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KdcLegfihBjikljihBm�npoqjLfLrNsutav�wIrIxHxyezhBf/nRhJxH{yeg{y|B{Hr

} h�eg~�rVtaxyeg{y�/v,�Uc�v,|J{y�BrVtHh��:jikzez��vitHhEegj�����vLx-�-hJf�rVkgrIxI���:�7�L���L���
KVKa�:rdw��Eo�j,h�n�hBxH{yeg{y|J{Hr

} hEeg~Lrataxyeg{y�/vi�UnRkzkzezhJv,egxI� } tH�BjihBj���np���E�I�����
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����rI�&�Bjita{%vi�UjihE�&ra�+wVegrVhE{NxHv,|�tawIrqwIv�m�ratNezhE~Lvikg~�rIx4{y�Jr4vi�B{yez�
o�j,k�jikzkgv�wIj�{yegvih�v,�J��eg{ltajL{Hr-jLo�v,hJf4j m�egxHwVtarI{HrNxHrd{uvi��wIvLo4��rI{yezhBf
¡ |BjihE{yeg¢Ij�{yegvih£w��BviegwdrIxI�4jLx&rdo_��kgv,��rIm�ezh¤{y�Jr�xHrVkgrIwI{Hrdm�wIv�m�ezhBf�BjitajLm�egfLo
¥-¦;�Eegx-wIjih/��rNwVkgjLxHxyez§BrIm/|�hBm�ratN{y�BrNfLrVhBrVtajik�kgji��raklvi�
�E|JmEfLrI{y�XwIv,hJxH{ytaj,ezhJrdm�m�egxHwVtard{Hr&vi�B{yego_eg¢Ij�{yegvih��-¨:eg{y�.wIv�m�ezhJf�j,���
�EkzegwIjL{yegv,hJx_ezhBwVkz|Bm�ezhBf/vi�B{yego�j,k©�Eeg{ j,kzkgv�wIjL{yegv,h�ezh�xHwdjikgjitªvitª~LrIwV�
{Hvit ¡ |Jj,hE{yeg¢IrVt-�Jj�xHrIm"�«tajLo�rI¨UvitH�ExI�ErVhE{ytavi�E�L�XwIv,hJxH{ytaj,ezhJrdm ¡ |BjihE�{yeg¢Ij�{yegvih��RtajLo�rd¨:vitH�ExI�EjihBm/wIv�mErV��v�v,�/xHrIj,taw��/�Pv,t-xHwIj,kgjitH�X~LrIwd{Hvit
¡ |BjihE{yeg¢Ij�{yegvih¬Xc�®%¯N°V¥:±Jv,t&{y�Eegx&wakgjLxHx&v,�N��tav,��kgrdo�xI�NmE�LhJj�o_egw�EtavLfitaj�o�o_ezhBf�¬P² sU°�o�rI{y�Bv�m�x:¬Pxy|BwH��j�x�{y�Br©®-eg{HrVtH��eBjikgf�vitHeg{y�Bo+°
�Etavi~LegmEr4{y�Jr%vi�B{yego�jik³xHvikz|B{yegvih�¥-´ v,¨:rI~�rVt-² s�egx-{y�L�EegwIj,kzkg�&~Lrata�
wIv�xH{ykg�)wIv�o_�E|J{Hj�{yegvihBjikgkg�L¥��µh�jikg{HrVtHhBjL{Hr
{HrIw��EhEe ¡ |Jr
{Hv/xHvikg~LezhBf{y�Eegx�wVkgjLxHx+v,�µ�Etavi�EkgrIo�x4|JxHrIxq��jLf,tajihBfLr/oN|�kzez�EkzegrVtaxI¥�¦:��egx�j,���
�EtavLjLwH�/egx oN|Bw��¶o�vitarNrV�ZwVegrVhE{ {y�Bjih�²%s·�E|J{%wIjihEhBvL{ f,|Jj,tajihE�
{HrIr
vi�B{yego�jikzeg{X�¸ezh¹fLrVhBrVtajikªjLx�eg{�kzego_eg{Hx"eg{HxHrakz��{Hv�wIvihE~�rIºL�P��|�kzk
vi��rVtajL{yezhBf·��v,ezhE{HxI�4¨;�EegwH��o�j,�·��r�xy�Jj,taxHr�ezh¤o�j,hE�(ji�E�EkzegwIji�
{yegvihBxI¥.nRh�{y��egx�¨UvitH���l¨:r���tav,��vLxHr/j&hBv,~LrVk-�E�L�EtHegm({HrIwH�Eh�e ¡ |Br{y�BjL{NwIv�o»�EezhJrdx�{y�Jrqxy��rIrIm�vi�-{y�Br���jLfitaj,hJf,egjih�ji�E�EtavLjLwH�.¨:eg{y�
{y�Brµ~�rVtaxHjL{yezkzeg{X�+vi��{y�JrU² s�{HrIwH�Eh�e ¡ |BrN{y�Jj�{¼egxljiegoqrIm+jL{lrIº�{ytajLwI{y�ezhBf/{y�Jr.½p��rIxH{_v,�:��v�{y�.¨:vitHkgmExI¥ ¾¿)r_�EtarIxHrVhE{qjih�ji�E��kzegwIj�{yegvLh
vi��v,|�t:�E�L�EtHegm&{Hrdw��Eh�e ¡ |BrN{HvN{y�Brµwdv�m�rV��v�vi�
xHrIjitawH�+��tav,��kgrdoÀ�Pvitc�® ¯_��mErIo�v,hJxH{ytaj�{yezhJf/xyegf,h�ez§BwIj,hE{ykR�)ego4��tav,~Lrdm�xy��rIrIm�v,~LrVt4{y�Br
�EtarI~Legvi|Bxykg����tav,��vLxHrIm�² su�p�BjLxHrdm�xHrIjitawH�.o�rd{y�Jv�mEx_¨:�Eezkgr+o_eg{yez�
fLj�{yezhJfN{y�Br:xy|E��vi�B{yego�j,kzeR{X��vi��{y�Br:��jLfitaj,hJf,egjih+�BjLxHrIm�j,���EtavLj�w���¥
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¿·eg{y��jih�ezhBwVtarIjLxyezhBf�m�rIoqjihBm��Pv,tNrV�ZwVegrVhE{ykg��wIvLo_�EtarIxHxHrIm�tarV���
tarIxHrVhE{Hj�{yegvih�v,� ego�j�fLrIx+jihBm.~Legm�rdv·xyegf,hJj,kgxI� {y�Br&{Hj�xy�.vi�ªvi�B{yez�
o�j,k©�Eeg{�jikzkgv�wdjL{yegvih��BjLx4jLxHxy|Bo�rIm�tarVhBrI¨:rdm)ego_��v,ta{HjihBwIrLÉ��Bvi¨
xy�Bvi|Ekgm){y�BrNj,~ij,ezkgji�Ekgr�tarIxHvi|EtawIrIx4¬PwIv�m�ezhBf�tajL{Hr4Ê%°U��r_j,kzkgv�wIjL{HrIm
{Hv4o_ezh�ego4eg¢Ir�{y�BrNwIv�m�ezhBf+m�egxH{Hv,ta{yegvih�ËÌ¬Po�rIj�xy|�tarIm&|BxyezhBf"xHv�o�r
o�rI{ytHegwÍ°HÎÌÏ-jL{HrV�Xm�egxH{Hvita{yegvih£¬PÏ:�X²N°_v,�J{yego_eg¢djL{yegvih���rVta~,jLmErIx+jikzk
vi��xHvi|EtawIr wIv�m�ezhBf�����vL{y�+�Rtav�o7jihqezh��Pv,tao�jL{yegv,h��X{y�BrIvitard{yeRwNxH{Hj,hJm��
��v,ezhE{_j�xN¨:rVkzkUjLx �Pv,tN{y�Br�m�rdxyegfih�vi�l��taj�wI{yegwIj,k-wIv�m�ezhJf/xH��xH{HrIoqx
¬P¨:�Jratar:{y�Jrl{HrVtao7ÐaÑJÒ�ÓIÔEÕyÖRÐ�×JÔ�Ø�taj�{HrV�Xm�egxH{Hv,ta{yegvih+egx�|BxHrImJ°V¥³�µ�E��kzez�
wIj�{yegvihBx¼ezhBwVkz|Bm�r-{y�Br©{ytaj�m�eg{yegv,hJj,k�mErIxyegf,h�v,�Jv,ÙJ�PkzezhJr%~LrIwI{Hv,t ¡ |BjihE�{yeg¢IrVtax.¬P®%¯N°Z�BjLxHrIm¤vih¤vi�B{yego_eg¢IjL{yegv,hv,��xH{Hj�{yegxH{yegwIjik
{ytajiezhEezhBf
mEjL{Hj)Úg�VÛX��jLxN¨:rVkzkUjLxNoqvitar_tarIwdrVhE{ hJv,h��X{ytaj,ezh�ezhBf)�BjLxHrIm)�«tajLo�rV�
¨:v,tH�Ex_¨:�BrVtar&{y�Br+rVhJwdv�m�rVt
o�j,��rIx�½yv,h�{y�Jr+ÜJ��¾�m�rdwVegxyegvihBx+vih
�Bvi¨Ýo�j,hE�·�Eeg{Hx&{Hv�j�xHxyegfih¤{Hv�m�ezÙ�rVtarVhE{&wdv�m�ezhBf·|Eh�eg{Hx&ezh�{y�Br
xH��xH{HrIoÚ ÞÍÛX��vitl�Jv,¨�{Hv §�hBm+{y�Jr-��rIxH{lxy|��B{ytarIr v,��jNfikgvi�Bjik ¡ |BjihE�{yeg¢Ij�{yegvih�jihBmJß,vitN{ytaj,hJxy��vitao{ytarIr�Ú à��Bá���âIÛy¥³�µh/rdº�jLo_�Ekgr�vi�l{y�Br
��rVhBrV§B{Hx�vi�;Ï;�X²v,�J{yego_eg¢drIm.jikzkgv�wIj�{yegvih�wIj,h���r��Pvi|EhBm)ezhÄÚ �,Ûy�
¨:�Jratar&jih�Ï:�X²Ìv,�J{yego4eg¢IjL{yegv,h�vi�N{y�Br&¢drVtavL{ytarIr
wIv�m�ezhJf)�«tajLo�rV�
¨:v,tH�&v,�-ÚzãIÛ�tarIxy|�kg{Hx-ezh�xyegfihEez§JwdjihE{N��rVtH�Pv,tao�jihBwIrNfLj,ezh�¥
¦:�L�EegwIjikzkg�L�Ujih.v,��rVtaj�{yegvihBjik%Ï:�y²v,�J{yego4eg¢IjL{yegv,h(�Etavi�EkgrIo�ezhE�

~Lv,kg~LrIxl{y�Br©xy��rdwVez§JwdjL{yegvih
v,��{y�JrlwH�Jv,egwIr-vi�BwIv�m�ezhBf �BjitajLoqrI{HrVtax�ezh
{y�Br;�EegwH��rIm+�RtajLo�rd¨:vitH�q¨:��egwH�/o_ezhEego_eg¢IrN{y�Br wdv�m�ezhBf�m�egxH{Hvita{yegvih
äVåuæ�çzè%é�ê,ëyì/é�í,èNèyî�ï�ïEêiëXðyñaò&çzó/ï�í,ëyð%ôLõ/ðXæ�ñ_ölí,ðyçzê,ó�í,÷uøLùaçzñVó�ùañ

ú ê,î�ó�ò�í,ðyçzê,óuî�ó�ò�ñVëEíIé�íiëXò�è�ûqüpý�þPÿ������������	��
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�Pvitqj&f,eg~LrVh�j,~,jiezkgj,��kgr/��eg{4tajL{Hr_�E|JmEfLrd{I¥)�8��rI�/��v,ezhE{_egx�{y�BjL{
{y�JrUxHrI{uvi�J�Bjitaj�o�rI{HrVtaxuegxuj m�egxHwVtarI{Hr-xHrI{u{y�BrVtarV��vitar-m�egwd{HjL{yezhBf_{y�Br
|JxHr%vi�³m�egxHwVtard{HrNvi�B{yego_eg¢IjL{yegv,h�{Hrdw��Eh�e ¡ |BrIxI¥U¦;�Br rahJwIv�mErVt�� x:{HjLxy�egx:{y�BrVh/{HvN§�hBm+j_f�v�v�m)¬Rez��hJv�{:vi�B{yego�jik«°:v,��rVtajL{yezhBf���viezhE{:�Rtav�o
{y�JrNj,~,jiezkgj,��kgr
m�egxHwatarI{Hr_xHrd{µv,�lvi��ratajL{yezhBf"��v,ezhE{HxI� eP¥ rL¥:{HvqxHrIjitawH�
{y��tav,|Jf,��{y�JrNv,��rVtaj�{yegvihBjiklÏ:�X²7xy�Jj�wIr �Pv,t {y�Br ��v,ezhE{ ¨:��egwH�&�BjLx
{y�Jr-kgrIjLxH{-m�egxH{Hvita{yegv,h�¨;�Eezkgr hBvL{:rIº�wdrIrIm�ezhJf�{y�Br {Hj,tafLrI{ltajL{HrL¥l�µh
jLmEm�eg{yegv,hJj,k�tar ¡ |EeztarIo�rahE{;egxUvi�E~Legvi|Bxykg�&{y�BjL{l{y�BrµxHrdjitawH�"��rµwdvLo_���|B{HjL{yegv,hJj,kzkg��rV�+waegrVhE{I¥
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Convex hull solution

di j( )∑
min di j( ) λri j( )+{ }∑

by Lagrange multipliers

θ
λ θtan–=( )
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n�h�{y�Eegx"�Bji��rVt¶¨:r&¨:ezkzk4mErIxHwVtHez��r�rV�+wVegrVhE{
¨:j,��x+vi�N§EhJm�ezhJf

{y��egx%vi��ratajL{yezhBf&��viezhE{ �Pv,t%{y�JrNego_��v,ta{HjihE{NwVkgj�xHx vi�l�Ekgv�w����P�BjLxHrIm
wIv�mErVtaxu¨:��egwH�+wIv,hJxyegxH{lvi�EezhJmErV��rahJmErVhE{ykg�+wIv�mErIm_�Ekgv�w��Exl{y�Jj�{�wIj,h
w��BjihBfLr%{y�Jraezt-wIv�m�ezhJfN�Jj,tajLo�rd{HrVtax ¬PrL¥ f�¥ ¡ |BjihE{yeg¢drVtaxa°©vih
j-��kgv�wH��E�)�Ekgv�w����BjLxyegxI¥�n�h�{y�Eegx_tarIfLj,tam �lv,|�t��Etavi�EkgrIo �Rtaj�o�rI¨:v,tH�)egx
xyego_ezkgjitq{Hv+{y�Jj�{ wIv,hJxyegmErVtarIm��E��c �Bvi�BjLo j,hJmMo rataxy�Jv�ÚzÞIÛu¨:eg{y�
{y�Jr%~Leg{Hjik�m�egxH{yezhJwI{yegv,h�{y�Jj�{:¨:r-mEv»hBvL{©tardxH{ytHegwI{:vi|EtaxHrVkg~�rIx-{Hv_v,���
rVtajL{yezhBf���viezhE{Hx-{y�BjL{-jitar%vih¶{y�Jr%wIvihE~�rIº"��|Ekzkuv,�u{y�Br wIv�mErVt�� xµÏ:�
²7wH�Jj,tajLwI{HrVtHegxH{yegw+¬PxHrIrN±�egfE¥��-�Pvit%jih¶rIº�jLo4��kgrNv,�lj»hBvihE�XwIvihE~�rIº
��|�kzklxHv,kz|J{yegv,h.¨:��egwH��egxN×JÐ�Õ©j�{H{HjiezhBji�Ekgr��E�&{y�Br_��jLfitaj,hJf�r_oN|Ekz�
{yez��kzegrat"�BjLxHrdm·oqrI{y�Jv�m.v,�NÚzÞIÛy¥ °�¦:�L��egwdjik-rIº�j�o_�EkgrIx+vi�%{y�Jr+j,���
��kzegwdjL{yegvih�xHwIvi��r�vi�ªvi|Et&�Etavi��v�xHrIm�{HrIwH��hEe ¡ |Br)ezhJwakz|JmEr�wIv�m�ezhJfvi�%ezhE{ytaji�Rtaj�o�r�¬Xn��P�Rtaj�o�r,°»�Ekgv�w��Ex+ezh<p/s�q]o ¬P¨:�Eegw��¹{y�L�EegwIjikzkg�
v�wIwV|E�E�£ãLâ�r'vi�¶{y�Jr�vi~�rVtajikzk
��|BmEfLrI{a°V�
rVhE{ytavi�E�L�XwIv,hJxH{ytaj,ezhJrdm
xHwIjikgj,tdßi~�rIwI{Hvit ¡ |Jj,hE{yeg¢IjL{yegv,hÌ¬�qU�-c�¯Nß�q:�:®%¯N°�Ú ���%�iÛX�Nj,hJm�ezhfLrVhBrVtaj,k�jihE� �Ekgv�w����XwIv�m�ezhBf�{y�L��r:�Rtaj�o�rI¨:v,tH�4¨:�JrVtarUwIvihE~�rIºL�P��|�kzk
vi��ratajL{yezhBf_��viezhE{HxU¨;ezkzk�hBvL{lxy|��ZwIrµezh
fLrahJrVtaj,kP¥l�µh�ezkzkz|Bo_ezh�j�{yezh�f

¦uv�j,����rdjit ezhLs TXA,^�tdu�v�Mxw'w s�ymz/{�|} Y/~Z� y��/��| M»O��gY�DJOPY |�� M � w� nFq�q�q��I���L�



rIº�j�o_��kgr/v,�-xy|Bw���j&�Rtaj�o�rI¨:v,tH��ezhE~Lv,kg~LrIx+{y�BrZ�Etavi�EkgrIo2v,� v,���
{yego�j,k-wIv�mErV��v�vi��xHrIj,taw��.�Pv,t�{y�Br�tarIwIrVhE{ykg��ezhE{ytav�m�|BwIrIm�c�wIjikgj,tH�
®lrIwI{Hvit¼¯µ|Jj,hE{yeg¢IrVt-¬Xc�®%¯N°³Úg�I�,ÛE¨:��egwH�_egx�j-xH{ytH|JwI{y|EtarImN§Jº�rdm��PtajL{Hr
¡ |BjihE{yeg¢IrVt%{y�BjL{lji�E��tav,ºLego�j�{HrIx-{y�Jr:��ratH�Pvitao�j,hJwdr vi��qU�-c�¯_¥�¿�r¨:ezkzku��tardxHrVhE{NrIºL��rVtHegoqrVhE{HjikltarIxy|Ekg{Hx ezh.c�rIwI{yegv,h�á+~LratHez�P�LezhJf/{y�Br
xy|E��rVtHegvit/��rVtH�PvitaoqjihBwIr/vi�4v,|�t+�Etavi��v�xHrIm�{Hrdw��Eh�e ¡ |Br�v,~Lrat&{y�Br¬PxH{HjihBmEjitamB°©m��LhBjLo4egwV�P��tav�fitajLoqo_ezh�f/¬P² sU°p�P�Jj�xHrIm+o�rI{y�Bv�mZ�Etavi�
��v�xHrIm&ezh.Ú �d�iÛ��Pv,t {y�Br4c�® ¯7wIv�mErV��v�v,��xHrIjitawH�&�Etavi�EkgrIo&¥
¿)r(hBv,¨ ��tav,~LegmEr�j��EtHegrV��o�vL{yeg~,j�{yegvihÝ�Pvit.v,|�t���tav,��vLxHrIm

o�rI{y�Bv�m��uj&�E�L��tHegm���rd{y¨:rIrah.{y�Jrq��jLf,tajihBfiegj,h��P�BjLxHrIm�j,hJm�²%s¼�
�BjLxHrIm/v,�J{yego_eg¢djL{yegvih�{HrIw��EhEe ¡ |JrIxI¥¦:�Jr���jLf,tajihBfiegjihE�P�Jj�xHrIm.vi�B{yego_eg¢Ij�{yegvih�j�m�m�tarIxHxHrIm/ezh�Ú ÞVÛu�Jj�x
{y�Br©j�m�~,jihE{Hj�fLr-vi�E��rVezhBfµ��jLxH{ �E|B{I�Lj�xuo�rVhE{yegvihBrIm��L�BjLxu{y�Br©m�taj,¨;�
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