the final codebooks compared to the generdized LIoyd
algorithm and standard stochastic relaxation techniques, both with and without the pairwise nearest
neighbor (PNN) codebook initiaization. The proposed agorithms are able to evade the local minima and
the results show that they are not sensitive to the choice of the initial codebook. Compared to the
standard DA approach, the reduced complexity DA agorithms can operate over 100 times faster with
negligible performance difference. For example, for the design of a 16-dimensional vector quantizer
having arate of 0.4375 bits/sample for Gaussian source the standard DA agorithm achieved 3.60 dB
performance in 16483 CPU seconds, wheresas the reduced complexity DA agorithm achieved the same
performance in 136 CPU seconds. Other than VQ design, the DA techniques are applicable to problems

such as classification, clustering and resource allocation.
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. Introduction

Vector quantization is a source coding technique that approximates blocks (or vectors) of input data
by one of afinite number of pre-stored vectorsin a codebook. The chalengeisto find the set of vectors
(or quantization levels) such that a given criterion for the total distortion between the actua source and
the quantized source is as small as possible under a constraint on the overall rate [11]. Since distortion
depends on the codebook design, vector quantizer design is akey optimization problem to determine the
performance of aVQ-based system [12] — [15].

The traditionally used VQ design approach is the generdized Lloyd agorithm (GLA) aso referred to
asthe LBG agorithm [16]. The GLA isan iterative descent algorithm, which converges to afina
codebook relatively quickly, but such that the resulting codebook is only localy optima. Thisis because
the agorithm gets trapped in alocal minimum of the distortion (energy) surface to which theinitia
codebook is closest. Consequently, the performance of GLA can be poor compared to that of a globally
optimal quantizer.

A powerful approach to reduce the sengtivity of the agorithm to the initial codebook is the
introduction of randomness. Several randomized optimization techniques have been investigated in the
past. In[17] such “random search” techniques are discussed, where the idea is to randomly perturb the
system at each iteration and determine the resulting change in performance. In some of its variations a
perturbation is only accepted if the performance increases, otherwise it is regjected; and in other variations
perturbations that decrease performance are also accepted under certain conditions. In generdl, if a
random search technique allows temporary decreases in an objective function with nonzero probability,
then the dgorithm isin the class of stochastic relaxation (SR) [3], [4], or stochastic local search
techniques.

An important SR technique is smulated annealing (SA) [4], where in each iteration a new codebook
is generated in the neighborhood of the old one, and the new codebook is accepted or rejected according
to the Metropolis agorithm [2]. If sufficient computational resources are devoted, the SA agorithm is
guaranteed to yield globally optima solutions [18]. A reduced complexity quantizer design based on SR
is proposed in [4], achieving smilar or dightly better results than SA in much less time under similar
iteration schedules. Basicaly, the reduced complexity SR agorithm is the generdized Lloyd agorithm
appended with a stochagtic perturbation step either be on the encoder (SR-C) or the decoder (SR-D).
Another method that uses a smilar randomized search technique is suggested in [19] which has an
average performance comparable to SR-D but has a higher complexity. In the above approaches random
search moves were allowed on the energy surface in order to give the system the ability to avoid loca
minima. Unlike these SR techniques, a deterministic annealing (DA) approach for optimal vector

quantizer design puts the problem in a probabilistic framework, and deterministically optimizes the



probabilistic objective function in each iteration [6]. In DA there are no random moves on the energy
(cost) surface. At high temperatures the energy surface is smoothed, so that the algorithm starts at the
global minimum on the smoothed energy surface. And through a careful annealing schedule it traces the
global minimum as the energy surface assumes its non-convex “rugged” form with the decreasing
temperature. The Gibbs distribution is used to associate sample vectorsin the training set with
codevectors since it maximizes the entropy under the constraint of a given average distortion. Note that
the sample vector - codevector associations are not one-to-one, but rather they are one-to-many. In other
words, each sample vector in the training set is assigned to all codevectorsin probability: the closer a
codevector to a sample vector, the higher its probabilistic assgnment to that sample vector. The DA
method can construct high performance vector quantizers by avoiding local minima. However,
caculation of the association probabilities for each sample vector with all the codevectorsin each
iteration, coupled with the high computational cost of evaluating the Gibbs distribution, and the downess
of the annealing process result in a very high computational complexity that limits DA’s utility for some
practical applications.

Although the literature is rich in fast search vector quantization techniques, where the aim isto have
low encoding complexity [21], [23], [25], [27] — [36], thereis relatively less work toward low complexity
VQ design techniques [4], [24], [26].

In this paper we propose a reduced complexity deterministic annealing approach for VQ design by
using soft information processing with smplified assignment measures. |n communications engineering
the definition of soft information is“a reiability measure over the sample space of the investigated
random variable.” In other words, soft information provides a measurement of how reliableitisto
choose each possible signd choice [7] —[9]. By anadogy, in our VQ design we will cal soft information,
the relative “ strength” of the association of each codevector to each sample vector. We will refer to this
formulation as a soft vector quantizer (SVQ) design. The reduced complexity DA techniques are
developed through the desigh of smple soft-measures that can mimic the effect of the Gibbs distribution
used in the standard DA. Hence, while the designed soft-measures are ssimple enough to facilitate fast
computation, they also keep the performance penalty to a minimum by mimicking the Gibbs
distribution’s functionality. We have also derived a theoretica analysis of the performance loss when
using a simplified measure instead of the optima one, and further used the result to derive optimal
annealing schedules for the proposed simple soft-measures. In contrast to the standard DA which starts
with essentialy a single codevector and increases the size of the codebook through iterations, in SVQ the
design starts with the required number of codevectors and optimizes their locations through iterations. It
is also observed, and empirically shown, that the importance of a codevector for a given sample vector (in
terms of the amount of probability mass associated with it) decreases exponentialy fast with the distance



from the sample vector, even at relatively high temperatures. Hence, magjor computational gains can be
obtained with negligible performance degradation by considering only the near est few codevectors from
each sample vector. We present experimental evidence indicating that through these techniques
significant performance gains are achieved by the SVQ agorithms over the traditionally used GLA and
over SR-D, where the latter is widely thought to provide near-optimal performance. Compared to the
standard DA, the results show drastic reductions in computational complexity with very smdl sacrificein
performance. It isaso shown that appending the SR technique [4] to the SVQ agorithms resultsin
further improvement in performance, where the benefit of the SR technique is less when the performance
of the SV Q approaches the optimal.

This paper is organized asfollows. Section Il briefly introduces the standard DA method for VQ
design and points out its computational complexities. In Section |11, reduced complexity Gibbs
distribution and low complexity soft information measures for VQ design are designed and analyzed.
Optimal annealing schedules for the low complexity soft information measures are aso derived. Section
IV presents experimental results comparing the performances of the proposed agorithms with that of
GLA, SR and the standard DA on various Gauss-Markov, speech and image sources. The effect of
codebook initidization is adso investigated. Finally, Section V concludes the paper.

II. Vector Quantizer Design by Deter ministic Annealing

In the deterministic annealing agorithm proposed by Rose et d. [6] the main principleis the
application of a probabilistic hierarchical clustering process, where each sample vector in the training set
is associated to a cluster with a certain degree of membership. Each cluster is represented by a
codevector. Thus, the distortion (energy) function to be minimized is an expected distortion function,

E{D} =8 & P(xT R)d(xc,), @
X i
where d (x,cj) is the distortion measure incurred in representing sample vector x by codevector ¢; , and

P( xI R ) is the probability that x belongs to the cluster represented by c; . The probability distribution

used to define the associations is the Gibbs distribution, which is the distribution that maximizes the
entropy under the constraint (1) [6]:

|Al- 1
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where |A| isthe cardinality of the cluster set. Notice that the distribution in (2) is aform of soft
information. In other words, it gives areliability value for assigning the sample vector x to cluster R,

over the sample space of the cluster set. The parameter b isaterm that isinversely proportiona to the



temperature in the annealing process. Hence, at infinite temperature, which correspondsto b =0, the

probability associations are uniform: P(XT R )=:l/}& |." % j. Thismeansthat, each sample vector x is
equally assigned to dl the clusters. As b getslarge, i.e., the temperature is lowered, the probability

assignments for a sample vector x start to favor clusters closer to x; the closer acluster representative c;
to x, the higher its probability assgnment. Inthelimit b ® ¥ , each sample vector gets assigned exactly

to one cluster, to the cluster whose representative codevector is closest to the sample vector. We refer to
this as the hard assignment, as opposed to the soft assignment where a sample vector gets assigned to
more than one representative.

The codevector locations are defined as the weighted average of the sample vectors, where the
weights are the probability associations of the sample vectors to the specific codevector being considered:

=8 xP(xI Rj)/é P(xT R). ©)
Thus, atb =0 al cluster representatives are at the center of mass of the training set,
®1 o o .
C =g al = " 4
CgAe gIAI

where K is the number of sample vectorsin the training set. Essentidly, at b =0 thereisonly one cluster
(or Voronai region), which is the whole set, and a single representative codevector at its center of mass.
The hierarchical design agorithm in [6] starts the annealing process with the whole training set as one
cluster at b =0, gradualy increases b , and re-optimizesby solving (3) at each b . As b isincreased
the probability associations start to get harder, and the system goes through a sequence of splitting of the
clusters at phase transitions until the required number of clusters (or codevectors) are reached. The main
focusin [6] isthe derivation of the critical vaeluesof b , denoted b, a which these phase transitions
occur. These are the optimum splitting temperatures of the clusters and the authors show that in order to
be able to attain the globa minimum, the splitting of the clusters should be at these critical moments.
Note that b does not control the size of the codebook; the system goes through a sequence of phase
transitions until the required number of representativesis reached. During the annealing process
whenever b reaches b for an existing cluster, that cluster splitsinto smaller clusters. In the limit
b ® ¥, the associations become hard and each sample vector is associated with one representative as in
the GLA agorithm.

The work by Rose et a. [6] provides the theoretical framework explaining how the DA approach
avoids loca minima, and shows that through a careful annealing process it can achieve the global

minimum. However, for practica applications the agorithm proposed has some drawbacks: in particular,



the annealing of the temperature has to be very dow especialy in the vicinity of b_, and the association
probabilities for each sample vector have to be calculated for all codevectors. Such complexity may be
excessive for many applications. In the next section, we present and analyze reduced complexity
techniques for VQ design that result in very significant computationa gains with negligible performance
degradation. In the sequel we will refer to the method explained in this section as the standard DA.

I11. Reduced Complexity Deter ministic Annealing

A. Introduction

In the proposed agorithms, caled soft vector quantizer (SVQ) agorithms, we formulate the vector
quantizer design problem in a probabilistic framework asin the standard DA. However, unlike standard
DA each training vector is alowed to be associated in probability with only a subset of the codevectors.
These probability associations provide areliability measure on the set of codevectors that the training
vector can be mapped to. The soft associations are functions of the relative distances of the codevectors
from the training vector. The cost of the computation of the Gibbs soft assgnment in (2), which involves
exponentids, is high; if we count each of the basic operations (addition, subtraction and multiplication )
to take one floating point operation, flop, then an exponential computation takes 8 flops. And since soft
assignments for all codevectors have to be updated for al sample vectorsin every iteration in the standard
DA, thisresults in a system of very high computational complexity. Recall that in (2) theterm b

determines the level of softness of the assignments, so it acts as a softness control factor (as b increases

assgnments get harder). In order to reduce the computational complexity of the system, we would like to
define and use a smpler distribution, preferably one that does not involve exponentia terms. Let us

define agenera “smple’ distribution as:

m(x,.G)
C.[X)=5—F—, S
Po C:1%.) 2 .0 )
]
where m(x,,c;) isacomputationally easy to compute measure of thegoodness of match of codevector ¢

to sample vector x_ . The denominator is the sum of the goodness of matches with respect to a subset of
N codevectors that are most relevant to x, (when N :|C | all of the codevectors are regarded as

relevant). Therefore, in (5) the softness of the assignment can be controlled by adjusting N (as N is
reduced the assignment becomes hard). Using asimple function, m(x,,c ) coupled with N <|C | can

result in mgjor computationa gains at the expense of some reduction in performance.



For a given set of soft assignments, p, (ci |xk) "1i," k, the codevector locations can be computed as

the weighted average of the sample vectorsasin (3),

. o ( ék-xkp(xk)po(cdxk) ék.xkpo(ci|xk)
= i = [ = o) 6
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k k

where sample vector probabilities are assumed to be uniform, p( xk) = Y%, and where K isthe size of the

training set. The genera iterative framework for updating the soft assignments and codevector locations
isshown in Figure 1. Note that this framework is independent of the type of soft assignment used; any
type of soft assignment measure that can give soft assignment values for the set of codevectors for agiven
sample vector can be used in this framework.

Idedlly, in any annealing agorithm the annealing temperature should start a a very high temperature
(theoretically at infinite) and gradually cool down to zero. However, as we have seen in the standard DA
this resultsin avery dow convergence. In the proposed agorithms (SVQ) the temperature is not infinite
at the start; we demonstrate that starting with alow temperature and with fixed (required) number of

Given { c(m)}

Update {p(q(m) |Xk)}

Iteration: M= 0

Initial Codebook: m=m+1

co ={(§)o),q(o),...,cg)_l}

Given {p(q(m1)|xk)}
Update {q(m)}

Fig. 1. Theiterative procedure showing the updating of the
soft assignments and the codevectors.

codevectors, it is possible to achieve near optimal performance. Starting with a low temperature means
starting the agorithm with a non-convex energy surface. We show that introduction of controlled
randomness as in standard SR into the iterations has the potentia to improve the results due to the non-

convexity of the energy surface.

B. Reduced Complexity Gibbs Distribution for VQ Design
We know that as a result of soft association every sample vector x, has a certain degree of belonging

to all of the codevectors in the codebook. However, when we take all the soft associations into account,



no matter how small they are, the effect of very small soft associations on (6) and on the converged
codebook is negligible. Therefore, for practica considerations, those that are very close to zero can be set
to zero. At this point, alogical approach would have been to define a threshold and set al the
associations below this threshold to zero. But this would only save us computationa cost in (6), we

would il need to calculate al the soft associations and compare them with the threshold. In order to

further reduce the cost, we decided to fix the N nearest codevectors from a given sample vector, and

compuite the soft associations only for the closest N codevectors and set the other |C|- N associationsto
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Fig. 2. Probability mass contained in the nearest N codevectors from arandomly selected sample
vector, at different betavalues. Codebook size = 128, vector dimension = 16. (2a) Zero-mean, unit
variance Gaussian source; (2b) Gauss-Markov source, correlation coefficient 0.9.

zero. Note that we are not reducing the size of the codebook, that remains fixed. In this way, only the
distances from a given sample vector to the codevectors need to be computed and the N nearest
codevectors are determined. Note that after the first few iterationsthe N nearest codevectorsfor training
vectors need not be computed in every iteration, because the displacement of the codevectors from one
iteration to the next are small compared to the effect they will have on the assignment probabilities. On

the other hand a periodic update prevents the compounding effect of small displacementsto result in

inaccurate assignment probabilities. Denoting N(x,N) to be the nearest N codevectors from agiven

X, , the soft information is computed by,

g P d(x.q)

p(q|xk)= é e-bd(&,q) Y

;T N(%.N)




where d (%6 ) =|x, - 6| . We can assess from Figure 2 that teking dl of the codevectorsinto

consideration does not justify the required computational complexity. The figure shows the tota
probability mass contained in the nearest N codevectors from a randomly chosen sample vector for

increasing b . Each point on the graphs are found by summing the probability mass within the nearest

N codevectors from each x, , and averaging over al x, ,

PM(N)=3K51 a p(clx). €)

K k=0 GT N(x.N)
where K again isthe size of the training set. We can observe from the figure that the range of b for

convergence is source dependent, but the important point to noticeisthat at low b aconsiderable

TABLE I: Average performance and running time comparison for N = |C| = 128 and N = 4.
The source is uncorrelated Gaussian, the vector dimensions are 16, and soft information measure
is reduced complexity Gibbs distribution. The results are averages over 20 experiments (details
on experimental set-up are in Experimental Results section).

N Ave. SNR Ave. CPU Time
4 3.595dB 136 sec.
128 3.598 dB 16483 sec.

amount of the probability massis confined within a small number of codevectors compared to the size of
the codebook, and the point of convergenceisat b <« ¥ .

a. Fixed Number of Associations

One can first consider an approach with afixed N . Experimentally we havefound N =4 to bea
good trade-off value between performance and complexity. In other words, results obtained by setting
N =4 andwith N =|C| (i.e, using al the codevectorsin the codebook) resulted in negligible
performance difference, however, the computationa savings are significant, especialy for large
codebooks (e.g., |C|>128). A comparisonof N =4 and N =|C|=128 using the same annegling
scheduleisgiven in TableI. Thelossin performance incurred by considering only the nearest 4
codevectors for each sample vector instead of the whole codebook is only 0.003 dB, which is anegligible
performance difference for al practica purposes. In exchange for this negligible loss, a factor of about
120 speed-up in running time is achieved which is a highly significant complexity reduction.

The proposed algorithm is shown in Figure 3, where the iterations start with N =4, b = ]/ (45 : ) ,

where s 2 isthe source variance, and an initial codebook C,. Theinitial valueof b, b =1/(4s2) ,is



found empirically to be agood starting value. At each iteration, we gradualy increase b (k > 1.0) ,

update the soft information according to (7) and re-optimize the codevector locations using (6). We can

then apply the codevector perturbation of [4]. As b increases the softness of the codevector associations

Iteration: m= O
Initial codebook: —»|  Update c(™
Set b‘o

Updaie
- { D(Ci(m) |Xk )} Without with
" stochastic stochastic
n | i N," k elaxatiol elaxation
* (m)
m=m+l Perturb C
update temperature
b(m) = b(m-l) %
y

Fig. 3. Flowchart for the reduced complexity Gibbs soft assignment measure agorithm.

decreases . Inthe limit, when all the probability mass is assigned to the nearest codevector for al sample
vectors we reach the nearest neighbor condition.

b. Variable Number of Associations

In the above scheme we kept N fixed. When we need to design quantizers for very large codebook
sizes(e.g. |C| =512, 1024, ...) itisuseful touse alarger N (eg., 10, 12, 15, ...). However, we know
that whilethe N" furthest away codevector from a given sample vector plays an important role (has large

probability mass) in the early iterations, itsimportance decreases in each iteration. As the temperature
decreases the probability massis gradually transferred from the distant to the closer codevectors. Hence,

after awhilethe N™ codevector will contain negligible mass and it can be discarded without any
significant effect on the final performance. Thus to smplify the computation without affecting the
performance, we can append the following simple step to the agorithm: whenever the average probability

mass of the nearest N - 1 codevectors, PM (N - 1) (8) exceed acertain massp (typicaly p =0.99), N

isreduced by one, N=N-1,i.e,

it PM(N-)==84 & p(g|%)>p. then N=N-1. )
k

61 N(x,N-1)

1
K

10



When N islarge the cumulative effect of gradually decreasing the number of nearest neighbors to be
taken into account results in considerable complexity reduction which was not possible in the fixed N
scheme. However, it isimportant imperative to note that in the case of small N (e.g., N =4) we may
not have any computational gain or we may even increase the computational cost by using the gradua
reduction scheme. Thisisaresult of the fact that the smal gain (from N being small) obtained by
gradually decreasing N will be consumed by the computation of PM (N - 1). However, when N is
large enough the reduction in computationa cost obtained by reducing N surpasses the added cost of the

computation of PM (N - 1). Therefore, when N reachesasmal value, e.g., N =4, the process of

gradua reduction of N stops.

C. Low Complexity Soft Information Measuresfor VQ Design

As previoudy stated, in order to reduce further the computational complexity of the system we can
usein (5) aless complex distribution than the optimal Gibbs distribution. One of the Smplest
distributions that readily comes to mind is the “inverse Euclidean distance’ distribution, in which, for a

given sample vector x, , the “importance” of the codevectors decrease with increasing distance from x, .

“Inverse Euclidean distance” in a soft information measure can be defined as,

p(c %)= No.l%‘ (10)
a7

j=0 ]

Thedistancesin (10) are the Euclidean norms between x, and the codevectors (n is the vector

dimension), d, =d(xc) :\/(xw- Go) * (%1 - 6a) ++(%n1- Gna) - Thenumber of codevectors to be
taken into consideration for each x, can be determined by acircle centered on x, with aradius R, where
all codevectors closer than R to x, congtitute the N nearest codevectors. Theradius R decreases from
oneiterationto thenext, R™ = R™?r , where 0< r <1.0.

Another soft information measure can be defined using a triangle function centered on the considered

samplevector, x, asshown in Figure 4. The function with height h=1 and aspread R, , will contain the
N codevectors within an Euclidean distance R_from x, . Using the fuzzy systems terminology, we can
define this triangle function as the member ship function of x_and denoteit by m . The soft associations

are computed by using the heights of the membership function corresponding to the Euclidean distances

of the codevectorsfrom x, ,

11
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p(cIx)= (12)

Thespread R decreases gradually in each iteration giving more and more importance to the nearer

codevectors as the iterations increase. At the limit, when only one codevector stays within the nearest
neighbor st i.e, N =1, the soft information measure becomes hard and all the probability mass gets

assigned to the nearest codevector. Note that as the spread is decreased, for some sample vectors N =1

&
A\ X, = sample vector
A )
8 {c,} = codevectors
b“‘
|“
hl hl‘ ‘\‘.
‘\
$‘ h3\
. : ./ h: "‘l .
c, Cg C, X, C f C, c,
| I‘ do d1_’| |
N ds ds gl
l¢ B N
" Rx 7
L . J

Fig. 4. Triangular membership function used as a soft information measure. Codevectors within
the spread of the function comprise the nearest N codevectors for the considered sample vector.

will be reached earlier than the others since the nearest codevector distance cannot be the same for each
sample vector. As the spread continues to decrease, at some point for some sample vectors,

R <d(x,c) "i. Inthesecases, the agorithm assigns all the probability mass to the nearest
codevector. The spread at the m" iteration is controlled by a geometric schedule asin the Gibbs case:
R™=R™r (12)
where r isthereduction factor, 0< r <1.0. The soft information measure in (11) can be defined in
terms of the spread, R, and thedistances, d, =d( %,,¢) using triangular similarities, where the height of
thetriangleis h=1:
h h

_R-d
R R-4 R )

Therefore, (11) becomes,

12



p(q 1x) =—5 20— (14)

NR.- @ d,

i=0
Thisis a better soft information measure than the inverse Euclidean distance measure in (10), because
it can mimic the effect of the temperature reduction in the Gibbs distribution much better. With (10) the
only time the soft assignments will change as the radius is decreased is when a codevector is left out of
the circle of radius R. However, using (11) the heights get affected by the reductionin the spread R, as
seenin (14). Thisisdesired in order to approximate the effect of the temperature reduction in the Gibbs

distribution; in other words, as the spread decreases the codevectors closer to x, should increase their
share of the soft assignment in conformity with their distances from x, . Hence, the height-defined soft

information measure (14) is a better one than the Euclidean distance-defined measure (10) in terms of
mimicking the Gibbs soft measure.

The experimenta results will also demonstrate that (14) is in fact a better measure than (10). Note
aso that the computational cost of computing one soft assignment using (10) requires 5N + 4 flops,
whereas using (14) it requires N + 7 flops, counting addition, subtraction and multiplication as one flop
and divison as four flops (N isthe number of codevectors taken into computation). Hence, for N3 1:

N +7<5N + 4, implying that (14) isdso less costly than (10). Recalling that an exponential
computation is 8 times more costly than a basic operation (8 flops compared to one flop of operation time
for a basic operation), then (7) takes N (8+1+1)+ 4 =10N +4 flops, whichis much larger than N +7 .
Therefore, the height-defined triangular soft information measure is a computationally less complex
digtribution than the Gibbs digtribution.

The agorithm for the low complexity soft information is smilar to the one shown in Figure 3.In this

case the temperature control is done by the spread of the triangle function. Theinitial spread F{O) =4s?

was empirically found to give good performance, where s % isthe variance of the training set

components.

D. Optimal Temperature Schedule

In the previous section we have proposed alow complexity soft assgnment measure, namely, the
triangular soft information measure as a smplified way of computing the soft assignments. Although this
measure will significantly reduce the computational cost of the soft assignments compared to the Gibbs
soft measure, the reduction in computationa cost will be at the expense of some lossin performance,
since Gibbs is the optimal soft measure. However, the loss in performance can be minimized if we can

find temperature reduction schedules for the low complexity measure that can follow the Gibbs b

13



schedule such that the “distance” between the two distributions is minimized. In other words, for a given

codevector the difference in the probability mass assigned by the low complexity (non-optimal) measure
and the optimal Giblbs measure is as smdl as possible. By definition thisis the minimization of the L
distance between the two distributions [20],

[ oo (el pe (el = &po e ) - po (ai]) (15
We would like to find the spread reduction schedule R, for agiven Gibbs b schedule that minimizes
(15). But note that minimizing (15) is equivalent to minimizing the relative entropy between p, (c|x)
and pe (c|x), D( B (cX)| pG(c|x)),sinceweknowfrom [20] that,

o (el (ehd)*

with equality when p, = p, . Although it isintuitive that in order to minimize the performance difference

[Ps (cl%) - pe (cl¥)[; (16)

between a smplified soft-measure and the optimal soft-measure the relative entropy between the two
should be minimized, Appendix A provides a more formd justification. The error andlysisin the
appendix shows that at a given system entropy (softness) the performance loss in terms of distortion
between two distributions (soft-measures) is a function of the relative entropy between them, hence,
minimizing the relative entropy minimizes the distortion pendty paid for usng a smplified soft-measure.

We can show that the relative entropy is approximately minimized when the variances of the two
distributions, p, (c|x) and pe (c|x) are equal. The variances of pg (c|x) and p, (c|x) , respectively, are

(the lower limits of the integrals start from zero because we use absol ute distances between sample vector
and each of the codevectors):

2
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Equating (17) and (18), and solving for R , we get,
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_[9(p-2)
R = eyt (19)

Hence, using (19) we can obtain aschedule for R given aschedule for b . We need to verify that the

relaionship in (19) minimizes the relative entropy.
We have used the set up in Figure 5 to show that for agiven b for the Gibbs distribution, the spread

R, obtained by (19) for the triangle distribution minimizes the relative entropy. In the figurethere are a
set of L codevectors at increasing distances from a sample vector x. For each b in aset
{ b, b, -, bm} , the soft Gibbs assignments of the codevectors are computed using the Gibbs soft

information measure (7) with N =L . Then, through an exhaustive search, the spread R, that gives the

.
7
/

N - b2
e
1.0 Rx - Z
/ Rx
T

Fig. 5. Aninstance of the Gibbs function with parameter b and an instance of the triangle function
with parameter R is shown. There are L codevectors at increasing distances from sample vector x.

soft assignments using (14) which minimizes the relative entropy D( m(clx) " Pe (c|x)) isobtained. The

resulting minimum relative entropy curve is shown in Figure 6 by the solid line. Thisis compared with
the result obtained using (19) by the dashed curve. We can see that the derived relation in (19) can

approximate well the minimum relative entropy curve, and hence the best R, schedule for agiven b

schedule. The error is due to the fact that we approximate the relative entropy using the variance of the
two functions.

The reduced complexity Gibbs agorithm and the low complexity soft measure agorithm for the
triangular membership function using two different spread reduction schedules are used to design
codebooks of size 128 and 256 (for details on experiments see the Experimental Results section). The
results are shown in Table Il. Of the two schedules for triangular soft information measure, the first one
is the geometric spread reduction given in (12), and the second one is obtained using (19) and the Gibbs
schedule (referred to as Gibbs guided spread reduction in Table I1). Observe from the resultsin the Table
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Il that the performance of the triangular soft information measure using the Gibbs guided spread

reduction schedule outperformed the geometric spread reduction in same number of iterations (running

time). Therefore, for agiven b — schedule thereation in (19) provides a better R — schedule than the

Ry (Triangle function)
W

—== minimum Relative Entropy (RE)
— = Approx. min. RE -- function

1
15 2 25 3 35
b (Gibbs function)

Fig. 6. Plot shows the minimum relative entropy between the triangular soft measure and the Gibbs
soft measure at various spread R and 3 pairs. The solid curve is obtained by an exhaustive search for
R« that gives the minimum relative entropy for a given value of 3. The dashed curve is obtained
using the derived relationship between R« and (3 to give the minimum relative entropy.

geometric reduction. Notethat b — schedule isitself geometric, b'™ =b!™¥ % . But since the Gibbs

soft information measure is the optimal measure, following the b — schedule in a smple soft information

TABLE II: Comparing the geometric and Gibbs guided spread (temperature) reduction for the
triangular membership function for the design of 128 and 256 sized codebooks for uncorrel ated
Gaussian source with vector dimensions 16.

o Low Complexity Soft Low Complexity Soft
Reduced Complexity Gibbs Information Measure — Information Measure —
Soft Information Measure Triangular. Triangular.
(k =1.005). Geometric spread reduction Gibbs guided spread
( r= 0.995) . reduction.
Cod_ebook Ave. SNR Ave. CPU Ave. SNR Ave. CPU Ave. SNR Ave. CPU
Sze time time time
128 3.595dB 136 sec. 3.392dB 91 sec. 3411dB 91 sec.
256 5.210 dB 329 sec. 4.919dB 232 sec. 4.952dB 232 sec.

measure that approximates the Gibbs measure, increases the smple soft information measure’ s
performance as demonstrated above. Note also that to obtain the b — schedule the Gibbs agorithm need

not be run, it can be obtained using b =p™) % k >10.
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V. Experimental Results

We now present the results abtained when our agorithms were used to design codebooks of various
sizes and sources. The results are compared with other algorithms of interest, namely, GLA, SR-D and
standard DA. Our quoted execution times (CPU times) are based on those obtained with an Intel PIII -
550 MHz machine.

The first set of training sources we considered were two cases of first order Gauss-Markov sources,

one with correlation coefficient a, =0.0 (uncorrelated source) and the other with a, = 0.9 (correlated

source). We blocked 16384 samplesinto 1024 16-dimensiond training vectors, and designed codebooks
of sizes 32, 64, 128 and 256 for both training sets, where the initial codebooks were obtained randomly
from the training sets. Since both GLA and SR-D are senditive to the choice of theinitial codebooks, in
order to investigate the effect of initidization we have also designed codebooks of sizes 32, 64, 128 and
256, where the pairwise nearest neighbor (PNN) algorithm [22] is used to dotain the initia codebooks.
For this we have used the uncorrelated Gaussian source with 4096 16-dimensional training vectors. The
second source examined was from a segment of human speech sampled at 8 kHz and partitioned into
2048 16-dimensiond vectors, and we have designed five codebooks of sizes 16, 32, 64, 128 and 256. The
final source considered was obtained by extracting 8192 16-dimensiona vectors (correspondingto 4° 4
blocks) from two 512° 512 monochrome training images from the USC image database with each pixel
amplitude quantized to 8 bits. Four codebooks of sizes 32, 64, 128 and 256 were designed using this
training set, and the performance of these codebooks is tested in coding the image “Lena’ which was
outside of the training set. The effect of the PNN initialization on the speech and the image sourcesis
also demonstrated.
We designed codebooks for the following algorithms where in the plots the appended “a means
without stochastic perturbation (e.g., SVQ-Ga would mean the same as SV Q-G but without perturbation):
1. SVQ-G: Soft vector quantizer design using the reduced complexity Gibbs distribution as the soft
measure, and with stochastic perturbation.
2. SVQ-E: Soft vector quantizer design using the inverse Euclidean distance distribution as the soft
measure, and with stochastic perturbation.
3. SVQ-T: Soft vector quantizer design using the height-defined distribution with triangular
membership function as the soft measure, and with stochastic perturbation.
VQ-DA: Vector quantizer design using the standard deterministic annealing [6].
SR-D: Vector quantizer design using the reduced complexity decoder perturbation algorithm [4].
GLA: Vector quantizer design using the generdized Lloyd algorithm [16].
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In the cases where PNN initialization is not used, for each algorithm, except VQ-DA, the average
performances are computed for 20 different initial codebooks, where for each codebook design the same
st of initial codebooks are used, alowing us to compare the average performances of the different
algorithms. Recall that, VQ-DA uses the center of mass of the training set as the initia codebook, so its
performance with thisinitial condition is recorded. In the cases where PNN initiaization is used a unique
initial codebook is obtained from the training set. The performance measure used for the image sourceis
peak signal-to-noise ratio (PSNR) and for the others is signal-to-noise ratio (SNR), defined as:

PSNR=10%0g,,(255/D) and SNR=10%0g,,(P.,/D), where P,isthe signa power and D isthe

distortion per sample. The SR-D agorithm was run for 200 iterations as given in [4], and the GLA was
run until convergence.

A. Gauss-Markov Sources

The performances of the first 5algorithms (listed above, both with and without perturbation) with
initia codebooks obtained randomly from the training set are compared with the GLA performancesin
Figures 7 and 8. In all cases, the reduced complexity DA agorithms (SVQ) achieved significant

improvements over the traditionally used GLA and over SR-D, which is said to give near optimal results

0.8 -
) _
3 0.7 e _svoc
(_D‘ 0.6 A —6—SVQ-Ga
S 05 SVQ-Ea
2 SVQ-E
S 0.4 1 v
c —4&— SVQ-Ta
2 03+ —&—SVQ-T
o
g 0.2 —%—SR-D
p” K —%— VQ-DA
= 0.11
n x

0 T T T
0.3125 0.375 0.4375 05
Rate (bits/sample)

Fig. 7. Improvements over GLA for Gaussian source; vector dimension = 16 samples/vector.

[4]. From the figures we observe that, the SV Q-G agorithm (reduced complexity Gibbs distribution)
performed better than the other SV Q algorithms; however, the performance of SVQ-T is competitive.
Note the progression of performances of the low complexity soft information measures: the performance
improves from the inverse Euclidean distance soft-measure (SVQ-E and SV Q-E3) to the triangular soft

measure (SVQ-T and SVQ-Ta). Thiswas an expected result since the triangular soft measure was
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designed to better approximate the optimal Gibbs distribution. Note aso the gain achieved by the
stochastic relaxation (SR) in the SV Q agorithms compared to non-stochastic cases. The gain ranges from
ahigh 0.2 dB for SVQ-E to alow 0.02 dB for SVQ-G agorithms. It should be noted that the better an
agorithm performs without the SR, the lesser the additional gain achieved by the SR in the SVQ
agorithms. In other words, as an agorithm comes closer to the globa optimum using the principles of

soft information processing, it requires less help from the SR to attain an improved performance. In the
limit, granting enough computationa resources for the full power of the soft information processing to be
utilized, the globa optimum can be reached without requiring any help from SR. But as the results
demonstrate, for reduced complexity DA approaches, SR has a positive effect in the improvement of the
performances with negligible computational complexity.
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0.5 SVQ-E

o
w
1

0.4 —&— SVQ-Ta
—A—SVQ-T
' —k—SR-D

/ —%—VQ-DA

SNR improvement over GLA (dB)

©c o
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1 1

o

0.3125 0.375 0.4375 0.5
Rate (bits/sample)

Fig. 8. Improvements over GLA for Gauss-Markov source; vector dimension = 16
samples/vector.

The results for VQ-DA (standard DA) were obtained starting with all the sample vectors being
equally associated with al the codevectors, which dictates an initial codebook where all the codevectors

are at the center of mass of the training set. The smulations were conducted with a conservative
annealing schedule, where it took over 120000 CPU seconds (about 24 hours) for the codebook of size

|C | =256 to converge. Recall that in VQ-DA the probability associations are computed to all

codevectors for each sample vector, thus the algorithm executes very dowly especialy for large
codebooks. The figures show that the performance of VQ-DA compared to reduced complexity DA
agorithmsisinferior in al cases. Moreover, the SVQ algorithms run much faster than VQ-DA, requiring

350 CPU seconds for |C | =256 and 16 dimensional vectors. While, if enough computational resources
are dlocated, VQ-DA is expected to be very close to optimal as shown in [6], the performance of the
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reduced complexity DA agorithms proved that for most practical applications the expected performance
of VQ-DA does not justify its computationa burden.
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Fig. 9. Showing the effect of PNN initialization as improvement over GLA. Sourceis Gaussian,
vector dimension = 16 samples/vector.

Both GLA and SR-D agorithms are sengitive to the initial codebooks. Hence, in order to investigate
the effect of initialization on these algorithms and on our proposed agorithms we have used the PNN
initidization for the codebooks [22]. In Figure 9 we show the performances of the 4 codebooks on
(uncorrelated) Gaussian source as improvement over the PNN initialized GLA. For clarity of
presentation we have only included the SV Q-Ga performance from our proposed agorithms; the other
SVQ agorithms behave comparatively the same with SVQ-Gaasin Figure 7. Note from the figure that
the PNIN initidization improves the GLA and SR-D algorithms, however the SV Q-Ga dgorithm is not
affected. Thisisapositive result for the SVQ agorithms for it shows that they can evade the local
minimum dictated by the initial codebook, and hence are insengtive to the choice of theinitial codebook.

The PNN and its fast but sup-optimal version, fast-PNN require O( K3) and O(K logK) time,

respectively, where K isthe size of thetraining set [22]. The results presented in Figure 9 are obtained
using the full search PNN agorithm (with complexity O( K3) ) in order to get the best possible results

with the GLA and the SR-D agorithms. The fast-PNN initiaization would result in reduced

performance; it is shown in [22] that the fast-PNN agorithm increased the coding error by 0.4 — 0.6dB for
image sources compared to full search PNN. The SVQ agorithms outperform both GLA and SR-D
agorithms without the complexity of the initialization process, which gets computationaly more

impractica as the size of the training set increases. The running time for the generation of the PNN
codebooks from atraining set of 4096 16-dimensiona vectors was 2374 CPU seconds, and the design of
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the size 256 codebooks for GLA, SR-D and SV Q-Ga algorithms on average were 44, 366 and 1552 CPU
seconds on the same machine. Therefore, with the PNN initialization the total running times for the GLA
and the SR-D algorithms are higher than the SVQ-Ga algorithm. And since SVQ-Ga performs the same
with and without the initidization, then the SVQ-Ga agorithm outperforms GLA and SR-D in less

running time.

B. Speech Source

The performance on the speech source using the three agorithms, GLA, SR-D and SV Q-Ga, with and
without the codebook initidization is shown in Figures 10 and 11. In Figure 10 the performance
improvement over GLA and in Figure 11 improvement over PNN initidlized GLA are shown. Note that

while the performance improvement of SVQ-Gaover GLA islarge (0.95 dB at 0.5 bitssample),
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Fig. 10. Improvements over GLA for human speech source sampled at 8kHz; vector dimensions
= 16 samples/vector.

compared with the PNN initialized GLA the improvement is rather modest. But note again that the effect
of theinitidization is very smadl on the SV Q-Ga performance, whereas improvements of 0.85 dB and 0.2
dB are obtained at 0.5 bits/sample for GLA and SR-D, respectively, after initidization. Therefore, asin
the Gaussian source, the SV Q-Ga renders the initialization unnecessary.

C. Image Source

The last source considered was the image source, where the results are shown in Figure 12 for the
coding of the image source “Lena” Asin the previous two source cases the SVQ-Ga performance is
practically not sengtive to the initial codebook initidization. And it outperformed the GLA and the SR-D
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Fig. 11. Improvements over PNN initialized GLA for human speech source sampled at 8kHz;
vector dimensions = 16 samples/vector.
agorithmsby 0.3 — 0.4 dB and 0.2 — 0.3 dB, respectively, both being initidized with PNN. Therefore, as
in the Gaussian and the speech sources the SV Q-Ga outperformed the PNN+GLA and PNN+SR-D
without the need of initidization.
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Fig. 12. Improvements over GLA for the coding of image source “Lena.” Vector dimension = 16
samples/vector (corresponding to 4x4 blocks).
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V. Conclusion

In this paper we have designed reduced/low complexity methods for deterministic annealing (DA) for
the vector quantizer design problem, which we named as soft vector quantizer (SVQ) design agorithms.
The proposed low complexity soft measures are used as the soft association probabilities in the
probabilistic framework of the DA to reduce the computational cost compared to the optimal Gibbs soft
measure used in the standard DA. Although the smple soft measures significantly reduce the
computational complexity of the system, this improvement comes at a price since these soft measures are
not the optimal distributions. Hence, we have aso derived the theoretical performance loss for using a
smplified measure instead of the optimal measure, and used the result to derive optimal annedling
schedules for the proposed simple soft-measures. We have demonstrated that using the derived optimal
schedule for the low complexity soft measures increases the quality of the final codebook compared to
using a geometric reduction schedule which is usually suggested in the annealing algorithms. We have
aso shown that the low complexity DA methods benefit from the stochastic relaxation techniques with
decreasing benefits as the performance approaches the optimal.

We have demonstrated the effectiveness of our low/reduced complexity DA (SVQ) agorithms by
designing codebooks for a variety of sources, namely Gauss-Markov, speech and image, at different rates.
In each case, the proposed SV Q agorithms significantly improved the quaity of the final codebooks
compared to the traditionally used GLA and compared to the SR-D algorithm, where the latter is accepted
as a benchmark reference by some researchers to be a VVQ design technique that performs near-optimaly.
We have aso investigated the effect of codebook initiaization on GLA, SR-D and SVQ agorithms and
showed that, while GLA and SR-D receive mgjor benefit from thisinitidization at the expense of
increased computational complexity, the SV Q agorithms are able to attain the same performance without
the need of initidization. Hence, the SV Q algorithms are not sengitive to the choice of the initia
codebook and outperform codebook initialized GLA and SR-D algorithms. Compared to the standard
DA, the computational complexity of the SVQ algorithms are shown to be drastically reduced. Using the
same annealing temperature the SV Q agorithms run by over afactor of 100 faster than the standard DA
agorithm with negligible performance difference. We believe that the proposed agorithms, with their
significantly higher performance over the widely used GLA and SR-D, and with their low computational
complexity with negligible performance difference compared to the standard DA, have proved themselves
to be important VQ design techniques.
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Appendix A

We have proposed two low complexity soft assignment measures, the triangular soft information
measure and the multi-triangular soft information measure, as simplified ways of computing the soft
assgnments for the VQ design problem using deterministic annealing. Although these measures
significantly reduce the computational cost of the soft assignments compared to the optimal Gibbs soft
measure, this improvement in computational cost comes in exchange for some loss in performance since
Gibbsisthe optimal soft measure. In this section we derive the pendty paid in distortion for using the

simplified soft measures instead of the optimal one at a given system entropy (softness).
For a given soft assgnment measure (conditional probability), p(c |x) we have the expected

distortion and the average mutua information in (20) and (21), respectively.

D(p(c|x))=éx p(x)éC p(c|x)d(x,c), (20)
1(X;C)=4 p(x)éc_ p(c|x) log pé((:g) . (21)

X

Let B bethe set of al [-admissible soft assignment measures,

R ={p(c|x):1(x;C)£1}, (22)
and hence, for fixed 1,
D(R) :p(rcnlxi)TnPI D(p (c |x)) (23

Now, let ps (c|x) and p,(c|x) be two different soft assignment measures, and assume that p; (c|x) is
the optimal |-admissible soft assignment measure for somerate |, pg (c|x)T P, and the expected

distortion corresponding to pg (c|x) is D( pG(c|x)). L et the other soft assignment measure, po(c|x) to

be defined as,
po(c|x) = pG(c|x) + Dp(c|x) "X, (24)
We require two conditions to be satisfied on (24):
éc‘ Dp(c|x)=0 " x, (25)
DI =1,(X;C) - 15(X;C) =0. (26)
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The condition in (25) is required so that p (c|x) in (24) isavalid pmf, & _ py(c|x) =1, and the condition

in (26), the difference in the mutua information to be zero, is required so that p, (c|x)T R . Wewould

like to obtain the diffference in the expected distortion, DD =D( g, (c[x)) - D( ps (c|x)) subject to the

conditions (25) and (26). The stuation is depicted in Figure A.1, and area smulation result is shown in

Figure A.2. Wewill start by expanding, DI =1, (X;C)- 1, (X;C),

DI =é’1x p(X)é’lc P, (c[X)log p;(fg)' éx p(X)écl Ps (c[x)log p;G(((:J:))() (27)
Substitute ps (c|x) = p, (c|x) - Dp(c|x) from (24) into (27):
01 =& p(x)8 . (ch1oo L & b (1. (ch)- Dp(chd) oo L
=4 p(x)a Dp(c|x IOG(C|X)+° x°g c|x)lo AGLN c|x po_(c)ﬂ
- (8 o) oa 1718 (9 (o 2 oo

Simplifying the above expresson, we get,

DI :éx p(x)éC Dp(c|x)|og p;le))() +D( Q)(c|x)|| Pe (c|x)) D( o c)" R (c)) (28)

Since pe (c|x) isthe optimal distribution, pG(c|x)=(pG (c) e'bd(x’c))/(éwpG (c9 e'bd(x‘“)),where
with p; (c) uniform we get the Gibbs distribution, we subtitute it in the first termin (28),

- bd(x,c)

8

ps (c) +
é pG (Cg e—bd(x,cd):
c¢ (4]

&
~—~
=}
o
B

Fe\M7) _ éx_ p(x)a Dp(c|x)|og§pel(c)

] —bd(x,cﬂ)(.?
R LS

Therefore,

o [o] p C{X
Dp I
& p(x)a trleix)ioa =1y

-b o o o o e B
= ma P(X)a Dp(C|x)d(x,c) - a p(X)EOga; Pe (c&)e (-ﬂ)ga (c|x) (29

_-b
In2

Subdtituting (29) into (28), and using the condition in (26) that DI =0, we get,
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DI = %DD+ D( p,(c|x)||pe(c|x))- D( R(9| Q;(C)) = 0. (30)
Finaly, the difference in the expected digtortion is,
DD:IE—ZgD( g)(c|x)||pG(C|X))- D( R( 9 B(C))H (31)

Note that for large vector dimensions[20], - D (p, (c)| s (¢)) @D( s (¢)|Po(c)) - Hence, for large

dimensions the pendlty paid in terms of distortion at a given system entropy for using the non-optimal soft
assignment measure, P, (c|x) instead of the optimal one, ps (c|x) , is

0D = 1720 p (¢)[ps(c)) + D (el s (e} (32

Note also that p, (c) and p, (c) are dependent on ps (c|x) and p,(clx), respectively. Hence,

minimizing the conditional relative entropy, D( m(clx) || pG(c|x)) in (32) minimizes DD .

[, muttial information non-optimal
‘ .
soft assignment
log,|C]| Py (cf) measure

n .
optimal
soft assignment

Ps (C| X) measure

initial soft
assignments

P ()= B (oK) = 15

E A DE D, distortion
Fig. A1. Convergence of the optimal and a non-optimal soft assignment measures (distributions).
Starting with equal, uniform soft assignments, the optimal soft assignment measure achieves a lower
distortion than the non-optimal soft measure. At a given system entropy level, I' the differencein
distortion is shown asDD. Theterm nisthe vector dimension and |C| is the size of the codebook.
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size 64, vector dimension 16, and the source type zero-mean, unit variance Gaussian.
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