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{λj , γj} := Split(λj−1)

γj := γj − P (λj),

λj := λj + U(γj).
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λj := λj − U(γj)

γj := γj + P (λj),

λj−1 := λj ∪ γj .
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Xe(z
2) =

X(z) + X(−z)

2
Xo(z

2) =
X(z) −X(−z)

2z−1

��3E�
T (z) = a(1 + z)
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T (z) 1

















Λ1(z)

Γ1(z)
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1 0

a(1 + z) 1

















Xe(z)

z−1Xo(z)









=









Xe(z)

z−1Xo(z) + aXe(z) + azXe(z)
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� �A,7#"���0 -8 �s�>RIJ�����6G K*`����67#"�Q��6G3_3E=43E8\I7#"���Q "!U��6G3_/G#"�X#���3E9M#"��8G��,.8G]�67#"8.D43W/)&�*+6.��%03b��6G3_ ?/./
I7#"���`�0�+]W -8A=4 -%�=43W/:*+����6:��6G3TPG%���3E�

az−1 + 1 + az
R�( 8: -��6G3E�`*$ -��/.�K&.*$3�]K#"8C]W -9bI.,.��3 �s�>RIJ��+#-�K~

3C�V5S��-0
W:n"#���7"#��5
n

r �
n
r�u�n�!"n��

�

x(n) := x(n)
�

r �
n
r�uQtKp4p

�

x(n) := ax(n− 1) + x(n) + ax(n + 1)
�

��3E�
x̄o(n)

/.3E8G -��3+��6G3�/G#"�X#�#"����6G3` ?/./_��3E8G�� -���� ��� ndo���6G3`/>,7#"%G%���!e����8.DQ����3EI�R�( !
S(z) = b(1+z)
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*a3Q]K#"8C/.3W��]E�����[3���6G3�I.����9M#"%�%���!e����8.DM����3EIC#-�K~









1 S(z)

0 1

















Λ1(z)

Γ1(z)
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1 b(1 + z)

0 1

















Xe(z)

z−1X ′
o(z)









=









bz−1X̄o(z) + Xe(z) + bX̄o(z)

z−1X̄o(z)
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3C�V5S��-0
W:n"#���7"#��5
n

r �
n
r�u�n�!"n��

�

x(n) := bx̄(n− 1) + x(n) + bx̄(n + 1)
�

r �
n
r�uQtKp4p

�

x̄(n) := x̄(n)
�

�8c
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���X#"8G��!e -��9 ]K#"8b�[3a!s#-]E�� -�����K3W/b��8A�� �%���!e����8.D�����3EIG�K&4#"8G/^��9bI.%03E9_3E8F��3W/c��8

#^��3E8G�� -�+8G3E� *a -��2C#-��#_��3��F,G3E8G]W3� "!�/>,7#"%j#"8G/hI.����9M#"%j����3EIG�KR�iU6G3���9bI.%03E9_3E8A�X#"���0 -8< "!g��6G3�� *$ 

����3EIG�$�0�U��%�%�,G�����X#"��3W/5��8h����DZ,.��3��>RIJ>R
��3E�
x̄(n)

/.3E8G -��3���6G3TI.�� A]W3W�X��3W/ � PG%���3E��3W/ �$/G#"�X#J#"�U8G ?/.3
n
R

( 8c��6G3�/>,7#"%)����3EI �e����DZ,.��3��>RIJ �s#�� �d&.3K#-]�6: ?/./5�X3E8G�� -�
(2n + 1)

��3W]W3E��=43W�+*a3E��DZ6A��3W/:/G#"�X#Q!��� -9 �����

8G3E��DZ6F�[ -���`#"8G/�]W -9bI.,.��3W�
x̄(2n + 1) = x(2n + 1) + ax(2n) + ax(2n + 2)

R�( 85��6G3�I.����9M#"%)����3EI

�e����DZ,.��3T�>RIJ ��� � �d&>3K#-]X6�3E=43E8���3E8G�� -�
(2n)

��3W]W3E��=43W�$��6G3�I.�� ?]W3W����3W/c/G#"�X#�!e�� -9 �����$ ?/./M8G3E��DZ6A�� -���K&

#"8G/_]W -9bI.,.��3W�
x̄(2n) = x(2n)+ bx̄(2n−1)+ bx̄(2n+1)

R��A,.�G��3��F,G3E8A�a/>,7#"%�#"8G/_I.����9M#"% ����3EIG�

#"��3�]W -9bI.,.��3W/h��8 ��3��F,G3E8G]W3Z& #-�`/.3W��]E�����[3W/h�F;�� �A,7#"���0 -8 �s�>RdX �dR
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� �� �� �� �� ��

(a)

(b)

2n 2n+1 2n+2 2n+3 2n+4 2n+5

2n 2n+1 2n+2 2n+3 2n+4 2n+5

ax(2n+2) ax(2n+2)ax(2n) ax(2n) ax(2n+4) ax(2n+4)

bx(2n-1) bx(2n+1) bx(2n+1) bx(2n+3) bx(2n+3) bx(2n+5) bx(2n+5)

����DZ,.��3Q�>RIJ>~�( 9bI.%03E9_3E8F�X#"���0 -81 "!�#b��3��A,G3E8G]W3� "!�%���!e����8.DM����3EIG�KR �s#��+/>,7#"%�����3EI
� ��� �$I.����9M#"%�����3EI�R

����DZ,.��3C�>RIJ<��%�%�,G�����X#"��3W�c3K#-]�6 ����3EIO��8O��6G3:]W -9bI.,.�X#"���0 -8  "!T��6G3�PG�����b%03E=43E%� "!T��6G3h*$#K=43E%03E�

/.3W]W -9bI[ Z�������0 -8�R iU6G3<��9bI.%03E9_3E8A�X#"���0 -8  "!J#
n
\'%03E=43E%�/.3W]W -9bI� Z�������0 -8�!e -%�%0 m*`����6G31#"%�D4 -������6.9

/.3W��]E�����[3W/V��8�� �F,7#"���0 -8 �s�>RIG��dRc@�!���3E�Q��6G3^PG������%03E=43E%$]W A3`_M]E�03E8A���J#"��3c]W -9bI.,.��3W/)&j��6G3M/G#"�X#C#"�
��6G3
3E=43E8J��3E8G�� -�����0�j��I.%�������8F�� T3E=43E8J#"8G/Q ?/./)&Z#"8G/���6G3
8G3df?�j%03E=43E%A "!G/.3W]W -9bI� Z�������0 -8��0�j]W -9bI.,.��3W/

#-�+�[3d!e -��3 �e����DZ,.��3Q�>RIb��dR
�� �� �� ��  ! "#

2n 2n+1 2n+2 2n+3 2n+4 2n+5

$% &' () *+ ,- ./
2n 2n+1 2n+2 2n+3 2n+4 2n+5

(a)

(b)

Dual Step

Primal Step

����DZ,.��3Q�>RIb>~��)��!e����8.DM����3EIG�U!s -�`��6G3 �s#��aPG������#"8G/ ��� �U��3W]W -8G/h%03E=43E%� "!g*$#K=43E%03E�T/.3W]W -9bI[ Z�������0 -8�R
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�$ -8G���0/.3E����6G3$PG%���3E��I7#"���g!s -�g��6G3��$ -6G3E8l\ ��#",.�[3W]�6.�03W� \ �G3K#",.=43K#",c�.�0 -����6G -D4 -87#"% *$#K=43E%03E����IJ 	.*+����6
�L=Z#"8.�0��6.��8.DO9_ -9_3E8F���:!e -�h��6G3V/>,7#"%Q#"8G/ I.����9M#"%�*U#W=43E%03E�C!�,.8G]E���0 -8G� �'�$�����s�>& ��� �d&�,.I��� Y#

8G -��9M#"%����m#"���0 -8 !s#-]E�� -�K~

H̃(z) = − 1
8z−2 + 1

4z−1 + 3
4 + 1

4z − 1
8z2

G̃(z) = 1
4z−2 − 1

2z−1 + 1
4

iU6G3�I[ -%�;AI.67#-�X3�9M#"������f5!s -�+��6.�0�+I7#"���� "!�PG%���3E���`�0�`DZ��=43E8:�F;

P(z) =









−1
8z−1 + 3

4 −
1
8z 1

4 + 1
4z

1
4z−1 + 1

4 −1
2
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�0� �e -9b��������8.Dc8G -��9M#"%����m#"���0 -8 �

P(z) =









1 1
4 + 1

4z

0 1

















1 0

−1
2z−1 − 1

2 1
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iU6G3E��3d!s -��3Z&[��6G3_�$�T���s�>& ����*$#K=43E%03E��]K#"81��3���9bI.%03E9_3E8F��3W/V�A;:��6G3J%���!�����8.D:#"%�D4 -������6.9 #-�T/.3`\
��]E�����[3W/���8Cij#"�.%03��>R��Z~

�AI.%���������8.D �e3E=43E8 #"8G/: ?/./ �
xe(n)← x(2n)
xo(n)← x(2n + 1)��,7#"%�%���!�����8.D
xo(n)← xo(n)− 1

2 (xe(n) + xe(n + 1))D�����9M#"%�%���!e����8.D
xe(n)← xe(n) + 1

4(xo(n− 1) + xo(n))

ij#"�.%03��>R��Z~�����!�����8.D5 -I�3E�X#"���0 -8G�U!s -�`��6G3Q�$�����s�>& ���U*U#W=43E%03E�KR

�8J



�T A/.3^]W -9b9�,.8.�0]K#"���0 -8G����8N#5��3E8G�� -��8G3E� *$ -��2<]W -9bI.,.����8.DC��6.�0��*$#W=43E%03E�Q*a -,.%0/1!s -%�%0 K* ����DW\
,.��3c�>RIb>&j*+6G3E��3b��6G3c]W -����3W��I� -8G/>��8.DCPG%���3E�Q*$3E��DZ6F���J��8N����DZ,.��3c�>RIJ:#"��3MDZ��=43E8N�A;

a = −1
2

&�#"8G/

b = 1
4

R

� ��� � � � � � � � � ���� � � ���� � ��� �7�� � � �G� � � � �Q� �� � � � �����\� ���`� � � �#�^�

@T��#^9_3K#"8G�`�� M K=43E��]W -9_3���6G3�]K#",G�X#"%���� ;�I.�� -�.%03E9:&[#"8G/h��3W/>,G]W3���6G3�8F,.9Q�[3E�� "!����X#"8G��9b�0�X���0 -8G�K&

��8  -,.�cI.�� -I� Z��3W/ ��;?����3E9 3K#-]�6 ��3E8G�� -�_I[3E�q!e -��9_�MI7#"������#"%�]W -9bI.,.�X#"���0 -8G�5,G����8.D\��6G3 #W=Z#"��%�#"�.%03

/G#"�X#M��67#"��#"������=43W�T*+����61��6G3Q8G3E� *a -��2 �7 K*�RT��3E�
H(z) =

∑c
k=−a hkz

−k & (a > 0, c ≥ 0)
& ��3^#

D43E8G3E���0]�PG%���3E�T/.3dPG8G3W/ �F;C��6G3Q���X#"8G�q!s -��9 �� M�[3�#"I.I.%��03W/ �� M��6G3�8G3E� *$ -��2�R�iU6G3
z
\'���X#"8G�q!s -��9  "!

��6.�0�UPG%���3E��]K#"8C��3���I.%�������8F�� b� *a _��3E��9_�

H(z) = A(z) + C(z) =

−1
∑

k=−a

hkz
−k +

c
∑

k=0

hkz
−k

*+6G3E��3
A(z)

#"8G/
C(z)

#"��3���6G3�#"8F���0]K#",G�X#"%g#"8G/:]K#",G�X#"%�I7#"�����` "!g��6G3�PG%���3E�K&.��3W��I�3W]E����=43E%�;4R

( 8 ��6G3MPG�����^����3EI  "!T��6G35I7#"������#"%`]W A3`_M]E�03E8A�c#"I.I.�� 4#-]�6�&$3K#-]�6O8G ?/.3�]W -9bI.,.��3W�b��6G3�]K#",G�X#"%
I7#"���� "!���6G3�PG%���3E��]W -8F=4 -%�,.���0 -8�&�#"8G/<��3E8G/.����6.�0����8>!s -��9M#"���0 -8<�� M��6G3Q8G3df>��8G ?/.3^#-�������`k I7#"������#"%

]W ?3`_M]E�03E8F�q|XR1@U�J��,.�G��3��F,G3E8A��8G ?/.3W�K&�*+6G3E��358G3E*�/G#"�X#C�[3W]W -9_3W�^#K=-#"��%�#"�.%03Z&g��6G3c��3E��9_�^ "!`��6G3

#"8F���0]K#",G� #"%���,.9b9M#"���0 -8 #"��3�#-/./.3W/)&>��3dPG8.��8.D_��6G3�]W ?3`_M]E�03E8F��,.8F����%)���+�0�$!e,.%�%�;c]W -9bI.,.��3W/)R
@T�`#"8
3dfG#"9bI.%03Z&4%03E�

x(n)
/.3E8G -��3`��6G3U�X#K* /G#"�X#�#"8G/

x̄(n)
��6G3UPG87#"%7]W ?3`_M]E�03E8F��!e -����6G3

n
\'��6_��3E8G�X -�KRj( 8

 -��6G3E��*$ -��/.�K&Z��![��6G3U��8.I.,.�
����DZ87#"%.�0�g�� ��[3$PG%���3E��3W/b�F;
h(n)

&Z��6G3E8
x̄(n) = x(n)∗h(n)

R
�$ -8G���0/.3E�

��6G3+PG%���3E����8.D^ -I[3E�X#"���0 -8
x̄(n) = αx(n−1)+x(n)+βx(n+1)

R�( 8M -,.�+#"I.I.�� 4#-]�6�&>����8G]W3���3E8G�� -�

n
/. A3W��8G -�Q67#W=43M#-]W]W3W���Q�� h/G#"�X#5!e�� -9 ��3E8G�� -�

n + 1
�s#�!�,.��,.��3^8G ?/.3 �d&����Q]W -9bI.,.��3W�`� ,G���T��6G3

�8b



I7#"������#"%a]W ?3`_M]E�03E8F�
x̄p(n)

#-�
x̄p(n) = αx(n − 1) + x(n)

&g#"8G/V���X#"8G��9b�����Q����!e -��*U#"��/)RSE 6G3E8

��6.�0�+I7#"������#"%�/G#"�X#_#"������=43W��#"����3E8G�X -�
n + 1

&>����*+��%�%���3�,.I[/G#"��3W/h�� 
x̄(n) = x̄p(n) + βx(n + 1)
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P(z) =









1 β(1 + z)

0 1

















1 0

α(1 + z−1) 1
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( 8���6G3aPG����������3EI�&Z ?/./J/G#"�X#T�0�j�� ��[3a,.I[/G#"��3W/J�� 
x̄(2n+1) = αx(2n)+x(2n+1)+αx(2n+

2)
R�iU6.�0�`����3EI: -I[3E�X#"��3W�` -8h�X#K* /G#"�X# �

x(2n)
&
x(2n + 1)

#"8G/
x(2n + 2)
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•x̄p(2n + 1) := x(2n + 1) + αx(2n) •x̄(2n + 1) := x̄p(2n + 1) + αx(2n + 2)

•x̄(2n) := x̄p(2n) + βx̄(2n + 1)

•x̄p(2n + 2) := x(2n + 2) + βx̄(2n + 1)
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∏

i=1
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n
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��3E8G�X -�
n+(2a1−1)
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a1 = 2

�dR
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E2(z)
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n
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��3E8G�� -�
n+1

�e ?/./ �g*+��%�%� -8.%�;b��3�I�3E�q!s -��9_3W/c#"�a8G A/.3
(n+1)+(2a1−1) = n+2a1
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n
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n+(2a1− 1)+ (2a2− 1)
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n n+6

n
odd
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a1 =

a2 = c1 = c2 = 2
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fi =
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∑

k=1

(2ak − 1),
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fi = fi−1 + (2ai − 1), i > 1
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n
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Ei(z)
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n
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Ei(z)
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n + fi
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Ei+1(z)

RMiU6G3b!e,.%�%�]W ?3`_M]E�03E8F��!e -����3E8G�X -�
n
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x̄(n)
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n
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n+(2k−1)+fi−1
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k = 1, 2, . . . , ai
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�G -%�%0 m*+��8.D���6G3U8G -�X#"���0 -8b��8F���� ?/>,G]W3W/b��8M�?3W]E���0 -8M�>RIH>&4# !e��3E����6G3$]W ?3`_M]E�03E8F����!e -�g��6G3aPG�����g%03E=43E%
 "!
/.3W]W -9bI[ Z�������0 -8\#"��3�]W -9bI.,.��3W/)&[3E=43E8<8G A/.3W��*+��%�%����� -��3Q��6G3J��3E�

λ1
&�#"8G/ ��6G3J A/./C8G A/.3W����6G3

��3E�
γ1
Ra( 8:��6G3���3W]W -8G/:%03E=43E%� "!�/.3W]W -9bI[ Z�������0 -8�& ��6G3Q�X#"9_3� -I�3E�X#"���0 -8G�T��6G -,.%0/h�[3�#"I.I.%��03W/)&7�.,.�

8G K*�,G����8.D1#-����8.I.,.�^ -8.%�;V��6G3M��3E�
λ1
RC�A��8G]W35/G#"�X#�!e�� -9 ��6G3bPG�����Q%03E=43E%U "!+/.3W]W -9bI[ Z�������0 -8L�0�

 -8.%�;:!e,.%�%�;C]W -9bI.,.��3W/\# !e��3E��#b!s3E* 8G A/.3W� ��*+6G3E��3^��6G3^3df.#-]E�TI.%�#-]W3b/.3EI[3E8G/.�� -8 ��6G3J���X#"8G�q!s -��9

PG%���3E��� �d&>��6G3�]W -9bI.,.�X#"���0 -8C "!���6G3���3W]W -8G/5%03E=43E%�]K#"8� -8.%�;����X#"���`# !e��3E�$��6G3�8G ?/.3W�$*+6G3E��3���6G3TPG�����

%03E=43E%.�0��]W -9bI.%03E��3W/)R1E\3U8G K*Y/.3W�X]E������3U9_ -��3$!s -��9M#"%�%�;���6G3$����9b��8.DQ "!���6G3U=-#"���0 -,G��]W -9bI.,.�X#"���0 -8G�
�X#"2?��8.D�I.%�#-]W3`��8_��6G3`8G3E� *a -��2[R��G -�a/.3W��]E����I.���0 -8c]E%�#"����� ;bI.,.��I� Z��3W�m&F����8G]W3�#"%�%7��6G3` -I�3E�X#"���0 -8G�
�X#"243

I.%�#-]W3���3��A,G3E8F����#"%�%�;M��8���6G3T8G3E� *$ -��2�&.���X#"������8.DJ*+����6�8G ?/.3
1
�e��3W3T����DZ,.��3��>RdX �d&A*$3�]K#"8c��8A���� A/>,G]W3

#C����9_3M��3d!s3E��3E8G]W3ZR ��3E�
ti
/.3E8G -��35#C����9_35����3EI�&� -�Q��8A��3E��=-#"%'&���8���6G3M8G3E� *a -��2  -I�3E�X#"���0 -8�R E\3

�X#K;h��67#"��#"�
t0

� � ����6G3�8G ?/.3W�T#-]��A,.����3Q��6G3E���T9_3K#-��,.��3E9_3E8A���KR�@U�
t1
&78G ?/.3

1
��3E8G/.��������/G#"�X#M�� 

8G ?/.3
2
RJ@U�

t2
8G ?/.3

2
*+��%�%g,G��3J��6G3^I.��3E=?�0 -,G��%�;C��3W]W3E��=43W/N/G#"�X#5�� cD43E8G3E�X#"��3c#MI7#"������#"%�=43E�����0 -8

 "!U��6G3b]W A3`_M]E�03E8A����!s -���� -��6V8G ?/.3W�
1
#"8G/

2
&�#"8G/1!s -��*$#"��/V��6G3^��3W��,.%����� �8G A/.3

3
&j#"8G/V�X 5 -8�R

�G -��#"81#"���X#K;C "!
M

8G ?/.3W�K&7��6G3J����8.2h*+��%�%���3W]W3E��=43Q��6G3����X#"8G�q!s -��9 ��3EI.��3W�X3E8F�X#"���0 -81!s -����6G3J/G#"�X#

9_3K#-��,.��3E9_3E8A����#"�
tM
RT�A��8G]W3Q*$3�2?8G K* ��67#"����6G3QPG������%03E=43E%�]W ?3`_M]E�03E8F�T!s -����3E8G�� -�

n
�e3E=43E8 �`�0�

#W=Z#"��%�#"�.%03�#"�a8G ?/.3
n+ f2m

#"�a����9_3
tn+f2m

&F��6G3�8G ?/.3W�U#"�a*+6.�0]�6h]W ?3`_M]E�03E8F���`#"��3�,.I�/G#"��3W/�#"8G/
�[3W]W -9_3T#K=-#"��%�#"�.%03T]K#"8c�[3+!s -,.8G/_����3E�X#"����=43E%�;4R
�G -�a��6G3�8G3df>�
%03E=43E%[ "!�/.3W]W -9bI� Z�������0 -8G�m&A��6G3���8.I.,.�

/G#"�X# ��3��F,G3E8G]W3c�0�J/. K*+8G�X#"9bI.%03W/)&
9_3K#"8.��8.D<��67#"�J��6G3c8G3E* k 3E=43E8>|c]W ?3`_M]E�03E8F���b]W -����3W��I� -8G/L�� 

HK



8G ?/.3W�
4n
&
n ∈ Z

& #"8G/h��6G3�k  ?/./?|��� b8G A/.3W�
4n + 2

Ra�7 -����6G3
j
\'��6 %03E=43E%j "!�/.3W]W -9bI� Z�������0 -8�&7*$3

]K#"8hPG8G/h��6G3�=Z#"%�,G3W�U!s -�
f

(j)
i

#-�K~

f
(j)
1 = 2j−1(2a1 − 1) + f
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(j)
2m%2j �)U�V5

s = 1
�� 

2m
���

D43E8G3E�X#"��3�%0 ?]K#"%)I7#"������#"%��7#-��3W/h -8 #K=-#"��%�#"�.%03�I7#"������#"%j/G#"�X#	�
% )

n%2j == residue
� � �.p�� � n u���r � � 	'� � �.n�� 	.ndo�n �  Y:7���

) ��5
k = 1

�� 
as

�7�
x̄

(j)
p (n− 2j−1[2k − 1]− f

(j)
s−1 − f

(j−1)
2m )+ := hsk

x̄(j−1)(n− f
(j)
s−1 − f

(j−1)
2m )���7��)U�V5

���7� % )
����� ) ��5

����� ) ��5
���7� ) �V5
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( 8b��6.�0�
��3W]E���0 -8b*$3�/.3W��]E�����[3U��6G3+I7#"������#"% ]W ?3`_M]E�03E8F�U#"%�D4 -������6.9 !s -��� *$ �%03E=43E%0�� "!�/.3W]W -9bI[ Z�������0 -8

,G����8.D\��6G3C�X#"9_3hI7#"���M "!�*$#K=43E%03E�MPG%���3E���M��8Y��6G3:3dfG#"9bI.%03: "!��?3W]E���0 -8 �>R KGR��ZR iU6G3:I� -%�;?I.67#-��3

9M#"������f:/.3W]W -9bI� Z�������0 -8:�0�+��3EI.�� ?/>,G]W3W/:6G3E��3�!s -�`]W -8F=43E8.�03E8G]W3Z~

P(z) =









1 1
4 + 1

4z

0 1

















1 0

−1
2z−1 − 1

2 1









iU6G3�%���!e����8.DM3��A,7#"���0 -8G�+��8:����9_3�/. -9M#"��8 #"��3

x̄(2n + 1) = − 1
2x(2n) + x(2n + 1)− 1

2x(2n + 2)

x̄(2n) = 1
4 x̄(2n− 1) + x(2n) + 1

4 x̄(2n + 1)

( 8h��6.�0�`]K#-��3�*$3�67#W=43

a1 = 1

a2 = 1

f1 = 2× 1− 1 = 1

f2 = 1 + (2× 1− 1) = 2

( 8���6G3�PG�����U����3EIc!s -�U��6G3TPG�����U%03E=43E%) "!�/.3W]W -9bI[ Z�������0 -8�&G ?/./5�X3E8G�� -��� �
2n + 1

�
]W -9bI.,.��3���6G3

]K#",G�X#"% I7#"���$ "!���6G3�]W A3`_M]E�03E8A���KR�iU6G3W��3�I7#"������#"%0�a*+��%�%��[3+,.I�/G#"��3W/
f1 = 1

8G ?/.3`%�#"��3E� �s#"�a�X3E8G�� -�

2n + 2
�dR�( 8<��6G3��X3W]W -8G/<����3EI�& ��6G3JI7#"������#"%0��!s -����6G3^3E=43E8V��3E8G�� -��� �

2n
�+*+��%�%g�[3Q,.I[/G#"��3W/V# !���3E�

f2 = 2
8G ?/.3W�K&G#"�+��6G3�!s -%�%0 K*+��8.Dc3E=43E8 ��3E8G�� -�KR�iU6G3E��3d!s -��3Z&.8G A/.3

2n + 2
,.I[/G#"��3W�`I7#"������#"%0�`!��� -9

8G ?/.3W�
2n + 1

#"8G/
2n
R�iU6G3� -I[3E�X#"���0 -8G��#"��3Z&G#-�+��8:��6G3Q3df.#"9bI.%03� "!
�?3W]E���0 -8 �>RIG>R��Z~

H8c



���������
	��	����������������������������	������������! #"�%$'&)( ���������
	��	��������*���+����������,���)	�����������' #")��$-"�(�.

•x̄p(2n + 1) := x(2n + 1) − 1
2
x(2n) •x̄(2n + 1) := x̄p(2n + 1) − 1

2
x(2n + 2)

•x̄(2n) := x̄p(2n) + 1
4
x̄(2n + 1)

•x̄p(2n + 2) := x(2n + 2) + 1
4
x̄(2n + 1)

( 8���6G3T�X3W]W -8G/c%03E=43E%� "!�/.3W]W -9bI� Z�������0 -8�&G��6G3T� #"9_3T -I[3E�X#"���0 -8G�+��6G -,.%0/��[3T#"I.I.%��03W/)&G�.,.�$8G m*

��6G3 ��8.I.,.�5/G#"�X#�]W -����3W��I[ -8G/.�c�� ���6G3<��3E�
λ1
&+��6G3 3E=43E8 PG�����c%03E=43E%T]W ?3`_M]E�03E8F���

{4n, 4n + 2 �

n = 0, 1, 2, . . .}
R ( !

x̄′(n)
/.3E8G -��3W����6G3<��3W]W -8G/ %03E=43E%�]W A3`_M]E�03E8A��!e -����3E8G�� -�

n
&+��6G3 %���!�����8.D

3��A,7#"���0 -8G��#"��3�DZ��=43E8C�A;�~

x̄′(4n + 2) = − 1
2 x̄(4n) + x̄(4n + 2)− 1

2 x̄(4n + 4)

x̄′(4n) = 1
4 x̄′(4n− 2) + x̄(4n) + 1

4 x̄′(4n + 2).

E\3b8G3W3W/V�� hPG8G/�#"��*+6.�0]X6N8G ?/.3W��3K#-]�6L "!$��6G3M��3E��9_��#"�[ K=43b�[3W]W -9_3c#K=-#"��%�#"�.%03Z&��� h��6G3E;1]K#"8
�[3J#-/./.3W/<�� c��6G3�I7#"������#"%�/G#"�X#>R��.�� -9 �s�>R��#c��d&[*a3J67#K=43���67#"�

f
(2)
1 = 4

#"8G/
f

(2)
2 = 6

&)#"8G/ ��6G3

 -I[3E�X#"���0 -8G��]K#"8:�[3�/.3W��]E�����[3W/C#-�

x̄′(4n + 2)































































x̄(4n + 2)
�[3W]W -9_3W��#K=-#"��%�#"�.%03J#"�

t(4n+2)+2

⇒
#"��8G A/.3

(4n + 4)
]W -9bI.,.��3

x̄′
p(4n + 2) = x̄(4n + 2)− 1

2 x̄(4n)

x̄(4n + 4)
�[3W]W -9_3W��#K=-#"��%�#"�.%03J#"�

t(4n+4)+2

⇒
#"��8G A/.3

(4n + 6)
,.I[/G#"��3

x̄′(4n + 2) = x̄′
p(4n + 2)− 1

2 x̄(4n + 4)
�s�>R��YX �

HRX



x̄′(4n)



















































































x̄(4n)
��3W]W -9_3W��#K=-#"��%�#"�.%03J#"�

t(4n)+2,

x̄′(4n− 2)
�[3W]W -9_3W��#K=-#"��%�#"�.%03J#"�

t(4n−2)+4

⇒
#"�+8G A/.3

(4n + 2)
]W -9bI.,.��3

x̄′
p(4n) = x̄(4n) + 1

4 x̄′(4n− 2)

x̄′(4n + 2)
�[3W]W -9_3W��#K=-#"��%�#"�.%03J#"�

t(4n+2)+4

⇒
#"�+8G A/.3

(4n + 6)
,.I[/G#"��3

x̄′(4n) = x̄′
p(4n) + 1

4 x̄′(4n + 2)

�s�>R��#J��

iU6G3E��3d!s -��3Z&
��3W]W -8G/ %03E=43E%` ?/./L8G A/.3W� �
4n + 2

��*+��%�%U,.I[/G#"��3�I7#"������#"%0�^!e�� -9 8G ?/.3W�
4n − 2

#"8G/
4n − 4

&�#"8G/�D43E8G3E�X#"��35I7#"������#"%0��!e -��8G A/.3W�
4n
R<�?3W]W -8G/�%03E=43E%+3E=43E8�8G ?/.3W� �

4n + 4
��*+��%�%

D43E8G3E�X#"��3�I7#"������#"%0�`!s -�`8G ?/.3W�
4n + 2

R`B�I[3E�X#"���0 -8G��/.3W�X]E������3W/C�F;:3��A,7#"���0 -8G�T�>R��YXM#"8G/ �>R��#J_]K#"8
�[3���,.9b9M#"�����K3W/ #-�K~

���������
	��	����������������������������	������������! ����%$-"�( ���������
	��	��������*���+����������,���)	�����������' �����$�� (�.

•x̄′(4n − 2) := x̄′

p(4n − 2) − 1
2
x̄(4n) •x̄′

p(4n + 2) := x̄(4n + 2) − 1
2
x̄(4n)

•x̄′(4n − 4) := x̄′

p(4n − 4) + 1
4
x̄′(4n − 2)

•x̄′

p(4n) := x̄(4n) + 1
4
x̄′(4n − 2)

� ��� � �`�.� � ����� � �� � � � � �`���
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��,G]X6���67#"�j���j������%�%A%03K#-/.�j�� T#"8� m=43E�X#"%�%?��3W/>,G]E���0 -8^ "!G��6G3
3E8G3E��DZ;�]W Z���KR�iU6G3a�0/.3K#+�0�j�� �]W -9bI7#"��3a��6G3

]W -9bI.��3W�����0 -8�I[3E�q!e -��9M#"8G]W3 �e����DZ87#"% \'�� \'8G -�0�X3��X#"���0 �a#"8G/5��6G3�]W Z���$�� J#-]X6.�03E=43���67#"�UI�3E�q!s -��9M#"8G]W3
!s -�J#C8F,.9Q�[3E�b "!`I� Z�X�����.%03c]W ?/>��8.D1��]�6G3E9_3W� �e3ZR DGR�&g*$#K=43E%03E�b=?�mRh�X#W* /G#"�X#C���X#"8G��9b�0�����0 -8 ��#"8G/

8F,.9���3E�T "!�%03E=43E%0�� "!g/.3W]W -9bI[ Z�������0 -8�R

( !Q��6G3V/>�0���X#"8G]W3W���[3E� *$3W3E8 ��3E8G�� -���:#"��312?8G K*+8�&�#���3K#-�� -87#"�.%03\3W������9M#"��3<!s -�c��6G3V]W Z���� "!

���X#"8G��9b��������8.D^#
b
\'�.���
I7#-]�243E�$��3E� *a3W3E8M� *a J��3E8G�� -�����X3EI7#"�X#"��3W/_�F;_#�/>�0���X#"8G]W3

d
]K#"8M��3+DZ��=43E8c�F;

C = b ·dα � K8K7&A�>��	 &4*+6G3E��3
α
�0�a#�]W -8G���X#"8F�$��67#"�a/.3EI[3E8G/.�a -8c��6G3`9_3W/>��,.9 ��� ;?I.�0]K#"%�%�;c���dR��A��8G]W3

3K#-]�6L%���!e����8.D:!'#-]E�� -�����m#"���0 -8L����3EIL3df?I.%��0]E����%�;\/.3dPG8G3W��*+6.�0]�6O]W ?3`_M]E�03E8F���J8G3W3W/\�� C��3M3df>]X67#"8.D43W/
�[3E� *a3W3E8<3K#-]�6h8G ?/.3Z&.��6G3��� -�X#"%�]W Z���`]K#"8h�[3�]W -9bI.,.��3W/C#-�+��6G3���,.9  "!�#"%�%)��6G3���8G/>��=A�0/>,7#"%j]W Z�����

!s -�M3K#-]�6 /G#"�X#\3df.]�67#"8.D43ZR ('!����X#"8G��9b�0�����0 -8G�5#"��3: -9b8.�0/>����3W]E���0 -87#"%'&���6G3:]W Z���M "!�3K#-]X6 I7#"���M "!

���X#"8G��9b�0�����0 -8G�
�� �� *$ Q8G3E��DZ6A�� -����8.Db��3E8G�� -���$]K#"8M�[3�]W -9bI.,.��3W/h#-�
��6G3�]W Z���$ "!���6G3`���X#"8G��9b�0�X���0 -8

�� b��6G3�9_ -��3�/>�0���X#"8F��8G ?/.3ZR

E 6.��%03^��6G3^I7#"������#"%
]W ?3`_M]E�03E8F��#"I.I.�� 4#-]X6N67#-�Q#c9_ -��3_]W -9bI.%03df1��9bI.%03E9_3E8F�X#"���0 -8L��67#"8V��6G3
� *$ \'*$#K; #"%�D4 -������6.9 #"8G/ ��8G]E��3K#-��3W�^��6G3�%�#"��3E8G]E;L��8O��6G3c8G3E� *a -��2 �e����8G]W3���6G3�8G ?/.3�]E%0 Z��3W���b�� 

��6G35����8.2167#-�Q�� C*$#"���J!e -�J/G#"�X#�!e�� -9 ��6G3_!s#"����6G3W��� �d&j���^3E%���9b��87#"��3W�b#"8F���0]K#",G�X#"%U���X#"8G��9b�0�X���0 -8G�K&

��3W/>,G]E��8.DQ��6G3+3E8G3E��DZ;b]W -8G��,.9bI.���0 -8�&>#"8G/b � 3E���a#������X#"��DZ6A�q!e -��*U#"��/M*U#W;b "![]W -9bI.,.����8.D���6G3U�� -�X#"%

]W Z���KRg�G -�U#�8G3E� *$ -��2_*+����6
M

8G A/.3W�K&F*+6G3E��3�3K#-]X6M8G ?/.3
n
�0�
#"�a#Q/>�0���X#"8G]W3

dn

 "!)��6G3�8G3df?��8G ?/.3

#"8G/:3E8G]W ?/.3W�+�����`/G#"�X#^,G����8.D
bn

�.�����K&>��6G3��� -�X#"%j]W Z���`]K#"8:�[3�]W -9bI.,.��3W/ #-� ∑M
n=1 bndα

n

R

� ��� � ��� ��� � � �7�`��� ��?	 ��� � �n��� � �J��� � � ����� �

@ ����9bI.%03E�Q#"%���3E��87#"����=43^�� ���6G3;EN#K=43E%03E�Qi��X#"8G��!e -��9H�� h/.3W]W -����3E%�#"��3_/G#"�X#5��8\#5��3E8G�� -��8G3E� *a -��2

]W -,.%0/5,G��3�#�]W ?/>��8.Db��]�6G3E9_3���,G]X6:#-�$�[Da�$�LR>�[Da�$� �0�+#�I.��3W/>�0]E����=43���]�6G3E9_3T��67#"�+]K#"8���3W/>,G]W3
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��6G3b/>� � 3E��3E8G]W3b��3E� *a3W3E8\� *a C8G3E��DZ6F�[ -����8.DC/G#"�X#h�X#"9bI.%03W���0��]W -9bI.,.��3W/�#"8G/ �F,7#"8A�����K3W/)RM�A��8G]W3

��6G3J/>� � 3E��3E8G]W3J�[3E� *a3W3E81� *a �]W -8G��3W]E,.����=43^]W -����3E%�#"��3W/1�X#"9bI.%03W�T��3E8G/C�� c��3���9M#"%�%'& ��6G3E;C]K#"8 �[3
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 "!�#^� D$�$� 3E8G]W ?/.3E��#"8G/:/.3W]W ?/.3E��]K#"8h�[3���3W3E8h��8:����DZ,.��3Q�>R��Z�ZR

Q( )

Predictor
(delay)

Predictor
(delay)

Encoder

Decoder

����DZ,.��3Q�>R��Z�Z~��[Da�$�x3E8G]W ?/.3E��#"8G/h/.3W]W ?/.3E�KR
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�[Da�$�H��8h#���3E8G�X -�a8G3E� *a -��2M*$ -,.%0/�3E����6G3E�$��3��A,.����3T���0/.3`��8>!s -��9M#"���0 -8h -�a%�#"��D43T9_3E9_ -��;_�., � 3E���

#"�M��6G3 8G ?/.3W�KR�i� �9M#"243C��6.�0�cI[ -��8F��]E%03K#"��3E�K&`]W -8G���0/.3E�5��6G3 />�0���������.,.��3W/ ��9bI.%03E9_3E8F�X#"���0 -8� "!

��6G3C�[Da�$� ��]X6G3E9_3C "!�����DZ,.��3 �>R��Z�<#"%0 -8.DL#"8 #"���X#K;Y "!
M

8G ?/.3W�_I.%�,G�_��6G3 ����8.2[R �G -�5#"8F;

8G ?/.3
n
&������h� D$�$� ]W ?3`_M]E�03E8F�h�0�h]W -9bI.,.��3W/ #-�

x̄D(n) = x(n) − x̂(n − 1)
&�*+6G3E��3

x(n)
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�p> >54;JMR9:_JMU?>1/ UXNo>m<KJMUX6PY YM\ hi@CBCHJIkj JMTE/ hi@CBLKNMkj \qYZ< UXNo> OQJZg?>mrsNo>W<?>
α = β = 1 3 JMTE/

OfYZTogX60/=>W<?>1/
X1

JMTE/
X2

JZg 69TE/=>WL >WTE/=>WTVU <KJMTE/=Y2, 4ZJM<X6 JMt=RP>fg :=T=6 \iYZ<>, RC7m/C6PgXUX<X69t=:=U?>1/ YJ4k>W< UXNo>
69TVU?>W<>4;JMR

[0, 1]
h
pX1,X2(x1, x2) = 1

jdF

ε′

ε
=

∫ 1
0

∫ 1
0 (x1 + x2 −QL(Q`(x1) + Q`(x2)))

2dx1dx2
∫ 1
0

∫ 1
0 (x1 + x2 −QL(x1 + x2))2dx1dx2

hi@CBLK;@kj

=

∑

k

∫∫

R′

k
(x1 + x2 − rLk

)2dx1dx2
∑

k

∫∫

Rk
(x1 + x2 − rLk

)2dx1dx2

hi@CBLKpo`j

= 1 +
4`2

L2

hi@CBLK;Dkj

= 1 +
4

(L
`
)2

hi@CBLKN`kj

:`69ToOf> UXNo> <KJMT=8k>x\qYZ< UXNo>n<KJMTE/=Y2, 4;JM<X6 JMt=RP>fg
X1

JMTE/
X2

6Pg
[0, 1] 3 UXNo>WT UXNo>n<KJMT=8k>IYM\ αX1 +

βX2
6Pg

[0, 2]
B h No>wt=69T gX69aQ> \qYZ<nJ :=T=6 \iYZ<>, ]`:_JMTVUX69aQ>W<x6Pgs8;6C4k>WT tB7 F

��������� �
	
=

�������	

2( �����������������! #"%$ )

�p> OQJMT^UXNo>WT rs<X69U?>;F

L

`
=

2
2B

1
2B+N

= 2B+N ·
2

2B
= 2N+1 hi@CBLK'&;j

5769T_JMR9RC7 3 gX:=togXUX69UX:=UX69T=8 hi@CBLK'&;j 69T hi@CBLKN`kj 8;6C4k>fgQF

ε′

ε
= 1 +

4

22(N+1)
= 1 +

1

22N

hi@CBLK(kj

D;D



h N=6Pgx<?>fgX:=R9Uxg?NoYQr gxUXN_JMUxUXNo>	9?:=< <KJMUX6PY 6Pgx69TE/=>WL >WTE/=>WT`UwYM\ UXNo> JMtog?YZR9:=U?>	4ZJMR9:o> YM\ UXNo>yt=69T
gX69aQ>fg YM\ UXNo> ]`:_JMTVUX69aQ>W<?g 3 /=>WL >WTE/C69T=8 YZT=RC7 YZT^UXNo>W69< <KJMUX6PY=B

����� � �� ���*� ���"�
e�

2 4 6 8 10 12 14
1

1.1

1.2

1.3

1.4

1.5

1.6

1.7

1.8

1.9

2
MSE Ratio

N+1

R
at

io

1+4/(22(N+1))
α = 1, β = 1, X1, X2 Gaussian
α = 1, β = 1/4, X1, X2 Gaussian
α = 1/4, β = 1/4, X1, X2 Gaussian
α = 1/4, β = 1/8, X1, X2 Gaussian

57698;:=<?> @CB & Fjh No>fYZ<?>WUX6POQJMRwJMTE/ gX6C, :=R JMU?>1/ <?>fgX:=R9U?g \qYZ<k9?:=< <KJMUX6PY rs69UXN JMTE/ rs69UXNoYZ:=U L_JM<XUX6 JMROfY >��SOW6P>WTVUx]`:_JMTVUX69abJMUX6PYZT

:`6C, :=R JMUX6PYZTog N_J14k> gXNoYQrsT UXN_JMUyUXNo> OQJZg?>
α = β = 1

69TE/=>f>1/ <?>WL=<?>fg?>WT`U?g UXNo> r YZ<?g?U OQJZg?> 3
rs69UXN UXNo>S<KJMUX6PY ε′

ε

/=>fOW<?>QJZgX69T=8pJZg
α
YZ<

β
/=>fOW<?>QJZg?> 3 JMTE/ UXN_JMU UXNo> <?>fgX:=R9U?g JM<?>SR969UXUXRP>^J ce>fOWU?>1/

tB7 UXNo>IL=<?YZt_JMt=69R969U 7P/C6PgXUX<X69t=:=UX6PYZTogxYM\
X1

JMTE/
X2

B 57698;:=<?>y@CB & gXNoYbr g UXNo>wYZt=UKJM69To>1/ UXNo>fYZ<?>WUX6POQJMR
OW:=<>4k> L=RPYZUXU?>1/ U?YZ8k>WUXNo>W<wrs69UXNpgX6C, :=R JMU?>1/ <?>fgX:=R9U?gI\iYZ< J TV:),yt >W<yYM\ OQJZg?>fgIrsNo>W<?>

α, β ≤ 1
JMTE/
DN`



X1 3 X2
JM<?>wGwJM:og?gX6 JMT <QB 4 B�� gQB�� T L=<KJZOWUX6POQJMR UX<KJMTog \qYZ<>, OfY2, L=:=UKJMUX6PYZTog 3 U 7`L=6POQJMR 4;JMR9:o>fg \iYZ< α

JMTE/
β
JM<?>k/C6 c >W<?>WT`U \iYZ< >QJZOKN U 7`L > YM\nYZ:=UXL=:=U OfY >��SOW6P>WTVU 3 t=:=U 69T 8k>WTo>W<KJMR UXNo>57 JM<?>Sg>,SJMR9RP>W< UXN_JMT

YZTo> 3 ,SJpd 69T=8 UXNo>wOW:=<>4k> 1 + 4
22(N+1)

J gXUX69R9R <?>QJZg?YZT_JMt=RP> JML=L=<?Y1-C6C,SJMUX6PYZT^\iYZ< JMT :=L=L >W<st YZ:=TE/ YM\
UXNo> <KJMUX6PY ε′

ε

B&6 7 JMR9RPY`OQJMUX69T=8
N

>.- UX<KJ t=69U?g rsNo>WT ]V:_JMT`UX69af69T=8
X1

JMTE/
X2

UXN_JMT rsNo>WT ]V:_JMT`UX69af69T=8
αX1 + βX2

r > OQJMT 8;:_JM<KJMTVU?>f> UXN_JMU UXNo>S>.-CUX<KJj/C6Pg?U?YZ<XUX6PYZT 69T`UX<?YF/C:oOf>1/ tB7 UXNo> 69TVU?>W<>, >1/C6 JMU?>
]`:_JMTVUX69abJMUX6PYZT rs69R9R_t >st YZ:=TE/=>1/StF7 UXNo>�4;JMR9:o>fg 8;6C4k>WT tB7 UXNo> UXNo>fYZ<?>WUX6POQJMR OW:=<>4k>;B 57698;:=<?> @CB &yJMRPg?Y
gXNoYbr g UXN_JMU 4;JMR9:o>fg YM\

N
g�,SJMR9RP>W< UXN_JMT @ 69TVUX<?Y=/C:oOf> J R JM<X8k>^J2/)/C69UX6PYZT_JMR /C6PgXU?YZ<XUX6PYZT 3 JMTE/ UXNo>

<?>1/C:oOWUX6PYZT 69T UXNo>I>.-CUX<KJ /C6Pg?U?YZ<XUX6PYZT N_JZg J	/C6C, 69T=6PgXN=69T=8 <?>WUX:=<XT^JZg
N

69ToOW<?>QJZg?>fg \iYZ< 4;JMR9:o>fgsJMt Y 4k>
@CB

�p> ToYQr gXNoYbr UXN_JMU UXNo>yL_JM<XUX6 JMR OfY >��SOW6P>WTVUw]`:_JMTVUX69abJMUX6PYZT N_JZg 69TE/=>f>1/ Ji,SJ��XYZ<x6C, L_JZOWUwYZT
UXNo>i@oT_JMR8/C6PgXU?YZ<XUX6PYZT 3 JMTE/ UXN_JMU UXNo> <?>fgX:=R9U?g YZt=UKJM69To>1/ 69T : >fOWUX6PYZT @CB omOQJMT t > :ogK>1/ U?Y /=>fgX698;T
UXNo>xL_JM<XUX6 JMR ]`:_JMTVUX69aQ>W<?gngX:oO?N UXN_JMU J 8kY YF/SUX<KJ2/=>�� YMc L YZ69TVU t >WU r >f>WT^UXNo>IJMR9RPY OQJMU?>1/ t=69U?gsJMTE/ UXNo>
>.-CUX<KJg/C6PgXU?YZ<XUX6PYZT 69T`UX<?YF/C:oOf>1/ 6PgnJZO?N=6P>54k>1/eB

�p> OfY2, L_JM<?>1/ UXNo> :	� l YM\ UXNo> gXUKJMTE/oJM<�/ huToYZT
��/C6PgXUX<X69t=:=U?>1/_j��8aI5sh K 3 Kkj r J14k>WRP>WU UX<KJMTog \iYZ<>,
h HSJMTE/mK RP>54k>WRPg YM\�/=>fOfY2, L Y;gX69UX6PYZTvj 3 rsNo>W<?>SOfY >��SOW6P>WTVU?g JM<?> OfY2, L=:=U?>1/ JMUI\u:=R9R L=<?>fOW6Pg?6PYZT JMTE/
UXNo>WTp]`:_JMTVUX69aQ>1/ 3 rs69UXNmUXNo> L=<?YZL Y;g?>1/ JMR98kYZ<X69UXN), gQB c gIgXNoYbrsT 69T 5 698;:=<?> @CB & 3 UXNo> OQJZgK> N = 3

YMce>W<?g J 8kY YF/ UX<KJ2/=>�� YMc L YZ69TVU t >WU r >f>WT >.-CUX<KJ t=69U?g JMR9RPY`OQJMU?>1/ U?Y UXNo> L_JM<XUX6 JMR OfY >��SOW6P>WTVU?g JMTE/
UXNo>x<?>WUX:=<XT 69T U?>W<>, gsYM\ <?>1/C:oOWUX6PYZT YM\ UXNo>wJ2/)/C69UX6PYZT_JMR /C6PgXU?YZ<XUX6PYZT 69TVUX<?Y=/C:oOf>1/eB 57698;:=<?> @CB ( gXNoYbr g
UXNo> YZt=UKJM69To>1/ OW:=<>4k>fg \iYZ< UXNo> OQJZg?>fg rsNo>W<?> L_JM<XUX6 JMR OfY`>��SOW6P>WT`U?g JM<?> OfYkJM<?gK>WRC7 ]V:_JMT`UX69aQ>1/ h

N = 1
j

JMTE/j@oTo>WRC7 ]V:_JMT`UX69aQ>1/ h
N = 3

jdB� U OQJMT t >yg?>f>WT UXN_JMUnUXNo> <?>fgX:=R9UX69T=8P:	�xl 6Pgf4k>W<>7 g?>WTogX69UX6C4k> U?Y
OfYkJM<?g?>WRC7^]`:_JMTVUX69aQ>1/ L_JM<XUX6 JMR OfY`>��SOW6P>WT`U?gQB�� T^UXNo> g?>WTogKYZ< To>WU r YZ<>d g?Of>WT_JM<X6PY 3 O?NoY Y;gX69T=8k4ZJMR9:o>fg YM\
N

,y:oOKN R JM<X8k>W< UXN_JMT
3
rs69R9ReOf>W<XUKJM69T=RC7 RP>QJ2/ U?Yyt >WUXU?>W<sgX698;T_JMR�� U?Y�� ToYZ6Pg?>I<KJMUX6PY 3 t=:=U JMU UXNo> OfY;g?U YM\

JMT 69ToOW<?>QJZg?> 69T^UXNo> YJ4k>W<KJMR9R7>WTo>W<X8N7 OfYZTogX:), L=UX6PYZT B
D'&
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SNR x Average Bits per Sensor

Avr Bits/Sensor

S
N

R

Standard 2−level 5/3 Wavelet
Standard 1−level 5/3 Wavelet
2−level 5/3 Wavelet With Partial Coefficients, N=1
1−level 5/3 Wavelet With Partial Coefficients, N=1
2−level 5/3 Wavelet With Partial Coefficients, N=3
1−level 5/3 Wavelet With Partial Coefficients, N=3

57698;:=<?> @CB (CF?< ce>fOWU?g YM\��7JM<XUX6 JMR � Y >��SOW6P>WTVU��x:_JMTVUX69abJMUX6PYZT B
N = 1

OfYZ<X<?>fg?L YZTE/=g U?Y OfYkJM<?g?>]`:_JMTVUX69abJMUX6PYZT 3 JMTE/ N = 3
U?Ye@oTo> ]`:_JMTVUX69abJMUX6PYZT B

����� � "�
�� ���e� *"�


� N=69RP> UXNo> L=<?YZt=RP>5, /=>fg?OW<X69L=UX6PYZT 69Tm: >fOWUX6PYZTp@CBLK OfYZTogX60/=>W<?>1/ J g?6C, L=R96n@_>1/ OQJZgK> 69TF4kYZRC4`69T=8 YZT=RC7
U r Y <KJMTE/=Y2, 4;JM<X6 JMt=RP>fgy69T UXNo>SgX:),g,SJMUX6PYZT 3 JMTE/ UXNo> <?>fg?:=R9U?g YM\ : >fOWUX6PYZT @CBED^N_JJ4k> gXNoYbrsT >.-	�
L >W<X6C, >WTVUKJMR9RC7 UXN_JMU UXN=6Pg JML=L=<?YkJZO?N g?UX69R9R L=<?YJ4 60/=>fg J <?>QJZg?YZT_JMt=RP> JML=L=<?Y1-C6C,SJMUX6PYZT U?Yj/=>fgX698;T UXNo>
69TVU?>W<>, >1/C6 JMU?>I]`:_JMTVUX69aQ>W<?g \iYZ< UXNo> JML=L=R96POQJMUX6PYZT OfYZTogX60/=>W<?>1/ 69TSUXN=6Pg UXNo>fgX6Pg 3 YZUXNo>W< g?Of>WT_JM<X6PY;g OfYZ:=R0/
<?>f]`:=69<?>yJ , YZ<?>wUXNoYZ<?YZ:=8;NmJMT_JMRC7 gX6PgnYM\7L_JM<XUX6 JMR ]`:_JMTVUX69abJMUX6PYZT B �p>wL=<?>fg?>WT`UnNo>W<?>w60/=>QJZg UXN_JMUnOQJMT
t >w>.- L=RPYZ<?>1/^69T \u:=UX:=<?>Ir YZ<>d B

D(



c gX6C, L=RP> 8k>WTo>W<KJMR969abJMUX6PYZT YM\ UXNo> L=<?YZt=RP>5, L=<?>fg?>WTVU?>1/p69T : >fOWUX6PYZT @CBLK 69TB4kYZRC4k>fg OfYZTogX60/=>W<X69T=8
Jm8k>WTo>W<X6PO^T`:),yt >W< YM\IU?>W<>, g JMTE/A]V:_JMT`UX69aQ>W<?gS69T UXNo> g?:),g,SJMUX6PYZT B � T UXN=6PgSOQJZg?> 3 YZTo>^r YZ:=R0/
t >S69T`U?>W<?>fgXU?>1/ 69T UXNo> OfYZT`UX<X69t=:=UX6PYZT U?Y UXNo> J2/)/C69UX6PYZT_JMR�/C6PgXU?YZ<XUX6PYZT 69T`UX<?YF/C:oOf>1/ tF7 >QJZO?N 69T`U?>W< �
, >1/C6 JMU?> ]V:_JMT`UX69aQ>W<QB'9 YZ<?>^\iYZ<>,SJMR9RC7 3 r > OQJMT OfYZTogX60/=>W<^Jpg?>f]`:o>WToOf> YM\

n
<KJMTE/=Y2, 4ZJM<X6 JMt=RP>fg

X1, X2, · · · , Xn 3 JMTE/ n
OfY >��SOW6P>WTVU?g

a1, a2, · · · , an

B h No> L=<?YZt=RP>5, 6Pg U?Y >��SOW6P>WTVUXRC7�/=>fgX698;T
n
69TVU?>W<>, >1/C6 JMU?> ]`:_JMTVUX69aQ>W<?g

Q1, Q2, · · · , Qn 3 gX:oO?N UXN_JMU UXNo>j/C6PgXU?YZ<XUX6PYZT YM\
QL(a1Q1(X1) +

a2Q2(X2) + · · · + anQn(Xn))
6Pg dk>WL=Uwrs69UXN=69T J UXN=<?>fgXNoYZR0/ YM\ UXNo>g/C6PgXU?YZ<XUX6PYZTpYM\

QL(a1X1 +

a2X2 + · · · + anXn)
B

� T JMToYZUXNo>W< gKOf>WT_JM<X6PY 3 >QJZOKNyU?>W<>, YM\CUXNo> gX:),g,SJMUX6PYZTy6Pg7J2/)/=>1/yg?>f]`:o>WTVUX6 JMR9RC7 3 JMTE/wUXNo> L=<?YZt=RP>5,
YM\_OQJZg?OQJ2/=>1/ ]`:_JMTVUX69abJMUX6PYZT OQJMT t > J2/)/C<?>fg?g?>1/eB � T UXN=6Pg OQJZg?> 3 r > r JMT`U U?YxOfY2, L_JM<?> UXNo>8/C6PgXU?YZ<XUX6PYZT
YZt=UKJM69To>1/ rs69UXNoYZ:=U 69TVU?>W<>, >1/C6 JMU?> ]V:_JMT`UX69abJMUX6PYZT

QL(a1X1+a2X2+· · ·+anXn)
rs69UXN UXNo> OQJZgKOQJ2/=>

]`:_JMTVUX69abJMUX6PYZT OQJZgK>
QL(Qn(· · ·Q2(a1Q1(X1) + a2X2) + · · ·+ anXn))

B

DNI
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� T L=<KJZOWUX6POQJMR JML=L=R96POQJMUX6PYZTog 3 J T`:),yt >W< YM\8/C6 ce>W<?>WTVU JMR98kYZ<X69UXN), gyOQJMT t > :ogK>1/mtB7 J g?>WTog?YZ<ITo>WU �
r YZ<>d \qYZ< >��SOW6P>WTVU /oJMUKJ <?>WL=<?>fgK>WTVUKJMUX6PYZT B � TSUXN=6Pg O?N_JML=U?>W< r >nL=<?Y 4`60/=>IJw\q<KJp, >Wr YZ<>dSUXN_JMU JMR9RPYbr g
@oTE/C69T=8 3 \iYZ<sJ 8;6C4k>WT^To>WU r YZ<>d U?YZL YZRPYZ8N7 3 rsN=6POKN Jp, YZT=8 UXNo>wJ14;JM69R JMt=RP> OfYF/C69T=8 , >WUXNoY=/=gs6Pg8, YZ<?>
gX:=69UKJMt=RP> \qYZ<7>QJZO?N YM\oUXNo> g?>WTog?YZ<?g 3 gX:oO?N UXN_JMU7UXNo> rsNoYZRP> To>WU r YZ<>d YZL >W<KJMU?>fg rs69UXN J , 69T=6C, :), OfY;gXU
69T YZ<�/=>W<IU?Y JZOKN=6P>54k> Jk/=>fg?69<?>1/D/C6Pg?U?YZ<XUX6PYZT RP>54k>WR B � TmYZ:=<IL=<?YZL Y;g?>1/ \q<KJp, >Wr YZ<>d 3 JSg?69T=8;RP>�� <?YZ:=U?>
L_JMUXN 6Pg /=>fgKOW<X69t >1/^JZg J 8;<KJML=N 3 rs69UXN g?>WTog?YZ<?g <?>WL=<?>fg?>WT`UX69T=8 UXNo>nToY=/=>fg 3 JMTE/ rsNo>W<?> OfY2,g,y:=T=6POQJ��
UX6PYZT JMTE/yL=<?Y Of>fg?gX69T=8IOfY;gXU?g JM<?>sJZg?g?Y OW6 JMU?>1/yU?Y >1/C8k> r >W698;N`U?g JMTE/ UXNo> OfY=/C69T=8IgKO?No>5, >fg JZg?g?Y OW6 JMU?>1/
U?Y gXUKJMU?>fgwYM\ YZL >W<KJMUX6PYZT B c \uU?>W< /=>fg?OW<X69t=69T=8P/oJMUKJ UX<KJMTogX69UX6PYZTogyJMTE/m>1/C8k> OfY;gXU?g 3 r > gXNoYQr UXN_JMU J
gXNoYZ<XU?>fgXU � L_JMUXN JMR98kYZ<X69UXN),HOQJMT t > :ogK>1/ U?Y @oTE/SUXNo> YZL=UX6C,y:),H<?YZ:=U?>nOfYZT @o8;:=<KJMUX6PYZT 3 6 B >;B 3 UXNo> YZTo>
UXN_JMU RP>QJ2/=gsU?Y UXNo>wRPYQr >fgXUnYJ4k>W<KJMR9R7>WTo>W<X8N7^OfYZTogX:), L=UX6PYZT B

� ��� � 
f� � " !e� � ���"�


� No>WT /oJMUKJ 6Pg JZOf]`:=69<?>1/ JMU	,y:=R9UX69L=RP> OfYZ<X<?>WR JMU?>1/ g?YZ:=<?Of>fg 3 JM8;8;<?>W8VJMUX6PYZT 69TF4kYZRC4`69T=8m69T
� To>WU r YZ<>d
/oJMUKJ OfY2, L=<?>fgKgX6PYZT OQJMT YMc >W<IJ , YZ<?> >��SOW6P>WTVU <?>WL=<?>fg?>WTVUKJMUX6PYZT YM\�, >QJZgX:=<?>5, >WTVU?g 3 g?698;T=6n@_OQJMTVUXRC7

`NM



<?>1/C:oOW69T=8IUXNo> Jp, YZ:=T`U YM\o69TC\iYZ<>,SJMUX6PYZT UXN_JMU To>f>1/=g7U?Ynt > UX<KJMTog>, 69UXU?>1/ YJ4k>W<7UXNo> To>WU r YZ<>d 3 RP>QJ2/C69T=8
U?YnJ L YZU?>WTVUX6 JMR9RC7wR JM<X8k> <?>1/C:oOWUX6PYZT 69Ty>WTo>W<X8N7wOfYZTogX:), L=UX6PYZT B � <X6PYZ< r YZ<>dIN_JZg J2/)/C<?>fgKg?>1/yJ T`:),yt >W<
YM\�/C6PgXUX<X69t=:=U?>1/AgKYZ:=<?Of> OfY=/C69T=8 h a�: �sj , >WUXNoY=/=g JZg J;, >QJMTogSU?Y /=>fOfYZ<X<?>WR JMU?>D/oJMUKJ 69T g?>WTog?YZ<
To>WU r YZ<>d gbB � N=69RP> g?Y2, > <?>WRC7mYZT 69TC\qYZ<>,SJMUX6PYZT >.-COKN_JMT=8k> JMTE/ J2/)/C69UX6PYZT_JMR OfY2, L=:=UKJMUX6PYZT 69TogX60/=>
UXNo> To>WU r YZ<>d RP>QJ2/C69T=8mU?Y /C6Pg?UX<X69t=:=U?>1/ 4k>W<?g?6PYZTog YM\xUX<KJMTog \qYZ<>, g 3 gX:oO?N JZg UXNo>�� JM<XN`:=To>WT
��+ Y��54k>
h <KJMTogX\qYZ<>, �CHJ`�� 3 � J14k>WRP>WU?g��E@N`�� YZ<^UXNo>?, >WUXNoYF/=g L=<?YZL Y;g?>1/ 69T � N_JML=U?>W< K 3 YZUXNo>W<?g^L=<?YZL Y;g?>
g?OKNo>5, >fg UXN_JMUg/=Y ToYZU <?>f]`:=69<?> 69TVU?>W<XToY=/=> OfY2,g, :=T=6POQJMUX6PYZT 3 gX:oOKN JZgyTo>WU r YZ<>dk>1/ :`RP>WL=6 JMT
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OfYZ:=R0/ t > 3 \iYZ< >.-=Jp, L=RP> 3 UXNo> U r Y�� r JJ7pr JJ4k>WRP>WU UX<KJMTogX\qYZ<>, YM\�: >fOWUX6PYZT KCB ooB � Uw6PgyRPY`OQJMR9RC7D, YZ<?>
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ToY=/=>fg j 3 JZO?N=6P>54 69T=8 JD/C6PgXU?YZ<XUX6PYZT a rs69UXNAJ RPY OQJMRsOfY;gXU YM\

18d2 Bm9 >WUXNoYF/ 6HOQJMT JZOKN=6P>54k> UXNo>
gKJp, > /C6PgXU?YZ<XUX6PYZT;a :og?69T=8^@CBE@;@ t=69U?g L >W< g?>WTogKYZ< h HJM t=69U?g L >W< @SToYF/=>fgdj 3 t=:=UI<?>f]`:=69<X69T=8 JSRPY OQJMR
OfY;gXU YM\

26d2 B
h No>W<?>d\iYZ<?> 3 \iYZ<8, >WUXNoY=/ c 3 UXNo> U?YZUKJMR OfY;gXU U?Y ,SJpdk> JMR9R UXNo> /oJMUKJ 69T UXNo>I8;<?YZ:=L J14;JM69R JMt=RP>yJMU
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4 bits/node
Total cost:

CA = 18d2 + 12Nd
2

Total Cost:
CB = 26d2 + 10Nd

2

3.33 bits/node

sink

sink

12 bits over N hops

10 bits over N hops

(b)

(a)

local cost: 18d2

local cost: 26d2
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CB < CA

26dα + 10Ndα < 18dα + 12Ndα

8dα < 2Ndα

N > 4
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g?>WTog?YZ<?g UXN_JMUSJM<?> \iJM< \q<?Y2, UXNo> gX69T)d gXNoYZ:=R0/ >WToOfY=/=> :ogX69T=8pg?O?No>5, >fgSUXN_JMU <?>f]`:=69<?> Jmg>,SJMR9RP>W<
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n 3 gXUKJM<XUX69T=8 \q<?Y2,[UXNo>w>1/C8k>;B
h No> To>WU r YZ<>d U?YZL YZRPYZ8N7 hiJMTE/ UXN`:og UXNo> 69T`U?>W<XToYF/=> /C6PgXUKJMToOf>fg j 6Pgld ToYQrsT 3 JMTE/ >QJZOKNAToY=/=> 69T
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+ >WU
P (n, j)

/=>WToYZU?> UXNo> TV:),yt >W< YM\ L_JM<XUX6 JMR OfY >��SOW6P>WTVU?gwUXN_JMUIgXUKJMU?>
(n, j)

N_JZg U?Y <?>WR J17 U?Y
UXNo> gX69T)d BDaI>WL >WTE/C69T=8 YZT UXNo> \u:=UX:=<?> gXUKJMU?> 3 J TV:),yt >W< YM\ UXNo>fg?> L_JM<XUX6 JMRPge,SJ17 t >fOfY2, >i@oT_JMR
OfY >��SOW6P>WTVU?g 3 JMTE/ J To>Wr L_JM<XUX6 JMR OfY`>��SOW6P>WT`U	,SJJ7 t >SOW<?>QJMU?>1/ hqOfYZ<X<?>fgXL YZTE/C69T=8 U?Y^UXNo>SOW:=<X<?>WT`U
ToY=/=>bjdB�h No>W<?>d\qYZ<?>n6 \

F (n, j)
/=>WToYZU?>fg UXNo> T`:),yt >W< YM\eL_JM<XUX6 JMR OfY`>��SOW6P>WT`U?g UXN_JMU t >fOfY2, >�@oT_JMR JMU

gXUKJMU?>
(n, j) 3 UXNo>WT P (n, j) = P (n− 1, j)− F (n, j) + 1

B c g g?>f>WT^69T � N_JML=U?>W<n@ 3 >54k>W<>7 L_JM<XUX6 JMR
OfY >��SOW6P>WTVU 6Pgn]`:_JMTVUX69aQ>1/ :ogX69T=8 � >.-CUX<KJ t=69U?gxJMt YJ4k>yUXNo> <KJMU?> JMR9RPY`OQJMU?>1/ \qYZ<xUXNo>yOfYZ<X<?>fgXL YZTE/C69T=8
@oT_JMR OfY >��SOW6P>WTVUQB c g g?>f>WT 69T : >fOWUX6PYZT ooBLKCBLKCBLK 3 UXNo>^OfY;gXU \qYZ< UXNo> JMR9RPY OQJMU?>1/ t=69U?g 6Pg J2/)/=>1/ U?Y
UXNo> L_JMUXN OfY;gXU JMUyUXNo> ToYF/=> rsNo>W<?>SUXNo>SOfY >��SOW6P>WTVU 6PgyOW<?>QJMU?>1/eB c RPgKY 3 UXNo>W<?> JM<?>SU r Y L Y;g?gX69t=RP>
UX<KJMTog>, 6Pg?g?6PYZTmOQJZgK>fgx69TF4kYZRC4`69T=8^L_JM<XUX6 JMR OfY >��SOW6P>WTVU?gbB � T � JZg?>%H 3 g?Y2, > L_JM<XUX6 JMR OfY`>��SOW6P>WT`U?gIrs69R9R
t > \iYZ<Xr JM<�/=>1/ J \i>Wr NoYZLog 3 UXNo>WT OfYZTB4k>W<XU?>1/ U?Yj@oT_JMR OfY >��SOW6P>WTVU?gQB h N=6Pg OQJZgK> Y OfOW:=<?gyrsNo>WT J
gX: �SOW6P>WT`UXRC7 R JM<X8k> T`:),yt >W< YM\ \q:=UX:=<?>ygXUKJMU?>fg�,SJM69TVUKJM69TmUXNo>ygKJp, >yOfYF/C69T=8 g?O?No>5, > 3 JMR9RPYQrs69T=8 UXNo>

&2M



L_JM<XUX6 JMRPgxU?Y t >w<?>.@oTo>1/eB � T UXN=6PgxOQJZg?> 3 UXNo> UX<KJMTog>, 6PgKgX6PYZT OfY;gXU \qYZ<xUXNoY;g?>
N

>.- UX<KJ t=69U?gn6Pg J2/)/=>1/
U?Y UXNo>St=<KJMToOKN OfY;gXU?g OfYZ<X<?>fgXL YZTE/C69T=8 U?Y UXNo> UX<KJMTog>, 6Pg?g?6PYZT YM\xUXNo>fg?> L_JM<XUX6 JMRPgQBm:`69ToOf>^JMU ToY=/=>
n
r > /=YZT � Uid ToYQr NoYbr UXNo> L_JM<XUX6 JMR OfY`>��SOW6P>WT`U?gSrs69R9Rnt >^UX<KJMTog�, 69UXU?>1/ huUXN=6PgSrs69R9R�/=>WL >WTE/ YZT

\q:=UX:=<?>k/=>fOW6PgX6PYZTogdj 3 UXNo>SL_JMUXN OfY;gXU 6Pgy69ToOW<?>5, >WT`U?>1/ tB7 YZT=RC7pUXNo> OfY;gXU YM\nUX<KJMTog>, 69UXUX69T=8mL_JM<XUX6 JMR
69TC\iYZ<>,SJMUX6PYZT U?Y ToY=/=>

n + 1
B�� \ gXUKJMU?>

(n, j)
<?>WR J17Cg

P (n, j)
L_JM<XUX6 JMRPgIJMUnUXNo> J2/)/C69UX6PYZT_JMR7OfY;g?UnYM\

N
t=69U?gIL >W<IL_JM<XUX6 JMR YJ4k>W<wUXNo>g/C6PgXUKJMToOf>

dn 3 UXNo> UX<KJMTog�, 6Pg?gX6PYZTpOfY;gXU J2/)/=>1/mU?Y UXNo> L_JMUXNpOfY;gXUI6Pg
8;6C4k>WT tF7

N.P (n, j)d2
n

B

(n,j)

NP (n, j)d2

n

N
P
(n

, j
)D

2
n
+

t n
(j
, j
−

1)

Rn,jD
2

n + ln(j)
N

P (n, j)D
2

n +
t
n (j, j +

1)

5 698;:=<?>�ooB (CF :`UKJMU?>yJMTE/^>1/C8k>wUX<KJMTog>, 6PgKgX6PYZT OfY;gXU?gQB

� T � JZg?>�K 3 L_JM<XUX6 JMR OfY >��SOW6P>WTVU?gxrs69R9Ret > 3 J \qU?>W<nJ \i>Wr NoYZLog 3 \iYZ<Xr JM<�/=>1/^U?Y UXNo> g?69T)d JZg gX:oOKN 3
rs69UXNoYZ:=U \u:=<XUXNo>W< <?>.@oTo>5, >WTVUQB � JZg?>AK JM<X6PgK>fgyrsNo>WT UXNo>W<?> 6Pg J O?N_JMT=8k> 69T r J14k>WRP>WU UX<KJMTog \iYZ<>,
RP>54k>WR B8h No>W<?>d\qYZ<?> 3 JMU UXNo>wUX<KJMTogX69UX6PYZTogxrsNo>W<?>wUXNo>W<?> 6PgxJ O?N_JMT=8k> YM\ gKO?No>5, > 3 P (n, j)

L_JM<XUX6 JMRPg JMU
UXNo>wJ2/)/C69UX6PYZT_JMReOfY;gXU YM\

N
t=69U?g L >W< L_JM<XUX6 JMR rs69R9R N_JJ4k>xU?Y t >s\iYZ<Xr JM<�/=>1/ :=ToOKN_JMT=8k>1/ U?Y UXNo> gX69T)d 3

JMTE/ UXNo>SUX<KJMTog>, 6PgKgX6PYZT OfY;g?U J2/)/=>1/ U?Y UXNo> L_JMUXN OfY;gXUy6Pg 8;6C4k>WT tB7
N.P (n, j)D2

n

B 57698;:=<?>kooB (
gXNoYbr g UXNo> gXUKJMU?>IJMTE/ >1/C8k>xUX<KJMTog>, 6Pg?g?6PYZT OfY;g?U?g \iYZ< UXNo>xL Y;g?gX69t=RP>ng?UKJMU?>nUX<KJMTogX69UX6PYZTogbB � T^J2/)/C69UX6PYZT

&=H



U?Y UXNo> UX<KJMTog>, 6Pg?g?6PYZT OfY;gXU?g 3 rsNo>WT UXNo>W<?>S6Pg J O?N_JMT=8k> 69T OfY=/C69T=8 g?OKNo>5, >fg J 3 U 7`L=6POQJMR9RC7 g>,SJMR9R 3
L=<?Y Of>fg?gX69T=8 OfY;g?U

tn(in, in+1)
6Pg J2/)/=>1/ U?YSUXNo> t=<KJMToOKN U?Y <?> �_>fOWU UXNo>yY 4k>W<XNo>QJ2/ YZL >W<KJMUX6PYZTogxUXNo>

To>.-CUSToY=/=> rs69R9RxN_J14k> U?YpL >W< \qYZ<>, U?Y >.-CUX<KJZOWU UXNo> RPYbr >W< RP>54k>WRxOfY >��SOW6P>WTVU?g \q<?Y2, UXNo> N=698;No>W<
RP>54k>WR YZTo>fg 3 YZ<sU?Y gXUKJM<XUsUXNo>IL=<?Y Of>fg?gX69T=8 YM\7N=698;No>W< RP>54k>WR OfY >��SOW6P>WTVU?g t_JZgK>1/^YZT^RPYQr >W<nRP>54k>WR YZTo>fg 3
JZg JMR9RPYQr >1/ tF7pUXNo> >5, t >1/)/=>1/ L=<?YZL >W<XU�7kB

tn(in, in+1)
6Pg OfY2, L=:=U?>1/ JZgyUXNo> >WTo>W<X8N7 gXL >WTVU tB7

UXNo>Ig?>WTog?YZ< L=<?Y`Of>fgKg?YZ< U?Y OfY2, L=:=U?>IUXNo>f,y:=R9UX69L=R96POQJMUX6PYZTogn<?>f]V:=69<?>1/ tF7SUXNo> UX<KJMTogX69UX6PYZT^YZL >W<KJMUX6PYZTog
hiJ2/)/C69UX6PYZTog OQJMT t > U 7`L=6POQJMR9RC7 To>W8;RP>fOWU?>1/ 3 g?69ToOf> UXNo>57SJM<?> YZ<�/=>W<?g YM\ ,SJM8;T=69UX:E/=>IOfY2, L=:=UKJMUX6PYZT_JMR9RC7
O?No>QJML >W< UXN_JMT ,y:=R9UX69L=R96POQJMUX6PYZTog � oVD��ujdBmln>5,SJM69T=69T=8mYZT UXNo> g Jp, > g?OKNo>5, >^J2/)/=g ToY L=<?Y Of>fg?gX69T=8
YJ4k>W<XNo>QJ2/ 3 tn(j, j) = 0

\qYZ<nJMR9R
k
B :`69ToOf>

tn(j, j) = 0
69U 6Pg ToYZU�/=>WL=6POWU?>1/^69T UXNo> @o8;:=<?>;B

n n+1 n+2 n+3

n+2 n+3

sink

B+N

B
B+N B

B+N

B+N

B+N

B+N

Path 1 Path 2

Level j−1

Level j

x̄(n) x̄(n)x̄p(n) x̄p(n)

x̄p(n)x̄p(n)

57698;:=<?> ooBLICFbh <KJMTog?69UX6PYZT OfY;gXU?g >.-oJp, L=RP>;B

c g JMTS>.-oJp, L=RP> 3 OfYZTog?60/=>W< UXNo>sUX<KJMTog>, 6PgKgX6PYZTSYM\eUXNo>  ������� 	xOfY`>��SOW6P>WT`U \iYZ< ToY=/=> n
JMU RP>54k>WR

j 3
YJ4k>W< U r YnL Y;g?gX69t=RP> L_JMUXNog 3 69T J To>WU r YZ<>dyYM\ n+3

ToY=/=>fg 3 JZg g?>f>WTy69Ty57698;:=<?>booBLIyhuUXNo> UX<KJMTog>, 6Pg?gX6PYZTog
\iYZ< JMR9RwUXNo>pYZUXNo>W< OfY`>��SOW6P>WT`U?g JM<?>mToYZU OfYZTog?60/=>W<?>1/ No>W<?>bjdB c g?gX:), >mUXN_JMU JMR9RwToY=/=>fg JM<?> JMU
J?/C6PgXUKJMToOf>

d
YM\ >QJZOKN YZUXNo>W< 3 JMTE/ UXN_JMU

B
t=69U?gSJM<?> JMR9RPY OQJMU?>1/ \qYZ< UXNo> UX<KJMTog \qYZ<>, OfY >��SOW6P>WTVU

YM\xToY=/=>
n 3 x̄(n)

Bp5oYZ< 69R9R9:ogXUX<KJMUX6PYZT L=:=<XL Y;g?>fg 3 JZg?gX:), > UXN_JMU UXNo> OfY`>��SOW6P>WT`U \qYZ< ToY=/=> n
rs69R9R

t >fOfY2, > J;@oT_JMR OfY >��SOW6P>WTVU JMUSToY=/=>
n + 2 3 L=<?YJ4 60/=>1/AUXNo> gKJp, > RP>54k>WRIYM\ /=>fOfY2, L Y;gX69UX6PYZT 6Pg

&2K



,SJM69TVUKJM69To>1/ \qYZ<sToY=/=>fg
n + 1

JMTE/
n + 2

B��nT`UX69R 69Us<?>QJZO?No>fgnToYF/=>
n + 2 3 UXNo>wOfY >��SOW6P>WTVUnrs69R9Ret >

YZT=RC7^L_JM<XUX6 JMR9RC7 OfY2, L=:=U?>1/ 3 JMTE/ <?>WL=<?>fg?>WT`U?>1/ tF7
x̄p(n) 3 rsN=6PO?N 6Pgn]`:_JMTVUX69aQ>1/ rs69UXN

B + N
t=69U?gQB

h No>s>1/C8k>sr >W698;NVU?g 69T 57698;:=<?> ooBLI /=>WL=6POWU UXNo> T`:),yt >W< YM\ t=69U?g t >W69T=8wUX<KJMTog�, 69UXU?>1/ YJ4k>W< >QJZOKNS>1/C8k>
huL=<?Y Of>fg?gX69T=8SOfY;gXU?gxJM<?>IToYZUngXNoYQrsT \qYZ< OWR JM<X69U 7^L=:=<XL Y;g?>fgdjdB

n n+1 n+2 n+3

n+2 n+3

sink

Level j−1

Level j

BD
2
n

Nd
2

Nd
2

Nd
2

=
3N

d
2

N
D
2
n
+
1

= 4Bd
2

57698;:=<?> ooBCHJMCF h <KJMTogX69UX6PYZT OfY;gXU?g OfY2, L=:=UKJMUX6PYZT \iYZ< >.-oJp, L=RP> YM\ 57698;:=<?> ooBLICB

� T��7JMUXNmH 3 UXNo>wOfYF/C69T=8SgKO?No>5, >w6Pg ,SJM69T`UKJM69To>1/ JMTE/^UXNo>wOfY >��SOW6P>WTVUn\qYZ<sToY=/=>
n
6Pgs<?>.@oTo>1/^:=T`UX69R

69U t >fOfY2, >fg�@oT_JMR 3 JMU ToYF/=> n+2
B c \uU?>W< UXN_JMU L YZ69T`U 3 69U 6Pg ]`:_JMTVUX69aQ>1/ YZT=RC7 rs69UXN B

t=69U?g JMTE/
x̄(n)

6Pgx\qYZ<Xr JM<�/=>1/ U?Y UXNo> gX69T)d B � T �7JMUXNmK 3 UXNo> OfY >��SOW6P>WTVU OfY2, L=:=UKJMUX6PYZTp6Pg 69T`U?>W<X<X:=L=U?>1/pgX69ToOf> UXNo>
OfY=/C69T=8yg?O?No>5, >n6Pg O?N_JMT=8k>1/ 3 JMTE/ x̄p(n)

rs69R9R_N_J14k> U?Y t > \iYZ<Xr JM<�/=>1/SU?YwUXNo> gX69T)d JZg J L >W<>,SJMTo>WTVU
L_JM<XUX6 JMR 3 ]V:_JMT`UX69aQ>1/ rs69UXN

B + N
t=69U?gQB h No> OfY;gXU?gxJ2/)/=>1/ U?Y UXNo>yOW:=<X<?>WTVUIL_JMUXNogIJM<?>yOfY2, L=:=U?>1/

JZg�/=>WL=6POWU?>1/ 69T 5 698;:=<?> ooBCHJMCBbh No>wU?YZUKJMR UX<KJMTog�, 6Pg?gX6PYZT OfY;gXU \iYZ< � JMUXN Hw6Pg
C1 = 4Bd2 + 2Nd2 3

JMTE/ \iYZ< �7JMUXN?K 3 C2 = 4(B + N)d2 B

������� � 
 � !����  !��	� ��� � !���#"

h No> L_JM<XUX6 JMR OfY`>��SOW6P>WT`UyJML=L=<?YkJZO?N 8;:_JM<KJMTVU?>f>fg UXN_JMUwJMTF7 OfY2, L=:=UKJMUX6PYZT JMUwJMTB7 8;6C4k>WTmToYF/=> <?>��
]`:=69<?>fg YZT=RC7D/oJMUKJS\u<?Y2, L=<?>54 6PYZ:ogxToY=/=>fgQB c RPg?Y 3 /C:o> U?Y UXNo> >5, t >1/)/=>1/mL=<?YZL >W<XU�7D/C6Pg?OW:og?g?>1/ 69T
: >fOWUX6PYZT ooBLKCBE@ 3 JMTB7 ToY=/=> JMR9r JJ7 gSN_JZgSJZOfOf>fg?g U?Y UXNo> L_JZg?USOfY`>��SOW6P>WT`U?g 69U To>f>1/=g U?YpOfY2, L=:=U?>
69U?g YQrsT L_JM<XUX6 JMR OfY >��SOW6P>WTVU 3 <?>W8VJM<�/CRP>fg?g YM\xrsNo>WUXNo>W< UXNo>%/oJMUKJ 69U 6Pg <?>fOf>W6C4`69T=8 r JZg 8k>WTo>W<KJMU?>1/

&Z@



\q<?Y2, UXNo> gKJp, > RP>54k>WR
j
YZ< \u<?Y2, JMTF7 YZUXNo>W<wRP>54k>WR B c gwJ <?>fgX:=R9U 3 UX<KJMTog?69UX6PYZTpOfY;gXU?g /=>WL >WTE/mYZT=RC7

YZT UXNo> L=<?>fg?>WTVU g?UKJMU?>;F UXNo> L=NB7CgX6POQJMR L Y;gX69UX6PYZT YM\nUXNo> ToY=/=> 69T UXNo> To>WU r YZ<>d JMTE/ UXNo> OfY=/C69T=8
g?OKNo>5, > t >W69T=8^:og?>1/ 3 JMTE/ 3 gX69ToOf> UXNo> YZ:=UXL=:=U YM\ J ToY=/=> hu69U?g OfY >��SOW6P>WTVU j 6PgwUXNo> g Jp, > <?>W8VJM<�/	�
RP>fg?g YM\yUXNo> L=<?>54`6PYZ:og L_JMUXN 3 OfY;gXU?g :=L U?Y J L_JM<XUX6POW:=R JM< ToYF/=>D/=Y ToYZU 69T��o:o>WToOf> UXNo> OfY;gXUS\iYZ<
J \q:=UX:=<?>^UX<KJMTogX69UX6PYZT B � 69UXNoYZ:=U RPY;gX69T=8p8k>WTo>W<KJMR969U 7 3 OfYZTogX60/=>W< UXNo> gXUKJMU?>

(n, j) 3 JMTE/ RP>WU
Sa =

{ia1 , ia2 , · · · , ian−2 , j − 1} 3 Sb = {ib1 , ib2 , · · · , ibn−2 , j}
JMTE/

Sc = {ib1 , ib2 , · · · , ibn−2 , j + 1}

<?>WL=<?>fg?>WT`U UXNo>SUXN=<?>f>SYZL=UX6C,y:), h , 69T=6C,y:), OfY;gXU jwg?>f]V:o>WToOf>fg YM\ OfYF/C69T=8 g?O?No>5, >fg :=LpU?Y gXUKJMU?>fg
(n− 1, j− 1) 3 (n− 1, j)

JMTE/
(n− 1, j +1)

<?>fgXL >fOWUX6C4k>WRC7 huUX<KJMTogX69UX6PYZTog \q<?Y2,HJ 8k>WTo>W<X6POxL=<?>54 6PYZ:og
gXUKJMU?> OfYZ:=R0/St >�/=>.@oTo>1/ gX6C, 69R JM<XRC7ojdB�+ >WU

Ck(n)
<?>WL=<?>fg?>WTVU UXNo> �%������� ����� L_JMUXN OfY;gXU :=L U?YwToYF/=>

n

hu6 B >;B 3 >.-=OWR9:E/C69T=8 UXNo> YZ:=UXt YZ:=TE/ OfY;gXU?g \iYZ<sToY=/=>
n
j \qYZ<nJ g?OKNo>5, >yg?>f]`:o>WToOf>

Sk

B��p>wN_JJ4k>wUXN_JMUQF

Ck(n) =

n
∑

m=1

Rm,iam
D2

m + lm(iam) + NP (m− 1, iam−1 ) + tm−1(iam−1 , iam).
h ooBLKNIkj

h No> JM<X<X6C4`69T=8^L_JMUXN OfY;gXU?g \iYZ<IgXUKJMU?>
(n, j)

\iYZ<wg?>f]`:o>WToOf>fg
Sa 3 Sb 3 JMTE/ Sc

OQJMTmt > gK>f>WT 69T 57698 �
:=<?> ooBCHNH;B

:`69ToOf>wUXNo>wY 4k>W<XNo>QJ2/ OfY;gXUsU?Y <?>WUX<X6P>54k>wUXNo>ITo>fOf>fg?gKJM<>7%/oJMUKJ \q<?Y2,[UXNo> OfY`>��SOW6P>WT`U?gs\q<?Y2,[RP>54k>WR
j + 1

6Pg J2/)/=>1/ U?Y UXNo> 69ToOfY2, 69T=8mUX<KJMTogX69UX6PYZT 3 UXNo> RPY`OQJMR L=<?Y`Of>fg?g?69T=8 OfY;gXU JMTE/ UXNo>STV:), t >W< YM\
YZ:=UXt YZ:=TE/AL_JM<XUX6 JMRPg 3 P (n, j) 3 JMU gXUKJMU?> (n, j)

rs69R9RxToYZU O?N_JMT=8k> 3 <?>W8VJM<�/CRP>fg?g YM\yUXNo> 69ToOfY2, 69T=8
L_JMUXN B 5 698;:=<?> ooBCHJK gXNoYQr g UXNo> 69TVt YZ:=TE/�MYZ:=UXt YZ:=TE/ OfY;gXU?gS\iYZ< gXUKJMU?>

(n, j)
\iYZ<SUXNo> g?YZR9:=UX6PYZT

<?>WL=<?>fg?>WT`U?>1/ tF7
Sa 3 Sb

JMTE/
Sc

Blh No>W<?>d\iYZ<?> 3 \iYZ< JMTB7pJM<X<X6C4 69T=8 L_JMUXN 3 YZ:=UXt YZ:=TE/ OfY;gXU?gyOQJMTpt >
/=>fOfYZ:=L=RP>1/^\q<?Y2,[69TVt YZ:=TE/ OfY;gXU?gbB � NoY`Y;gX69T=8SJ t >fgXUsL_JMUXN JM<X<X6C4 69T=8 U?Y J gXL >fOW6n@_OwgXUKJMU?> /=Y >fg ToYZU
>WR96C, 69T_JMU?> YZL=UX6C,SJMR L_JMUXNog 3 JMTE/ g?YSJ L_JMUXN UXN_JMU�, 69T=6C, 69aQ>fgxUXNo> L_JMUXNP, >WUX<X6PO huRPYQr >fgXU OfY;g?U j OQJMT
t >I\qYZ:=TE/ :ogX69T=8 J gXNoYZ<XU?>fgXU � L_JMUXNmJMR98kYZ<X69UXN), B c Un>QJZO?N gXUKJM8k>

n
YM\7UXNo> /=>fOW6PgX6PYZT 3 UXNo>yJMR98kYZ<X69UXN),

& o



(n,j)

N
P
(n
−

1,
j +

1)
D
2
n−

1

+
tn−

1
(j

+
1,

j)

Rn,jD
2

n + ln(j)

NP (n− 1, j)d2

n−1
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U?YIUXNo>sJ14k>W<KJM8k>sRP>WT=8;UXN YM\vUXNo> gX69T=8;RP>�� <?YZ:=U?>sL_JMUXNog 69T UXNo> To>WU r YZ<>d 3 g?Y UXN_JMU UXNo> 8VJM69Tog \q<?Y2, :ogX69T=8
gXNoYZ<XU?>fgXU � L_JMUXNm<?YZ:=UX69T=8^JM<?> g?:=togXUKJMTVUX6 JMR B � T UXN=6PgxOQJZgK> 3 \iYZ<xUXNo> gXNoYZ<XU?>fgXU � L_JMUXN <?YZ:=UX69T=8 3 KNM�� YM\
UXNo> ToY=/=>fg 69T UXNo> To>WU r YZ<>d r >W<?>%, >W<X8k>^ToY=/=>fg 3 rsN=69RP> UXNo> ToY�� , >W<X8k>^<?YZ:=UX69T=8 69ToOW<?>QJZg?>1/ UXNo>
J14k>W<KJM8k>	/C6PgXUKJMToOf>wt >WU r >f>WT ToY=/=>fgs69T UXNo>ITo>WU r YZ<>d^tB7P`;@�� B
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Raw Data, Shortest−Path

57698;:=<?> DCBCH & F �xL=UX6C, :), JMR98kYZ<X69UXN), L >W< \qYZ<>,SJMToOf> OfY2, L_JM<?>1/AU?Y <KJfr /oJMUKJpUX<KJMTog�, 6Pg?gX6PYZT \iYZ<ToY�� , >W<X8k> JMTE/^g?NoYZ<XU?>fgXU � L_JMUXN <?YZ:=UX69T=8 \iYZ<s<KJMTE/=Y2, To>WU r YZ<>d

� T OfYZTVUX<KJZgXU 3 \iYZ< UXNo> g>,SJMR9RP>W< <?>QJMR���/oJMUKJ To>WU r YZ<>d hq57698;:=<?> DCBCH (kj 3 L >W< \iYZ<>,SJMToOf> 6Pg ToYZU JZg
gX698;T=6n@_OQJMT`UXRC7 J ce>fOWU?>1/ tB7 UXNo> <?YZ:=UX69T=8 3 /C:o> U?Y UXNo> <?>1/C:oOf>1/ TV:),yt >W< YM\xToY=/=>fgQB �p> t >WR96P>54k>
UXN_JMU 69T UXNo>xOQJZgK>nYM\ 57698;:=<?> DCBCH & 3 8;6C4k>WTSUXNo> /=>WTogX69U�7 YM\ UXNo>nTo>WU r YZ<>d UXNo>xOfY;g?U YM\ , >W<X8;69T=8 6Pg ToYZU
JZg gX698;T=6n@_OQJMTVU hiJZgIJ <?>fgX:=R9U YM\ UXNo> L=<?YZL Y;g?>1/Da ���89 OfY=/C69T=8 YM\b, >W<X8k>1/ L_JMUXNog jxJMTE/ UXNo>W<?>d\iYZ<?>
UXNo> L >WT_JMR9U�7;/C:o> U?Y JMR9RPYQrs69T=8 RPYZT=8k>W< L_JMUXNog hiJZgw69T UXNo> ToY�� , >W<X8k>SOfYZT @o8;:=<KJMUX6PYZTvj 6Pg U?Y Y N=698;N
U?Y t > OfY2, L >WTogKJMU?>1/mtF7 UXNo> <?>1/C:oOWUX6PYZT YM\8, >W<X8k> OfY;gXU?gQB � UI6Pg JMRPg?Y 69TVU?>W<?>fg?UX69T=8 U?Y ToYZUX6POf> UXN_JMU
UXNo> ToY�� , >W<X8k>SJMTE/ gXNoYZ<XU?>fgXU � L_JMUXNp<?YZ:=UX69T=8 N_J14k> gX6C, 69R JM<yL >W< \iYZ<>,SJMToOf>SJMUwRPYQr :	�xl huUXN=6Pg OQJMT
t > g?>f>WT 69T UXNo> <?>QJMR���/oJMUKJ OQJZg?> 3 rsN=6PO?N r >SYZL >W<KJMU?> JMU RPYQr >W< <KJMU?>fg jdBGh N=6Pg OQJMT t > >.-CL=R JM69To>1/
JZgI\iYZR9RPYQr gQFy69T gXNoYZ<XU?>fgXU � L_JMUXN <?YZ:=UX69T=8 69TC\iYZ<>,SJMUX6PYZT To>f>1/=gwU?Y t > gK>WTVUw\iYZ< >54k>W<>7?, >W<X8k> 3 \iYZ< J
TV:), t >W< YM\ ToY=/=>fg /=>WL >WTE/=>WTVUsYZTSUXNo>�@oR9U?>W< RP>WT=8;UXN B c U RPYbr <KJMU?>fg UXN=6Pg YJ4k>W<XNo>QJ2/ t >fOfY2, >fg , YZ<?>
gX698;T=6n@_OQJMT`U JZgsUXNo>�/oJMUKJ UX<KJMTog>, 6Pg?gX6PYZT^<KJMU?>fgn69T^ToY�� , >W<X8k> <?YZ:=UX69T=8 t >fOfY2, >wRPYQr >W<QB
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57698;:=<?> DCBCH (CF �xL=UX6C, :), JMR98kYZ<X69UXN), L >W< \qYZ<>,SJMToOf> OfY2, L_JM<?>1/AU?Y <KJfr /oJMUKJpUX<KJMTog�, 6Pg?gX6PYZT \iYZ<ToY�� , >W<X8k> JMTE/^g?NoYZ<XU?>fgXU � L_JMUXN <?YZ:=UX69T=8 \iYZ<s<?>QJMR /oJMUKJ To>WU r YZ<>d

57698;:=<?>^DCBCHJI <?>WL=<?>fg?>WTVU?g <?>fgX:=R9U?g \iYZ< UXNo> OWR9:og?U?>W<?>1/ To>WU r YZ<>d g?Of>WT_JM<X6PY=B � YZU?>SUXN_JMU 69T UXN=6Pg
OQJZg?> 3 :=T=R96Cdk> UXNo> U r YmL=<?>fOf>1/C69T=8 YZTo>fg 3 ToY�� , >W<X8k>^<?YZ:=UX69T=8 RP>QJ2/=g U?Y UXNo> t >fg?U Y 4k>W<KJMR9R L >W< \iYZ< �
,SJMToOf>;B � T UXN=6Pg g?Of>WT_JM<X6PY 3 JZg 69T UXNo> <KJMTE/=Y2, To>WU r YZ<>d OQJZgK> 3 KNM�� YM\IUXNo> ToYF/=>fg JM<?>G, >W<X8k>
ToY=/=>fgwrsNo>WTpgXNoYZ<XU?>fgXU � L_JMUXNp<?YZ:=UX69T=8 6PgI:og?>1/eB �xYbr >54k>W< 3 UXNo> ToY�� , >W<X8k> <?YZ:=UX69T=8 69ToOW<?>QJZgK>fgwUXNo>
J14k>W<KJM8k>	/C6PgXUKJMToOf> t >WU r >f>WT ToY=/=>fgs69T YZT=RC7 @NM��[JZgxOfY2, L_JM<?>1/ U?Y UXNo> <KJMTE/=Y2, OQJZg?> 3 rsN=69RP> JMRPg?Y
YMce>W<X69T=8 J g?698;T=6n@_OQJMTVU78VJM69Ty69TyU?>W<>, g YM\_OfY2, L=<?>fg?gX6PYZT L >W< \iYZ<>,SJMToOf> tF7 , YZ<?> >��SOW6P>WTVUXRC7y8;<?YZ:=L=69T=8
OfYZ<X<?>WR JMU?>1/ ToY=/=>fgQB

� YZU?>IUXN_JMU 69T 57698;:=<?>fgxDCBCH & 3 DCBCH ( 3 JMTE/ DCBCHJI UXNo>wL >W< \iYZ<>,SJMToOf> OW:=<>4k>wgXRPYZL >I6PgsRPYbr >W< \iYZ< ToY��
, >W<X8k>w<?YZ:=UX69T=8 hu6 B >;B 3 UXNo>w]`:_JMR969U�7%/=>W8;<KJ2/=>fg , YZ<?> g?RPYQrsRC7^JZg UXNo>IUX<KJMTog>, 6Pg?gX6PYZT OfY;gXU�/=>fOW<?>QJZgK>fg jdB
�p>SJM8VJM69T JMUXUX<X69t=:=U?> UXN=6PgwU?Y J2/)/C69UX6PYZT_JMR OfY;gXUyYM\ /oJMUKJG, >W<X8;69T=8 69T UXNo>SgXNoYZ<XU?>fgXUwL_JMUXN <?YZ:=UX69T=8
OQJZg?>;B
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Optimum Algorithm, no merges
Optimum Algorithm, Shortest−Path
Raw Data, Shortest−Path

57698;:=<?> DCBCHJICF �xL=UX6C, :), JMR98kYZ<X69UXN), L >W< \qYZ<>,SJMToOf> OfY2, L_JM<?>1/AU?Y <KJfr /oJMUKJpUX<KJMTog�, 6Pg?gX6PYZT \iYZ<ToY�� , >W<X8k> JMTE/^g?NoYZ<XU?>fgXU � L_JMUXN <?YZ:=UX69T=8 \iYZ< OWR9:ogXU?>W<?>1/ To>WU r YZ<>d
� ��� � 
f�������k" ��� ��" �� � � ��� �*�&� $A����
e� � "�� �

c , YZT=8 UXNo>k,SJMTB7p<?>WR JMU?>1/ r YZ<>dm/C6Pg?OW:og?g?>1/ 69T : >fOWUX6PYZT DCBLK 3 YZTo>A/=>fg?>W<>4k>fg gXL >fOW6 JMR JMUXU?>WT`UX6PYZT B
h No> <?>fgK>QJM<?O?N 8;<?YZ:=L JMUSln6POf> �nT=6C4k>W<?g?69U�7 N_JZg <?>fOf>WTVUXRC7 L=<?YZL Y;g?>1/ JMT 69TVU?>W<XL YZR JMU?YZ<>7 r JJ4k>WRP>WU
UX<KJMTog \iYZ<>,[\iYZ<s69<X<?>W8;:=R JM<xgKJp, L=R969T=8 8;<X60/=g � oV@�� 3 JMRPg?Y t_JZg?>1/^YZT UXNo>IR96 \uUX69T=8SgKO?No>5, >;B

h No>W69< JML=L=<?YkJZOKN 6Pgwt_JZgK>1/ YZT J%,y:=R9UX6Pg?OQJMRP> <?>WL=<?>fg?>WTVUKJMUX6PYZT 3 rs69UXN OQJZg?OQJ2/=> L_JM69<?g YM\ R96 \qUX69T=8
gXUKJM8k>fg 3 gX6C, 69R JM< U?YsrsN_JMU N_JZg t >f>WT /=>fgKOW<X69t >1/y69Te: >fOWUX6PYZTeKCBE@CB&h No>W69< , Y;gXU <?>WRP>54ZJMT`U OfYZTVUX<X69t=:=UX6PYZT 3
NoYQr >54k>W< 3 r JZgwUXNo> 69T`UX<?YF/C:oOWUX6PYZT YM\sJ UX<X:o> t=6���/C6C, >WTogX6PYZT_JMR r J14k>WRP>WU /=>fOfY2, L Y;gX69UX6PYZT t_JZg?>1/pYZT
R96 \qUX69T=8oB�h No>nt=6���/C6C, >WTogX6PYZT_JMRe60/=>QJyr JZgsJMT >.- U?>WTog?6PYZT YM\ UXNo>xR96 \uUX69T=8 g?OKNo>5, > \iYZ< :=T=60/C6C, >WTog?6PYZT_JMR
gXL_JZOf>fg 3 JMTE/ <?>WR96P>1/SYZT gXL=R969UXUX69T=8yUXNo> ToYF/=>fg 69TkK2a gXL_JZOf>s69T`U?Y >54k>WT JMTE/ YF/)/Sg?>WU?gQB75oYZ< >.-oJp, L=RP> 3
J g?YmOQJMR9RP>1/ � >54k>WT�� ToY=/=> r YZ:=R0/ 8;<?YQr[69U?g To>W698;N`t YZ<XNoY Y=/ :=TVUX69Rs69U N_J2/ >WToYZ:=8;N To>W698;NVt YZ<?g U?Y

HJM;D



8;:_JM<KJMTVU?>f> J g?UKJMt=69R969aQ>1/ L=<?>1/C6POWU?YZ< YZL >W<KJMU?YZ< hiJZgKgX:=<X69T=8 L >W< \i>fOWU <?>fOfYZTogXUX<X:oOWUX6PYZT 6Pg L Y;g?gX69t=RP>bjdB
h NoY;g?>sTo>W698;N`t YZ<?g r YZ:=R0/SUXNo>WT t >WRPYZT=8yU?YwUXNo> � Y=/)/ � g?>WU YM\ ToY=/=>fgQB�h No>sL=<?Y Of>fg?g r YZ:=R0/ OfYZTVUX69T`:o>
rs69UXN UXNo>xY=/)/ ToYF/=>fg @oTE/C69T=8 UXNo>W69< >54k>WT To>W698;N`t YZ<?g JMTE/ g?Y YZT 3 JMU JMTF7S8;6C4k>WT g?OQJMRP>;B c \uU?>W< >54k>WT
JMTE/ YF/)/ g?>WU?g JM<?> /=>.@oTo>1/ JMU UXNo>8/C6 ce>W<?>WTVU g?OQJMRP>fg 3 UXNo> L=<?>1/C6POWUX6PYZTSJMTE/y:=L /oJMU?> YZL >W<KJMUX6PYZTog YM\oUXNo>
R96 \qUX69T=8 /=>fOfY2, L Y;g?69UX6PYZTog r YZ:=R0/SUKJpdk>sL=R JZOf> 3 8k>WTo>W<KJMUX69T=8 UXNo>sr JJ4k>WRP>WU8/=>fOfY2, L Y;gX69UX6PYZT OfY`>��SOW6P>WT`U?g
JMUn>QJZOKN ToYF/=>;B �p>I<?>d\q>W< U?Y � oV@ �e\qYZ<�/=>WUKJM69RPgQB

� N=69RP> UXNo>W69<wr YZ<>dmL=<?YZL Y;g?>fgyJ UX<X:o>iK2aHr J14k>WRP>WUyUX<KJMTogX\qYZ<>, hu69TpYZ:=<yr YZ<>d 3 r > N_JJ4k> J?H1a
UX<KJMTog \iYZ<>,[UXN_JMUs>WToOfYF/=>fg�K2a /oJMUKJ t=:=U YZL >W<KJMUX69T=8SJMRPYZT=8GH1a L_JMUXNog j 3 UXNo>57 g?:Cc >W< \q<?Y2,[J	,SJ��XYZ<
g?>WUXt_JZO*d B�< JZO?NmgXUKJM8k>yYM\ UXNo>yR96 \uUX69T=8A/=>fOfY2, L Y;gX69UX6PYZTm6C, L=R96P>fgxUXN_JMU JMR9R7L_JM<XUX6 JMR&/oJMUKJ 69TB4kYZRC4k>1/ 69T
UXN_JMU g?U?>WL N_JZg U?YyUX<KJMTog>, 69UXU?>1/ t >WU r >f>WT >54k>WT JMTE/SY=/)/ ToYF/=>fg JZg /=>fg?OW<X69t >1/ tF7 UXNo>nOfYZ<X<?>fgXL YZTE/	�
69T=8%,SJMUX<X6n- Beh No>W<?>d\iYZ<?> 3 >54k>WT <?>WR JMUX6C4k>WRC7 g�,SJMR9R&4;JMR9:o>fgwYM\

m
r YZ:=R0/m6C, L=RC7 J R JM<X8k> TV:),yt >W<yYM\

UX<KJMTog>, 6Pg?g?6PYZTog 3 69ToOW<?>QJZgX69T=8 UXNo> UX<KJMTog>, 6Pg?gX6PYZT^OfY;gXU?gQB�� T YZ:=< r YZ<>d 3 UXN=6Pg L=<?YZt=RP>5,[6Pg g?YZRC4k>1/ rs69UXN
UXNo> L_JM<XUX6 JMR OfY`>��SOW6P>WT`U JML=L=<?YkJZOKN 3 rsN=6PO?N >WR96C, 69T_JMU?>fg UXNo>^To>f>1/AYM\wt_JZO�d r JM<�/ UX<KJMTog>, 6PgKgX6PYZTogQB
� T � oV@�� 3 UXNo>57 Y 4k>W<?OfY2, >nUXN=6Pg 6Pg?gX:o> tB7l/C6Pg?OQJM<�/C69T=8e/=>WUKJM69Rv69TC\iYZ<>,SJMUX6PYZT t >WRPYQr JI8;6C4k>WT UXN=<?>fgXNoYZR0/ 3
8;<?>QJMUXRC7 <?>1/C:oOW69T=8 UXNo>w<?>f]`:=69<?>1/^TV:), t >W< YM\7UX<KJMTog�, 6Pg?gX6PYZTogxJMTE/ L=<?Y Of>fg?gX69T=8oB

h No>wr YZ<>d^69T	� oV@�� JMRPg?Y L=<?Y 4`60/=>fg JMT >WTo>W<X8N7^OfYZTogX:), L=UX6PYZT L >W< \iYZ<>,SJMToOf>yJMT_JMRC7CgX6Pg 3 gXNoYbrs69T=8
gX698;T=6n@_OQJMT`Un6C, L=<?YJ4k>5, >WT`U?g rsNo>WT OfY2, L_JM<?>1/ U?Y UXNo>�/C69<?>fOWUnUX<KJMTog>, 6Pg?gX6PYZT YM\ YZ<X698;69T_JMR /oJMUKJCB

<�4k>WT^UXNoYZ:=8;N^UXNo>Ir YZ<>d L=<?YZL Y;g?>1/ 69T	� oV@�� gXUX69R9RegX:Cce>W<?g \u<?Y2, J gX698;T=6n@_OQJMT`U >WTo>W<X8N7 Y 4k>W<XNo>QJ2/
6C, L Y;g?>1/ tF7 UXNo>yR JM<X8k> T`:),yt >W< YM\ <?>f]`:=69<?>1/ UX<KJMTog>, 6Pg?g?6PYZTog 3 JMTE/j/C:o>yU?Y UXN=6Pg 3 JMUnUXN=6Pg L YZ69TVU 3 6Pg
YZT=RC7 4 6 JMt=RP> \iYZ< 4k>W<>7 R JM<X8k> To>WU r YZ<>d gshurs69UXNe, YZ<?> UXN_JMT%HJMNMNMnToYF/=>fg j 3 69U76Pg 69T`U?>W<?>fgXUX69T=8IU?Y ToYZU?> 69U?g
gX6C, 69R JM<X69UX6P>fg rs69UXN UXNo> r YZ<>d L=<?YZL Y;gK>1/ 69T UXN=6Pg UXNo>fgX6Pgnh /C6PgXUX<X69t=:=U?>1/ r J14k>WRP>WU?g t_JZg?>1/ YZT UXNo> R96 \qUX69T=8
g?OKNo>5, > rs69UXN >WTo>W<X8N7^OfYZTogX:), L=UX6PYZT OfYZTogXUX<KJM69TVU?g jdB�� U g?>f>5, gsUXN_JMUf,SJMTB7^YM\7UXNo>y60/=>QJZgsL=<?YZL Y;g?>1/
69T UXNo>fg?> U r Ymr YZ<>d g OQJMT t > JML=L=R96P>1/ U?Y >QJZO?N YZUXNo>W< 3 JMR9RPYbrs69T=8 J L >W< \iYZ<>,SJMToOf> 6C, L=<?YJ4k>5, >WTVU

HJMN`



\q<?Y2, t YZUXNmL_JM<XU?gQB �x:=< r YZ<>d OfYZ:=R0/mOf>W<XUKJM69T=RC7 t >WTo>.@oU \u<?Y2, J UX<X:o>eK2a R96 \qUX69T=8 JML=L=<?YkJZOKN 3 JMTE/
JML=L=RC7 69T=8SUXNo>wL_JM<XUX6 JMR7OfY`>��SOW6P>WT`Un60/=>QJ U?YSJ UX<X:o> K2a JMR98kYZ<X69UXN), rs69R9R YZL >WT To>Wr L Y;g?g?69t=69R969UX6P>fg U?Y
UXNo>w<?>fg?>QJM<?OKN 3 ,SJpd 69T=8 UXN=6PgxJ gXUX<?YZT=8SU?YZL=6POwU?Y t >w>.-CL=RPYZ<?>1/^69T UXNo>ITo>QJM< \u:=UX:=<?>;B

� ��� � "�
�� ���e� *"�


� T UXN=6Pg r YZ<>d 3 r > N_J14k>mL=<?YJ4 60/=>1/ J \q<KJp, >Wr YZ<>d UXN_JMU^JMR9RPYQr gA@oTE/C69T=8 3 \qYZ<^Jp8;6C4k>WT To>WU r YZ<>d
U?YZL YZRPYZ8N7 3 rsN=6POKN Jp, YZT=8 J^TV:),yt >W< YM\nJJ4ZJM69R JMt=RP> OfYF/C69T=8P, >WUXNoY=/=g 6Pg , YZ<?>SgX:=69UKJMt=RP> \qYZ<y>QJZOKN
YM\nUXNo> g?>WTog?YZ<?gbB �p> N_J14k> gXNoYQrsT UXN_JMU tF7 YZL=UX6C, 69af69T=8 UXNo> OfYF/C69T=8 JMR98kYZ<X69UXN), gK>WRP>fOWUX6PYZT 3 UXNo>
YJ4k>W<KJMR9Re>WTo>W<X8N7 OfYZTogX:), L=UX6PYZT OQJMT t >xgX698;T=6n@_OQJMTVUXRC7 <?>1/C:oOf>1/ rsNo>WT OfY2, L_JM<?>1/SU?Y UXNo>nOQJZg?>nrsNo>WT
/oJMUKJy6Pg � :ogXU ]`:_JMTVUX69aQ>1/^JMTE/ \iYZ<Xr JM<�/=>1/ U?YyUXNo>xOf>WT`UX<KJMR ToY=/=>;B�� T YZ:=< g?6C,y:=R JMUX6PYZTog r >xr >W<?>IJMt=RP>
U?Y OfY2, L_JM<?>�/C6 ce>W<?>WTVUx<?YZ:=UX69T=8 U?>fO?N=T=6P]`:o>fgxJMTE/ 60/=>WT`UX6 \ 7 UXNoY;g?>IUXN_JMUnJM<?> , Y;g?U >��SOW6P>WTVUnY 4k>W<KJMR9R 3
\iYZ< 8;6C4k>WTAToY=/=>^RPY OQJMUX6PYZTog 3 JMTE/ \iYZ< t YZUXN gX6C,y:=R JMU?>1/ /oJMUKJ JMTE/ \q<?Y2, J <?>QJMRnrs69<?>WRP>fg?g g?>WTog?YZ<
To>WU r YZ<>de/=>WL=RPY 7F, >WT`UQB�<�4k>WT \iYZ< UXNo> OQJZg?>fg7rsNo>W<?> UXNo> L=<?YZL Y;g?>1/e/C6PgXUX<X69t=:=U?>1/ r J14k>WRP>WU UX<KJMTog \iYZ<>,
JMR98kYZ<X69UXN), g r >W<?> ToYZU JZg >��SOW6P>WT`U JZg gX6C, L=RP>W< g?OKNo>5, >fg gX:oOKN JZgPa ���89 hqg?>f> 57698;:=<?>fg DCBCHJK
JMTE/ DCBCHQ@kj 3 r > 4k>W<X6n@_>1/ UXN_JMUsUXNo>xL=<?YZL Y;g?>1/^YZL=UX6C, :), JMR98kYZ<X69UXN), JMR9r JJ7 g @oTE/=gsUXNo> t >fgXUsOfY=/C69T=8
g?OKNo>5, >wUXN_JMUngXNoYZ:=R0/^t >I:og?>1/ tF7 >QJZOKN ToY=/=>w69T^UXNo>wTo>WU r YZ<>d 3 JMTE/ UXN_JMUngXNoYZ<XU?>fgXU � L_JMUXN <?YZ:=UX69T=8
/=Y >fgsToYZUxJMR9r JJ7 gnRP>QJ2/=gsU?Y t >fgXUsL >W< \qYZ<>,SJMToOf>;B

c TV:), t >W<wYM\ U?YZL=6POfg OQJMT gXUX69R9R t > J2/)/C<?>fgKg?>1/eB � N=69RP> 69T UXN=6Pgxr YZ<>d^UXNo> JMR98kYZ<X69UXN), JMT_JMRC7CgX6Pg
r JZg R96C, 69U?>1/ U?YyL=<?>1/=>.@oTo>1/S<?YZ:=UX69T=8 U?YZL YZRPYZ8;6P>fg 3 �XYZ69TVU g?>WRP>fOWUX6PYZT YM\e<?YZ:=U?>xJMTE/ OfYF/C69T=8 JMR98kYZ<X69UXN),
g?>f>5, g U?Y t >mJpT_JMUX:=<KJMRITo>.-CU g?U?>WLA\iYZ< YZL=UX6C, 69abJMUX6PYZT B c RPg?Y 3 , YZ<?> <?>QJMR96Pg?UX6PO OfY;gXU \q:=ToOWUX6PYZTog
OQJMTpt > 69ToOfYZ<XL YZ<KJMU?>1/pU?Y^UXNo>g/=>fOW6PgX6PYZTpL=<?Y Of>fg?gShq>;B 8oB 3 UX<KJMTog>, 6Pg?gX6PYZT OfY;g?U?gyJ OfYZTogXUKJMTVU U?>W<>, 69T
J2/)/C69UX6PYZT U?YwJxU?>W<>, L=<?YZL YZ<XUX6PYZT_JMR=U?Y /C6PgXUKJMToOf>bj 3 JMTE/ Jf, YZ<?> >��SOW6P>WTVU <?>WL=<?>fg?>WTVUKJMUX6PYZTSYM\ T_JMUX:=<KJMR

HJM'&



L=No>WToY2, >WT_J hq>;B 8oBb/C6 ce>W<?>WTVUn<?>W8;6PYZTognYM\ UXNo> @_>WR0/ JM<?> , Y=/=>WRP>1/^rs69UXNP/C6 ce>W<?>WTVU L_JM<KJp, >WU?>W<?gdj OQJMT
t > :og?>1/eB � N=69RP> 69TpUXN=6Pgwr YZ<>d r >SJZgKgX:), >1/ ToY=/=>fg >.-COKN_JMT=8k>1/ 69TC\iYZ<>,SJMUX6PYZT tF7D/oJMUKJ NoYZL=69T=8 3
69T J L=<KJZOWUX6POQJMR JML=L=R96POQJMUX6PYZT t=<?YkJ2/=OQJZgXU OQJML_JMt=69R969UX6P>fg OfYZ:=R0/ t >m:og?>1/ U?Y 6C, L=<?YJ4k> >54k>WT�, YZ<?>
UXNo> To>WU r YZ<>d >��SOW6P>WToO57kB 5oYZ<^>.-=Jp, L=RP> 3 OfY`>��SOW6P>WT`U?g^69T UXNo> L_JMUXNog UXN_JMU r >W<?>pJMR9<?>QJ2/ 7A\u:=R9RC7
OfY2, L=:=U?>1/ OfYZ:=R0/ <?>QJZOKN UXNo> Of>WT`UX<KJMR ToYF/=> tF7 t=<?YkJ2/=OQJZg?UX69T=8 3 >54k>WTVUX:_JMR9RC7 g>d 69L=L=69T=8 NoYZLogSJMTE/
gKJJ4`69T=8e, YZ<?>n>WTo>W<X8N7 � ToYF/=>fg UXN_JMU To>f>1/ J , >QJZgX:=<?>5, >WT`U \u<?Y2, J OfY2,g, YZT g?>WTog?YZ< OfYZ:=R0/ JZOf]`:=69<?>
69U 4 6 J t=<?YkJ2/=OQJZgXUX69T=8 69T YZTo>ygX69T=8;RP>wgXU?>WL 3 JMRPg?Y <?>1/C:oOW69T=8 UXNo>w>WTo>W<X8N7^OfYZTogX:), L=UX6PYZT B

HJM(



��� ��� ����� �

� "�
�� �*�	���"�
 ��
	! � � ��� � � � " ���

� T^UXN=6Pg UXNo>fgX6Pgsr > N_JJ4k>yJ2/)/C<?>fg?g?>1/^UXNo> L=<?YZt=RP>5, YM\ OfY2, L=<?>fg?gX6PYZT \iYZ<srs69<?>WRP>fg?gxg?>WTog?YZ<sTo>WU r YZ<>d g
\q<?Y2, J gX698;T_JMR L=<?Y Of>fg?gX69T=8^L YZ69TVU YM\84 6P>Wr B �p> N_JJ4k> L=<?YZL Y;gK>1/ U r Y ToYJ4k>WR JMR98kYZ<X69UXN), gw\iYZ<wUXNo>
/C6PgXUX<X69t=:=U?>1/ r JJ4k>WRP>WU UX<KJMTog \qYZ<>, JZg7J�, >QJMTog7U?Y�/=>fOfYZ<X<?>WR JMU?> /oJMUKJnJMTE/	, YZ<?> >��SOW6P>WT`UXRC7 <?>WL=<?>fg?>WT`U
g?>WTog?YZ< , >QJZg?:=<?>5, >WTVU?g 3 <?>f]V:=69<X69T=8 \i>Wr >W<nt=69U?gnJMTE/^<?>1/C:oOW69T=8 UXNo> >WTo>W<X8N7^OfYZTogX:), L=UX6PYZT 69T UXNoY;g?>
To>WU r YZ<>d gbB

h No>%@o<?g?Ug, >WUXNoYF/ OfYZTog?6PgXU?>1/ 69TAJ?/C6PgXUX<X69t=:=U?>1/A6C, L=RP>5, >WTVUKJMUX6PYZT YM\ UXNo>P/C6PgKOW<?>WU?>^r JJ4k>WRP>WU
UX<KJMTog \iYZ<>, t_JZg?>1/ YZT UXNo> R96 \uUX69T=8 g?OKNo>5, >;B � T UXNo>mg?>fOfYZTE/ 3 r >mL=<?YZL Y;g?>1/ UXNo> OfY2, L=:=UKJMUX6PYZT
YM\nL_JM<XUX6 JMRsr J14k>WRP>WUSOfY >��SOW6P>WTVU?g U?Ym>.-CL=RPYZ69U UXNo> T_JMUX:=<KJMR�/oJMUKJ �_Ybr /C69<?>fOWUX6PYZT 69T UXNo> To>WU r YZ<>d
JMTE/A>WR96C, 69T_JMU?> :=T=To>fOf>fg?gKJM<>7 UX<KJMTog>, 6PgKgX6PYZTogQB �p> >54;JMR9:_JMU?>1/ UXNo> 6C, L_JZOWU YM\ ]V:_JMT`UX69abJMUX6PYZT YM\
UX<KJMTog>, 69UXU?>1/;/oJMUKJ 69T UXNo>	@oT_JMRb/C6PgXU?YZ<XUX6PYZT 3 /=>.@oT=69T=8 J <X:=RP> U?Y%/=>fgX698;Tpg?>WTogKYZ<I]`:_JMTVUX69aQ>W<?g 3 JMTE/
4k>W<X6n@_>1/ UXN_JMU >WToOfYF/C69T=8 L_JM<XUX6 JMR)/oJMUKJn:og?69T=8

3
>.- UX<KJnt=69U?g YMc >W<?>1/ Jn<?>QJZg?YZT_JMt=RP> UX<KJ2/=>�� YMc t >WU r >f>WT

J2/)/C69UX6PYZT_JMR�/C6Pg?U?YZ<XUX6PYZT JMTE/ >.-CUX<KJ >WTo>W<X8N7 OfY;g?UQB
�p>SJMRPgKY L=<?YZL Y;g?>1/ J 8k>WTo>W<X6POSYZL=UX6C, 69abJMUX6PYZT L=<?Y Of>1/C:=<?> t_JZg?>1/ YZTm/ 7`T_Jp, 6PO L=<?YZ8;<KJp,g, 69T=8

U?YSOfYZT @o8;:=<?>yUXNo> To>WU r YZ<>d 3 /C6C4 60/C69T=8S69Ux69TVU?YS<?>W8;6PYZTognUXN_JMUxr YZ:=R0/ L=<?Y`Of>fg?gf/oJMUKJ :ogX69T=8A/C6 c >W<?>WT`U
OfY=/C69T=8Sg?O?No>5, >fg 3 gX:oOKN UXN_JMU UXNo> @oT_JMR >WTo>W<X8N7 OfYZTog?:), L=UX6PYZT 6Pg�, 69T=6C, 69aQ>1/eB8aI>WL >WTE/C69T=8 YZT UXNo>
@oR9U?>W< gX69aQ>fg JMTE/ T`:),yt >W<SYM\xRP>54k>WRPg YM\ /=>fOfY2, L Y;gX69UX6PYZT 3 >WTo>W<X8N7 OfY;gXU?g OQJMT t >fOfY2, >%4k>W<>7 N=698;N B

HJMNI



� YQr >54k>W< 3 YZTo>^UXNo>G,SJM69TAL YZ69TVU?g YM\IUXN=6Pg r YZ<>d 6PgSToYZUSYZT=RC7 gX6C, L=RC7 L=<?YJ4 60/C69T=8 J /C6PgXUX<X69t=:=U?>1/
r JJ4k>WRP>WU JMR98kYZ<X69UXN), 3 t=:=U YZTo> UXN_JMUS6PgSOfY;g?U � Jfr JM<?>;B'a >WL >WTE/C69T=8 YZT UXNo> JML=L=R96POQJMUX6PYZT 3 JmR JM<X8k>
TV:), t >W< YM\ gK>WTog?YZ<?g�, 698;N`U t > 69TB4kYZRC4k>1/ 3 JMTE/;, YZ<?> OfY2, L=RP>.- UX<KJMTog \iYZ<>, g�, 698;N`U YMce>W< JA, YZ<?>
>��SOW6P>WTVU r J17 YM\x<?>WL=<?>fg?>WT`UX69T=8 /oJMUKJCB �p> L=<?YJ4 60/=>1/ Jj, >WUXNoYF/ U?Y?/=>fOW60/=> 6 \IJ 8;6C4k>WT r JJ4k>WRP>WU
UX<KJMTog \iYZ<>, :og?69T=8 J Of>W<XUKJM69TmTV:),yt >W<wYM\ RP>54k>WRPgIYM\ /=>fOfY2, L Y;g?69UX6PYZTogxrs69R9R7RP>QJ2/ U?Y >WTo>W<X8N7 gKJ14 69T=8kg
\iYZ<nJ 8;6C4k>WT g?>WTog?YZ<sTo>WU r YZ<>d OfY2, L_JM<?>1/ U?Y YZUXNo>W< L Y;gKgX69t=RP>wOfYF/C69T=8 g?O?No>5, >fgQB

�p>%@oT=6Pg?No>1/ tB7 L=<?YZL Y;g?69T=8 JMT >.- U?>WTog?6PYZTAYM\ UXNo>G/C6Pg?UX<X69t=:=U?>1/ r JJ4k>WRP>WUSUX<KJMTog \iYZ<>, g U?Ymt >
6C, L=RP>5, >WTVU?>1/ 69TGK2a To>WU r YZ<>dCg 3 rs69UXN^J 8k>WTo>W<X6POxU?YZL YZRPYZ8N7kB c <?>fgX:=R9U YM\ UXN=6Pg >.-CU?>WTogX6PYZT r JZg UXN_JMU
J^r J14k>WRP>WU OfY2, L=<?>fg?g?6PYZT JMR98kYZ<X69UXN), OfYZ:=R0/ t >S:og?>1/ U?Y <?>WL=<?>fg?>WTVUlK2a /oJMUKJ YZt=UKJM69To>1/ \u<?Y2, JMT
69<X<?>W8;:=R JM<xg Jp, L=R969T=8 L_JMUXU?>W<XT B

<�-CL >W<X6C, >WTVU?g rs69UXNyt YZUXN gX6C,y:=R JMU?>1/ JMTE/y<?>QJMR /oJMUKJsN_JJ4k> gXNoYQrsT UXN_JMU UXNo> L=<?YZL Y;gK>1/ , >WUXNoY=/=g
OQJMT g?698;T=6n@_OQJMTVUXRC7 <?>1/C:oOf> UXNo> >WTo>W<X8N7 OfYZTogX:), L=UX6PYZTA69T rs69<?>WRP>fg?gl, :=R9UX69NoYZL gK>WTog?YZ< To>WU r YZ<>d gbB
� YQr >54k>W< 3 OfY2, L=<?>fgKgX6PYZT \iYZ< rs69<?>WRP>fg?gxgK>WTog?YZ<xTo>WU r YZ<>dCgI6Pgxg?UX69R9R7JS<?>WR JMUX6C4k>WRC7 To>Wr <?>fgK>QJM<?O?NpJM<?>QJ 3
JMTE/ ,SJMTB7 L=<?YZt=RP>5, g JM<?>sgXUX69R9RoYZL >WT B�aI>fgXL=69U?> UXNo> \ JZOWU UXN_JMU UXN=6Pg r YZ<>d N_JZg JZOKN=6P>54k>1/ 69TVU?>W<?>fg?UX69T=8
<?>fgX:=R9U?gIJMTE/ L=<?YZL Y;g?>1/ J TV:), t >W<wYM\ ToY 4k>WR7gXUX<KJMU?>W8;6P>fg 3 UXNo>W<?> JM<?>ygXUX69R9R7<?>WRP>54;JMTVU U?YZL=6POfgxYZ< 60/=>QJZg
UXN_JMUnOQJMT t > J2/)/C<?>fg?g?>1/ 69T \u:=UX:=<?>w<?>fgK>QJM<?O?N 3 JMTE/ JM<?> r YZ<XUXNP, >WT`UX6PYZT=69T=8oB

• � � � � ��� � �� � ���� ��� � h No> No>W:=<X6PgXUX6PO \qYZ< L=<?Y Of>fg?gX69T=8�/oJMUKJAJMUj, >W<X8;69T=8 L YZ69T`U?g 69T J
, :=R9UX69L=RP>�� <?YZ:=U?>mTo>WU r YZ<>d L=<?YZL Y;gK>1/ 69T gK>fOWUX6PYZT DCBE@CBCH 6Pgi4k>W<>7 g?>WTogX69UX6C4k> U?Y UXNo> T`:),yt >W<
YM\ , >W<X8k>^L YZ69TVU?gS69T UXNo>^To>WU r YZ<>d B�h No> Jp, YZ:=T`U YM\wgX60/=>^69TC\iYZ<>,SJMUX6PYZTA69T UXNo>^\qYZ<>, YM\
a ���89 OfY >��SOW6P>WTVU?g OQJMT t >fOfY2, >�4k>W<>7 R JM<X8k>�/=>WL >WTE/C69T=8 YZTSUXNo>sTV:), t >W< YM\ <KJp, 6n@_OQJMUX6PYZTog
69T UXNo> <?YZ:=UX69T=8pUX<?>f> \iYZ<SJ 8;6C4k>WT To>WU r YZ<>d B � N=69RP> g?>QJM<?OKN=69T=8 \iYZ< JMR9U?>W<XT_JMUX6C4k> <?YZ:=UX69T=8kg
UXN_JMUIOQJMT 6C, L=<?YJ4k> UXNo> JMR98kYZ<X69UXN), L >W< \qYZ<>,SJMToOf> 6Pgf4ZJMR960/mJML=L=<?YkJZO?N 3 YZTo> OQJMTmJM<X8;:o> UXN_JMU

HNHJM



UXNo> L=<?YZt=RP>5, R96P>fgS69TAUXNo>j, >W<X8;69T=8 gXUX<KJMU?>W8N7 69U?g?>WR \XB �x>Wr gXUX<KJMU?>W8;6P>fg 3 gX:oOKN JZg UXNo> YZTo>
g?:=8;8k>fgXU?>1/S69TG: >fOWUX6PYZT DCBE@CBCH 3 OfYZ:=R0/ J14kYZ60/ UXNo>n69ToOW<?>QJZg?>x69T g?60/=> 69TC\iYZ<>,SJMUX6PYZT tF7 L=<?YJ4 60/C69T=8
JMR9U?>W<XT_JMUX6C4k>yr JJ7 gxYM\ OfY2, t=69T=69T=8A/oJMUKJ JMUsUXNo>�, >W<X8;69T=8 L YZ69T`U?g huNo>W:=<X6PgXUX6POyYZ< ToYZU jdB

•
��� � � �������� ��� � � � � � � � �� � � ��� � � � �� � ��� h <KJMTog>, 6Pg?gX6PYZTogn69T J rs69<?>WRP>fg?gxg?>WTog?YZ<sTo>WU r YZ<>d
JM<?> /=YZTo> 4 6 J t=<?YkJ2/=OQJZg?UX69T=8oB h N=6Pg , >QJMTogIUXN_JMUIrsNo>WT J ToY=/=> 6Pg UX<KJMTog>, 69UXUX69T=8 69U?g /oJMUKJ 3
JMR9R UXNo>SToY=/=>fg 69Tog?60/=>S69U?gy<KJMT=8k> OQJMT JMRPg?Y N_JJ4k> JZOfOf>fg?g U?Y UXNo>A/oJMUKJ^t >W69T=8 UX<KJMTog�, 69UXU?>1/eB
h N=6PgIOfYZ:=R0/mJMR9RPYQr JSN=698;No>W<f4kYZR9:), > YM\ /oJMUKJ >.-COKN_JMT=8k> rs69UXNoYZ:=U JMTF7 69ToOW<?>QJZg?> 69T >WTo>W<X8N7
OfYZTog?:), L=UX6PYZT 3 JMTE/ OfYZ:=R0/ N_JJ4k> JMT 6C, L_JZOWU YZT UXNo> JMR98kYZ<X69UXN), L >W< \qYZ<>,SJMToOf>;B c RPgKY 3 69T
OQJZgK>fgIrsNo>W<?> UXNo> YZL=UX6C,SJMR <?YZ:=UX69T=8j/=Y`>fg ToYZUI\iYZR9RPYQr J gXNoYZ<XU?>fgXU � L_JMUXN UX<?>f>y\iYZ< /oJMUKJ L=<?Y��
Of>fgKgX69T=8 3 t=<?YkJ2/=OQJZgXUX69T=8 OfYZ:=R0/ t > :og?>1/ U?Y \iYZ<Xr JM<�/i/oJMUKJIUXN_JMUb/=Y`>fg ToYZU To>f>1/ U?YIt > \q:=<XUXNo>W<
L=<?Y Of>fg?g?>1/^\iJZgXU?>W<sU?Y UXNo>ygX69T)d 3 UXN`:og <?>1/C:oOW69T=8S>WTo>W<X8N7^OfYZTogX:), L=UX6PYZT B

• ��� ������� �������� � <�4k>WT UXNoYZ:=8;N UXNo>wUXNo>fYZ<?>WUX6POQJMR t YZ:=TE/ YZt=UKJM69To>1/ 69T O?N_JML=U?>W<fo 6Pg gXNoYbrsT
U?Y t > gKJMUX6Pg \ JZOWU?YZ<>7y69T L=<KJZOWUX6POf> 3 Jf, YZ<?> /=>WUKJM69RP>1/ gXUX:E/ 7 YM\vUXNo>s]V:_JMT`UX69abJMUX6PYZTS>dc >fOWU?g�, 698;N`U
t > To>fOf>fg?gKJM<>7kB&h YZL=6POfg U?Y t > J2/)/C<?>fgKg?>1/ OQJMT 69ToOWR9:E/=> UXNo> g?>f]`:o>WTVUX6 JMRo]`:_JMTVUX69abJMUX6PYZT YM\ , YZ<?>
U?>W<>, gn69T^UXNo> gX:), 3 JMTE/ UXNo>y>dc >fOWUnYM\�/C6 ce>W<?>WTVUn]`:_JMTVUX69aQ>W<?g YZUXNo>W< UXN_JMT :=T=6 \iYZ<>, �

• 	 � � �� � � ���� �� ��� � ����� � � 9 >QJZgX:=<?>5, >WTVU?g JMUxUXNo> ToY=/=>fgwOQJMTmOfYZTog?6PgXU YM\84k>fOWU?YZ< /oJMUKJ 3
, >QJMT=69T=8 UXN_JMUSg?>WTogKYZ<?g JM<?> JZOf]`:=69<X69T=8 /oJMUKJ YJ4k>W< UX6C, >;B � T UXN=6Pg OQJZg?> 3 t >fgX60/=>fgSgXL_JMUX6 JMR
OfYZ<X<?>WR JMUX6PYZT 3 UX6C, > OfYZ<X<?>WR JMUX6PYZT JMUx>QJZO?N ToY=/=> OQJMT JMRPg?Y t >w>.-CL=RPYZ69U?>1/eB

HNHNH



�� � �*�"�� � ��� � 

�CH ���oB c OW6C, YJ4 6PO 3 6 B�6 >d\q>W<X:=R9R���+ YZabJMToY 3 JMTE/ lyB � <X6Pg?U?>fg?OW: B c /oJML=UX6C4k>e/C6PgXUX<X69t=:=U?>1/ JMR98kYZ<X69UXN), g\iYZ< L YQr >W< � >��SOW6P>WT`U�/oJMUKJ 8VJMUXNo>W<X69T=8 69T g?>WTog?YZ< To>WU r YZ<>dCgQB � T��������
	 ��� 	�� ����� ��� � ����� � ��� 	 ��
	��  	!� ��� ��� 	 � 	���� 	���� ���������� �%� ��� � �  �%� � � �  � �&	
� � ����� 	�� �%� ��� � ����� 3 �;:=To>	KNMNM;DCB

�LK�� � B � No>WT 3 : B � U?YZN 3 JMTE/��oB :`N=6Cd`6 B � <X<?>W8;:=R JM<Ig Jp, L=R969T=8 UXNo>fYZ<?>5, g \iYZ< r J14k>WRP>WU g?:=togXL_JZOf>fgQB	������! � � �  �� "� ���� �� �"	 � ����� � �%� � � �# � 	
�%�	
 3 oNo_hi@kjdFCHNHQ@ H ��HNH5oBK 3 9 JJ7;HJINI(CB
�E@�� � B � NoYZT=8mJMTE/ : B �7B �I:),SJM<QBD: >WTog?YZ< To>WU r YZ<>d gQFi<�4kYZR9:=UX6PYZT 3 YZL=L YZ<XUX:=T=69UX6P>fg 3 JMTE/ OKN_JMR��RP>WT=8k>fgQB%$ ���  	 	
	 ����� ���� ��� 	&	������ 3 I Hkh (kjdFCHJKpo�& ��HJK;DN` 3 c :=8;:ogXUfKNMNM;@CB
� o � c B � 6 JMToOW6PYSJMTE/ c B �x<XU?>W8VJCB c /C6Pg?UX<X69t=:=U?>1/^r JJ4k>WRP>WUxOfY2, L=<?>fg?gX6PYZT JMR98kYZ<X69UXN), \iYZ<srs69<?>WRP>fg?gg?>WTogKYZ< To>WU r YZ<>d g :ogX69T=8yR96 \qUX69T=8oB�� T'$ ���  	 	
	 ����� ���� ��� 	(�����*)+	 �&� 	 � � �%� ��������,� � ��� 	 � 	��& 	 � �
-  �.�  � �  �� ��� 	 	
 �� � �&	 � � � �����/$ �
�� 	 � �����01	.� - � �2$3�*) 3 9 YZTVUX<?>QJMR 3 � JMT_J2/oJ 3 9mJ17PKNMNMpooB

�ED�� c B � 6 JMToOW6PYSJMTE/ c B �x<XU?>W8VJCB c /C6Pg?UX<X69t=:=U?>1/^r JJ4k>WRP>WUxOfY2, L=<?>fg?gX6PYZT JMR98kYZ<X69UXN), \iYZ<srs69<?>WRP>fg?g, :=R9UX69NoYZL g?>WTog?YZ<^To>WU r YZ<>dCg :ogX69T=8 R96 \qUX69T=8oB � T4$ ���� 	 	
	 �����  �
� ��� 	5�������6	 ��� 	 �����%� � � ���%�
� � � � 	 � 	��& 	 � � -  �.�  � �  �� � � 	 	
 � � �&	 ��� � � ���7$ �
�� 	 � �����8�	.� - � �2$3��� 3 � N=69R J2/=>WR9L=N=6 J 3� : c 3 9mJM<?O?NDKNMNM;DCB

�L`�� c B � 6 JMToOW6PY JMTE/ c B �x<XU?>W8VJCB c / 7 T_Jp, 6PO L=<?YZ8;<KJp,g, 69T=8 JML=L=<?YkJZOKNpU?YG/C6PgXU?YZ<XUX6PYZT
� >WTo>W<X8N7YZL=UX6C, 69abJMUX6PYZT \iYZ< /C6PgXUX<X69t=:=U?>1/ r JJ4k>WRP>WU OfY2, L=<?>fgKgX6PYZT rs69UXN JML=L=R96POQJMUX6PYZTog U?Y /oJMUKJ 8VJMUXNo>W<X69T=869T rs69<?>WRP>fg?g g?>WTog?YZ< To>WU r YZ<>dCgQB�	 ��� 	 �����%� � � �����9� � ��� 	 � 	 �& 	 �� -  ������ �� ������ 	 	  � � �&	 � � � �����
$ �
�� 	 � �����01	.� - � �2$3��: 3 KNMNMN`CB

� & � c B�� 6 JMToOW6PY 3 : B �7JMUXU?>5, 3 c B �x<XU?>W8VJ 3 JMTE/�6IB �I<X6PgXN=T_Jp,SJZO?N_JM<X6 B < To>W<X8N7 � >��SOW6P>WTVUG/oJMUKJ<?>WL=<?>fg?>WT`UKJMUX6PYZTSJMTE/y<?YZ:=UX69T=8x\iYZ< rs69<?>WRP>fg?g g?>WTog?YZ< To>WU r YZ<>d g t_JZg?>1/ YZT J�/C6PgXUX<X69t=:=U?>1/ r JJ4k>WRP>WUOfY2, <?>fg?g?6PYZTSJMR98kYZ<X69UXN), B;	 �&� 	 � � �%� ��������<� � ��� 	 � 	��& 	 � �
	 ���"����� �%� � � �=$ ���� 	�������� ��� � 	 � ����
� 	���� ������>1	�$ �2����: 3 KNMNMN`CB

� (�� c B � YZNo>WT 3 � B awJM:=t >fO?N=6P>fg 3 JMTE/"�_B � � Bo5o>QJM:)4k>QJM: Bb6 6PYZ<XUXNoYZ8kYZT_JMR t_JZgK>fgsYM\7OfY2, L_JZOWUXRC7^gX:=L
�L YZ<XU?>1/^r JJ4k>WRP>WU?gQB�� �%� �+?9$%� � 	 ��&	 - � �&�%� 	 	
� �%��� 	 � �%� �   3 oBKCF o�(;D�� D;DNM 3 HJININKCB
�LI��	hwB � B�� YZ<>, >WT 3 � B <nBJ+ >W6Pg?>W<?g?YZT 3 l BJ+ BQln6C4k>fgXU 3 JMTE/ � B :`U?>W69T B;	 ������� 	.�� �� ��� ��� � - � ������������� dB9 � h � <?>fg?g 3 KMTE/ >1/C69UX6PYZT 3 KNMNM H;B
�CHJM�� l B � <X6PgXU?>fg?OW: 3 6IBE6 >d\i>W<X:=R9R���+ YZabJMToY 3 JMTE/P9 B � >WUXU?>W<XR96 B�� >WU r YZ<>dk>1/?:`RP>WL=6 JMT
�!� YZR \XF h No>fYZ<>7JMTE/ JMR98kYZ<X69UXN), gQBA@  �B�%� ���	� 	 � �C�!����������	� � � � 	�� ����0� 	���� ������"�D� �2�E�����*) 3 KNMNMpooB6 >W<XR969T 3 GI>W<>,SJMTF7kB

HNHJK



�CHNH � l B � <X6Pg?U?>fg?OW: 3 6IB=6 >d\i>W<X:=R9R���+ YZabJMToY 3 JMTE/G9 B � >WUXU?>W<XR96 B �x>WU r YZ<>dk>1/ :`RP>WL=6 JMT
�!� YZR \XFbh No>fYZ<>7 3JMR98kYZ<X69UXN), g JMTE/ g?OQJMR969T=8 R Jfr gQB�	������  � � �  �� "� � � �  � �8	 �����%��� �%� � � �  � 	
��� 
 3 D H;F oBM;D'& �oBM'&Z@ 3 aI>fOf>5, t >W< KNMNM;DCB
�CHJK�� l B � <X6PgXU?>fg?OW: 3 6IB 6 >d\q>W<X:=R9R���+ YZabJMToY 3 9 B � >WUXU?>W<XR96 3 JMTE/ l B � JMUXU?>WT=NoYM\q>W<QB �x>WU r YZ<>d OfYZ<X<?>��R JMU?>1/G/oJMUKJ 8VJMUXNo>W<X69T=8 rs69UXN^>.-CL=R96POW69U OfY2,g,y:=T=6POQJMUX6PYZT F �nL
� OfY2, L=RP>WU?>WTo>fg?gxJMTE/ JMR98kYZ<X69UXN), gQB

 &� � � � 	 ��� ��� 	������ � - � �  � ��  �� �� ��� �  ��"� 	���� ����� ��� � 3 KNMNM;DCB
�CHQ@�� �dB aIJM:=t >fO?N=6P>fg JMTE/ � B :`r >WR0/=>WTogQB 5_JZOWU?YZ<X69T=8^r J14k>WRP>WU UX<KJMTog \qYZ<>, gI69T`U?Y R96 \uUX69T=8 g?U?>WLogQB���?

� �.� ���!	 � - ����� ? - � �&� ? 3 o_hi@kjdFLKpoVD��=KN`'& 3 HJINI(CB
�CH5o � � B_5_JM<>4;JM<�/C69TpJMTE/ �oB�9 YF/=>fgXUX69ToY=BxlxJMU?>���/C6PgXU?YZ<XUX6PYZT L >W< \qYZ<>,SJMToOf> YM\ a ���89 g?OKNo>5, >fgn\iYZ<JM:=U?YZ<?>W8;<?>fg?g?6C4k> gKYZ:=<?Of>fgQB�	������  � � �  �� "� ����  � �0	 � ����� � �%� � � �8 � 	
��� 
 3 @ H;F oBMNK��BoEH ( 3 9mJ17HJI(;DCB
�CHQD��	9 Bs5o>W69R9To>W< 3 a B � JMT�aI> �x69R9RP> 3 JMTE/ 9 B �nTog?>W<QB c T YZ<XUXNoYZ8kYZT_JMR \ Jp, 69RC7 YM\ ]V:=69ToOW:=T -r J14k>WRP>WU?gIrs69UXN OfYZTVUX69T`:oYZ:ogXRC7 J2/�� :ogXUKJMt=RP> YZ<�/=>W<QB&	������  � � �  �� "� � � �  � ��	�� � ��	>$ �
�� 	���

����� 3 H5o_h o`jdF oBINI�� D HJM 3 KNMNM;DCB
�CHJ`��	9 B GwJZgXUXL_JM< 3 �7B�a <KJM8kYZUXUX6 3 JMTE/m9 B � >WUXU?>W<XR96 BGh No>k/C6PgXUX<X69t=:=U?>1/ � JM<XNV:=To>WT
��+ Y �54k> UX<KJMTog �\iYZ<>, B � T $ ���� 	 	
	 ����� ���� ��� 	>����� �+	 ��� 	�� ����� ��� � ��� � �������� �	� � � � � � � ��� 	 	 � � � � � �����/$ ���.

 	 � ����� 3 :`UQBEh NoY2,SJZg 3 � : �x69<X8;69T � gXR JMTE/=g 3 a >fOf>5, t >W< KNMNMNKCB
�CH & � c BnGI>W<?gXNoYAJMTE/ lyB 9 BsGI<KJ17kB�� 	
 �� ��� 	 � ���� � � �%� � � � � � 	 � � � ����� $ �
�� 	 � �����;B �IR9:Vr >W<c OQJ2/=>5, 6POyL=:=t=R96PgXNo>W<?g 3 HJININKCB
�CH (�� c B GIY >WRnJMTE/ a Bb< gXUX<X69T B�:`6C, :=R9UKJMTo>fYZ:og YZL=UX6C, 69abJMUX6PYZT \iYZ< OfYZToOQJ14k> OfY;gXU?gQFj:`69T=8;RP> gX69T)dJM8;8;<?>W8VJMUX6PYZT YZ<ngX69T=8;RP>wg?YZ:=<?Of>wt=:)7 � JMU � t=:=RCd B � T ���
	 - 3 L_JM8k>fg�oBINI�� DNM;D 3 KNMNM;@CB
�CHJI�� c B GIYZ:=aQ> 3 9 B c T`U?YZT=69T=6 3 9 Bb6sJM<XR JM:E/ 3 JMTE/ 6IB�9 JZOf] B �xL=UX6C, 69aQ>1/AR96 \uUX69T=8 gKO?No>5, >^\iYZ<U r Y���/C6C, >WTogX6PYZT_JMRe]`:=69ToOW:=T -SgKJp, L=R969T=8y6C,SJM8k>fgQB�� T0$ �
�� 	 	 	 ��� � ���� ��� 	(�2����@B	 ��� 	 �����%� � � ���%�

� � � � 	 � 	��& 	!� �"	�� � ��	�$ ���� 	��������.�;	.�<	�$�� ��@ 3 h No>fg?gKJMRPYZT=6Cd 6 3 G <?>f>fOf> 3 � OWU?YZt >W<fKNMNM H;B
�LKNM�� c B��IJ17VJZgXN=6 B ax6 ce>W<?>WTVUX6 JMR7L=:=RPg?> OfY=/=> , Y=/C:=R JMUX6PYZT YM\ gXUKJMUX6PYZT_JM<>7 8VJM:og?gX6 JMT 69T=L=:=U?gQB 	������

 � ��  �� �� ��� �  �� � ���!��� � �� �%� ���� 3 � � 9 9 � KN`CFCHNHQ@'& ��HNH5o�& 3 c :=8oB HJI'& (CB
�LK H � � B lyB �x>W69T=aQ>WRC,SJMT 3 c B :`69T=N_J 3 c B�� JMT=8 3 JMTE/ c B �7B � N_JMTE/C<KJpdCgKJMT B < To>W<X8N7 � gKOQJMR JMt=RP>JMR98kYZ<X69UXN), g JMTE/ L=<?YZU?Y OfYZRPg \iYZ< rs69<?>WRP>fg?g , 6POW<?Y;g?>WTog?YZ< To>WU r YZ<>dCgQB1	.� - � �2$ �	 ��� 	 �����%� � � ���%�

� � � � 	 � 	��& 	!� � -  �.�  � �  �� ��� 	 	  ��� ��&	 ��� � � ���/$ �
�� 	�� ����� 3 �;:=To> KNMNMNMCB
�LKNK��	< B2�VJMT_JM<�/CN_JMT_JMT B a 6 c >W<?>WT`UX6 JMR ���89 g�7 gXU?>5, gbB;	������  � ��  ?1� ���!������? 3 � � 9 9 � K'& F (NK��I;@ 3 �`JMT B HJI'&2ICB
�LK;@�� � BE: B �VJ17VJMT`U JMTE/ �7B �xYZR9R B�	 � � ���!�%��� ��	 ����� ��� � � � 	������ � � $ �����  � � � 	� � � 	 - � �&�%�� ��� ��� � 

� � ��� 	 	  � � �&	���� 	�	
�kB � <?>WTVUX6POf>�� � c R9R 3 HJI(pooB
�LKpo � � B9�;6 JMT=8 JMTE/ c B �x<XU?>W8VJCB +e6 \qUX69T=8 \iJZOWU?YZ<X69abJMUX6PYZT
� t_JZgK>1/ /C6Pg?OW<?>WU?> r JJ4k>WRP>WUyUX<KJMTog \iYZ<>, JM< �OKN=69U?>fOWUX:=<?> /=>fg?698;T B;	������  � � �  �� "� � � �  ��8� ���
 *� ���� ��  � 
  � 	��  ��������� 	�	
�  	
 ��� ��� � � 
 3HNHkhiDkjdFL`;D H �=`;D'& 3 9 JJ7%KNMNM H;B

HNHQ@



�LK;D����oB �I:ogX:),SJ 3 + B aIYZNo>W<XU�7 3 JMTE/	� B lxJp, OKN_JMTE/C<KJMT BGax6Pg?UX<X69t=:=U?>1/ OfY2, L=<?>fg?gX6PYZT \qYZ< g?>WTog?YZ<To>WU r YZ<>dCgQB%	.�<	�$% 	 ��� 	 �����%� � � ������� � � � 	 � 	��& 	!� �"	�� � ��	�$ ���� 	�������� 3 � OWU?YZt >W<fKNMNM H;B
�LKN`�� : BF+e69TE/=g?>57SJMTE/ � B : BklxJM8;N_JJ4k>WTE/C<KJCB �b< G c :	�>: F �7YQr >W< � >��SOW6P>WTVU 8VJMUXNo>W<X69T=8 69T g?>WTogKYZ< 69T
�\iYZ<>,SJMUX6PYZT g>7 g?U?>5, gQB � TD	 � �&���  	 	
	 �����  ��� ��� 	1	������ - 	 �
�  � �� 	�� � � � 	 � 	��& 	 3 + Y;g c T=8k>WRP>fg 3� : c 3 KNMNMNKCB
�LK'& ��� B +e69: B � <X<?>W8;:=R JM< g Jp, L=R969T=8 \qYZ< g?L=R969To>mr J14k>WRP>WU gX:=togXL_JZOf>fgQBA	������  � � �  �� "� � � �  � �

	 ���"��� � �%� ����  � 	
�%�	
 3 oBK=h KkjdFL`NK;@��=`NK'& 3 9 JM<?OKNmHJININ`CB
�LK(�� �IJMt=69UKJMU 9 YZT=69U?YZ<X69T=8 YZT G <?>QJMU ax:oO*d � gXR JMTE/eB �xT=R969To> /oJMUKJ�� g?>WU RPY OQJMU?>1/JMU

<
N`UXUXL F   rsrsr B 8;<?>QJMU�/C:oO�d 6PgXR JMTE/eB To>WU

>
B

�LKNI�� : B �7JMUXU?>5, 3 6IB��I<X6Pg?N=T_Jp,SJZO?N_JM<X6 3 JMTE/ lyBvGIY 4`69TE/oJMT Bfh No>y6C, L_JZOWUIYM\ gXL_JMUX6 JMR7OfYZ<X<?>WR JMUX6PYZTYZT <?YZ:=UX69T=8 rs69UXN OfY2, L=<?>fgKgX6PYZT 69T rs69<?>WRP>fg?g g?>WTogKYZ< To>WU r YZ<>dCgQB � T"$ �
�� 	 	
	 �����  ��� ��� 	+ �����
	
	 ��� 	�� ����� ��� � ��� � 
������ �� � � � �+	 ���"��� � �%� ����D$ �
�� 	 � ����� ��� � 	�� ����%� 	���� ������ 3 c L=<X69R�KNMNMpooB

�E@NM�� � N_JM<XRP>fgf< B �7>W<>d`69TogQB - 	. � �� >� 	"��� �����
�����kB c /)/C6Pg?YZT
�!�p>fgXRP>57 3 KNMNM H;B
�E@ H � : B : B � <KJ2/CN_JMT 3 �oB �I:ogX:),SJ 3 JMTE/ � BZlxJp, OKN_JMTE/C<KJMT B�ax6Pg?UX<X69t=:=U?>1/ OfY2, L=<?>fg?gX6PYZT 69T J /=>WTog?>, 6POW<?Y;g?>WTogKYZ< To>WU r YZ<>d B 	������ � � � �����/$ �
�� 	 � ������� � �'� � ��� 	 3 L_JM8k>fgnD H �=`NM 3 9mJM<?O?N KNMNMNKCB
�E@NK�� �7B � B l 6PO*dk>WTVt_JZOKN JMTE/ lyB � JMUXU?>WT=NoYM\i>W<QBxGwJMUXNo>W<X69T=8 OfYZ<X<?>WR JMU?>1/ /oJMUKJS69T gK>WTog?YZ< To>WU r YZ<>d gbB

� T�$ �
�� 	 	
	 �����  ��� ��� 	�	�	 -�� �  $ �1� � � � ����� � �������� �	���� � �.� �&	'��� ��� �  ���1� � ����� 	>� ����
�/��� ����� � $ ����� ��	�	 � ����� � �7$ - ����� - 3 L_JM8k>fg `NM��=`N`CB c �89 3 � OWU?YZt >W< KNMNMpooB

�E@;@�� �IN_JMR960/ :CJJ7kY`Y=/eB
	 �����
��	.�  "� ���� � ��	 ���!�6� �����&� 	�� � � �_Be9 YZ<X8VJMT � JM:C\ ,SJMT=T � :=t=R96Pg?No>W<?g 3HJININ`CB
�E@po � c B : OQJM8;R96PYZTo> JMTE/ : B�a B : >W<>4k>WUXU?Y=B �xT UXNo> 69T`U?>W<�/=>WL >WTE/=>WToOf> YM\ <?YZ:=UX69T=8^JMTE/?/oJMUKJ OfY2, �L=<?>fg?g?6PYZT 69TG,y:=R9UX6�� NoYZL To>WU r YZ<>d gQB 	 ��� 	 �����%� � � ������� ���� 	�� 	��  	!� � � � ����� 	0� �����/��� ����� ��&	

� 	���� ����� ��� �+ � � ���  ��� � �.� 3 KNMNMNKCB
�E@;D�� : >W<X8;6PY?a B�: >W<>4k>WUXU?Y=B;a 6PgXUX<X69t=:=U?>1/ gX698;T_JMR L=<?Y Of>fg?gX69T=8 JMR98kYZ<X69UXN), g \qYZ< UXNo> g?>WTog?YZ< t=<?YkJ2/	�OQJZgXU L=<?YZt=RP>5, B � � � � 	 � 	��& 	�� �"	 ���"����� �%� � � � �  � 	��  	� � �&	 ��
 �� 	 � ��  � 	 � � ��� �� �	�/� ��� 

��� ��� 	 �������
 3 9mJM<?O?N KNMNM;@CB
�E@N`�� : >W<X8;6PY a Bp: >W<>4k>WUXU?Y=Bb: >WTogX69T=8 RP>WT_J�� ,SJZg?gX6C4k>WRC7�/C6PgXUX<X69t=:=U?>1/ OfY2, L=<?>fg?gX6PYZT YM\_g?>WTog?YZ< 6C,SJM8k>fgQB

	.�<	�$ �	 ��� 	 �����%� � � ������� � � � 	 � 	��& 	!� �"	�� � ��	+� �����&� 	�� � � � 3 : >WL=U?>5,yt >W< KNMNM;@CB
�E@'& � G B :`UX<KJMT=8 JMTE/GhwB �x8;:)7k>WT B
� ��� 	 � 	��� � �&	 � ��� � 	 � � � � ��WB �p>WR9RP>fgXRP>57 3 � Jp, t=<X60/C8k> 3 HJININ`CB
�E@(�� � B8:`r >WR0/=>WTogQB h No> R96 \qUX69T=8 g?OKNo>5, >;F c OfYZTogXUX<X:oOWUX6PYZT YM\yg?>fOfYZTE/ 8k>WTo>W<KJMUX6PYZT r J14k>WRP>WU?gbBh >fO?N=T=6POQJMR <?>WL YZ<XU HJINI;DCFL` 3 � TE/C:ogXUX<X6 JMRB9mJMUXNo>5,SJMUX6POfg � T=69UX6 JMUX6C4k> 3 aI>WL_JM<XU>, >WTVU YM\E9mJMUXNo>5,SJMU �6POfg 3 �nT=6C4k>W<?g?69U�7mYM\�: YZ:=UXN � JM<?YZR969T_J 3 h \qUXL F  b\uUXL B ,SJMUXN B g?O;B >1/C:� L=:=t� 6C, 6���I;D� 6C, 6 I;D�� `CB Log j 3HJINI;DCB
�E@NI�� � B :`r >WR0/=>WTogQB�h No> R96 \qUX69T=8 gKO?No>5, >;F c OW:ogXU?Y2, ��/=>fgX698;T OfYZTogXUX<X:oOWUX6PYZT YM\ t=6PYZ<XUXNoYZ8kYZT_JMRr J14k>WRP>WU?gQB - � �&� ? � �����/��� ?	� ��� ��� ��? - ���%� ? 3 @=h KkjdFCH (N`��=KNMNM 3 HJININ`CB

HNH5o



� oBM�� � Bb:`r >WR0/=>WTogSJMTE/ �7Bb: O?N=<��=/=>W<QB 6 :=69R0/C69T=8;7kYZ:=< YQrsT r J14k>WRP>WU?g JMU NoY2, >;B � � � 	 � 	"�� ���
� �����/��� 	 ��� � �	������ �� - � � � 	���� � - $ �C� �.� �� 	 � �%� 	� 3 L_JM8k>fg�HQD�� ('& 3 HJININ`CB

� oEH � l B :`aQ>Wr OWa17Fd 3 c B=9mJM69TVr JM<X69T=8 3 �oB � YZR JZg?UX<?> 3 JMTE/Aa B � :=R9RP>W<QB c T JMT_JMRC7CgX6PgsYM\7JyR JM<X8k>wg?OQJMRP>N_JMt=69UKJMU , YZT=69U?YZ<X69T=8 JML=L=R96POQJMUX6PYZT B � T $ �
�� 	 	 	 ��� �  ��� ��� 	 � 	
 ��&	 - � � � � ��� 	 � 	��& 	 � �
� ��� 	 	�	�	
	+� 	���� ����� 	
	 ��	�� ��%� � 
  � 	 � �� � 	�� � 
 	� 3 � YJ4k>5, t >W< KNMNMpooB

� oBK��	9 B � >WUXU?>W<XR967JMTE/"�oB��nYJ4;JZOf>54 6PO;B+� � � 	 � 	��� � � 	 � ��� � ��&	�� ��	 �����;B � <?>WT`UX6POf> �IJMR9R 3 HJINI;DCB
� oV@�� l BB: B� JM8;To>W< 3 l B`G BN6sJM<KJMT=69:)d 3 : B a : 3 a BB6 B��VYZN=Tog?YZT 3 JMTE/ c B � YZNo>WT B c TSJM<?O?N=69U?>fOWUX:=<?>\iYZ<A/C6Pg?UX<X69t=:=U?>1/ r J14k>WRP>WU JMT_JMRC7CgX6Pg^JMTE/ L=<?Y`Of>fgKgX69T=8 69T g?>WTogKYZ< To>WU r YZ<>dCgQB 	 ��� 	 �����%� � � ���%�

� � � � 	 � 	��& 	!� �"	 � ����� � �%� � � �'$ �
�� 	 � ����� ������	�� ��%�(� 	���� ������>1	�$ � � ��: 3 KNMNMN`CB
� oNo � c B�� JMT=8pJMTE/ c B�� N_JMTE/C<KJpdCgKJMT B < To>W<X8N7 � >��SOW6P>WTVUk/=gXLog \qYZ< rs69<?>WRP>fg?g g?>WTog?YZ< To>WU r YZ<>d gbB

	������ ��� �'�%�/$ ���  	������ ��� � �'� � ��� 	 3 L_JM8k>fg�`(�� & ( 3 �;:=RC7%KNMNMNKCB
� oVD�� c B � JMT=8 JMTE/ c B � N_JMTE/C<KJpdCgKJMT Bg< To>W<X8N7 � >��SOW6P>WTVUea : � gI\qYZ<wrs69<?>WRP>fgKg g?>WTog?YZ<ITo>WU r YZ<>d gbB

	������ ��� � � ���/$ �
�� 	�� ������� � �'� � ��� 	 3 L_JM8k>fg�`(�� & ( 3 �;:=RC7PKNMNMNKCB
� oB`���� B�
vN`: 3 � B):`:=TE/oJM<?>fgKJMT 3 JMTE/ lyB=:`6C4;Jpd :),SJM<QB � <KJZOWUX6POQJMR R96C, 69U?g YZT^JZO?N=6P>54;JMt=RP>I>WTo>W<X8N7 6C, �L=<?Y 4k>5, >WTVU?gwJMTE/ :og?>QJMt=RP>	/=>WR J17 U?YZRP>W<KJMToOf> 69T OfYZ<X<?>WR JMUX6PYZTmJQr JM<?>e/oJMUKJ 8VJMUXNo>W<X69T=8 69T rs69<?>��RP>fg?g g?>WTog?YZ< To>WU r YZ<>dCgQB � T#	������ � ���!��� � �� �%� ����  � �� �!	���
 � � ��� 	 � 	 �& 	 � � � 	�� ���� ��&	

- 	 � �� 6� ���!����� �  �%� � � �  � �&	 � 	���� ��������!�2�B� ���� � � � �&�!� � � ��� � ��� ���%� ������� � � � ��� - � 3: >WL=U?>5, t >W< KNMNM;DCB

HNHQD



� � �A��
	!e �

�  � ���
e� �	� � ��" ��*��� ���"�
 " ��� ��
e���� � �D � ����� �

� T O?N_JML=U?>W<;H;B o r > ,SJpdk> :ogK> YM\ UXNo> R96 \uUX69T=8 \iJZOWU?YZ<X69abJMUX6PYZT U?Y L=<?YZL Y;g?> /C6PgXUX<X69t=:=U?>1/ r JJ4k>WRP>WU
JMR98kYZ<X69UXN), gQB h No>S\iYZRPYQrs69T=8pg?>fOWUX6PYZTog JM<?> t_JZg?>1/ 69T rsN_JMU 6Pg L=<?>fg?>WT`U?>1/ 69T �CHQ@�� 3 JMTE/ /=>fg?OW<X69t >
NoYQr J 8k>WTo>W<X6POwL_JM69<nYM\ r JJ4k>WRP>WU�@oR9U?>W<?gnOQJMT t > \ JZOWU?YZ<X69aQ>1/^69TVU?Y R96 \uUX69T=8Sg?U?>WLogQB

� � � �  �>������� ��
e! � ��� � ��
f� � " �  
e" � �� �*�

� YZTogX60/=>W< J%@oR9U?>W<
h
rs69UXN JMT 6C, L=:=RPg?> <?>fgXL YZTog?> 8;6C4k>WTptF7

{hk ∈ � | k ∈ � }
B c g?gX:), > UXN_JMU

h
N_JZgxJ @oT=69U?>y6C, L=:=RPg?> <?>fgXL YZTogK>Shq5�� lIj 3 6 B >;B h

N_JZgIJ @oT=69U?>yTV:), t >W<IYM\ ToYZT
� aQ>W<?YSOfY >��SOW6P>WTVU?gQB
h No>

z
� UX<KJMTog \iYZ<>, YM\

h
6Pg Jl+ JM:=<?>WTVUxL YZRC7 ToY2, 6 JMR

h(z)
JMTE/ 6Pgs8;6C4k>WT tB7

h(z) =

kb
∑

k=ka

hkz
−k.

h No>�/=>W8;<?>f>yYM\ Jg+ JM:=<?>WTVUnL YZRC7 ToY2, 6 JMR 6Pg�/=>.@oTo>1/ JZg

|h| = b− a

HNHJ`



h No>W<?>d\iYZ<?> 3 6 \ zn 6Pg gK>f>WTAJZgSJ?+ JM:=<?>WTVU L YZRC7 ToY2, 6 JMRs69U N_JZgl/=>W8;<?>f>^aQ>W<?Y 3 rsN=69RP>^6 \Ig?>f>WTAJZgSJ
<?>W8;:=R JM< L YZRC7 ToY2, 6 JMR 69U N_JZg8/=>W8;<?>f>

n
B�h No> /=>W8;<?>f> YM\ UXNo>xaQ>W<?Y L YZRC7`ToY2, 6 JMR 6Pg g?>WU tB7i/=>.@oT=69UX6PYZT

U?Y
−∞

B
� N=69RP> UXNo> gX:), 3 /C6 c >W<?>WToOf>SJMTE/pL=<?YF/C:oOWUyYM\ U r YP+ JM:=<?>WT`UyL YZRC7`ToY2, 6 JMRPg JM<?> gXUX69R9Rb+ JM:=<?>WT`U

L YZRC7`ToY2, 6 JMRPg 3 >.-oJZOWU /C6C4`6PgX6PYZT 6Pg ToYZUIL Y;g?g?69t=RP>y69T 8k>WTo>W<KJMR B �xYbr >54k>W< 3 /C6C4 6PgX6PYZT rs69UXNm<?>5,SJM69TE/=>W<
6PgQB � YZTogX60/=>W< U r Y	+ JM:=<?>WT`U L YZRC7 ToY2, 6 JMRPg

a(z)
JMTE/

b(z) 6= 0 3 rs69UXN |a(z)| ≥ |b(z)|
B h No>WT 3 UXNo>W<?>

JMR9r JJ7 g >.- 6PgXU�+ JM:=<?>WT`U L YZRC7`ToY2, 6 JMRPg
q(z)

hq]V:oYZUX6P>WT`U j JMTE/
r(z)

hu<?>5,SJM69TE/=>W< j rs69UXN
|r(z)| < |b(z)|

gX:oOKN UXN_JMU

a(z) = b(z)q(z) + r(z).

q(z)
JMTE/

r(z)
OQJMT t > /=>WToYZU?>1/ JZg

q(z) = a(z)/b(z)
JMTE/

r(z) = a(z)%b(z)

� \
b(z)

6Pg J , YZToY2, 6 JMRsh
|b(z)| = 0

j 3 UXNo>WT UXNo> /C6C4 6PgX6PYZT 6Pgx>.-=JZOWU h
r(z) = 0

jdB c + JM:=<?>WTVU L YZRC7 �
ToY2, 6 JMR96Pg 69TB4k>W<XUX69t=RP> 6 \ JMTE/ YZT=RC7^6 \ 69Ux6PgxJi, YZToY2, 6 JMR B�+ YZT=8%/C6C4 6PgX6PYZT YM\b+ JM:=<?>WT`U L YZRC7 ToY2, 6 JMRPg
6PgsToYZU To>fOf>fgKgKJM<X69RC7 :=T=6P]`:o> 3 JZg gK>f>WT^69T UXNo>I\iYZR9RPYQrs69T=8S>.-oJp, L=RP>;B

�����
� � � � 
�� �p> rs6PgXN U?YP/C6C4`60/=>SU r Y + JM:=<?>WT`U L YZRC7 ToY2, 6 JMRPg
a(z)

JMTE/
b(z) 3 rsNo>W<?> a(z) =

z−1+6+z 3 JMTE/ b(z) = 4+4z
B
q(z)

,y:ogXU7t > YM\ /=>W8;<?>f> YZTo> 3 g?YnUXN_JMU r(z) = a(z)−b(z)q(z)
N_JZg

/=>W8;<?>f> aQ>W<?Y=B�h N=6Pg�, >QJMTog UXN_JMU
b(z)q(z)

N_JZg U?Y ,SJMU?OKN
a(z)

69T U r YIU?>W<>, gQB �p> 3 UXNo>W<?>d\iYZ<?> 3 N_J14k>
UXN=<?>f> L Y;gKgX69t=RP> gKYZR9:=UX6PYZTogn\iYZ<IUXNo>	/C6C4 6PgX6PYZT 3 /=>WL >WTE/C69T=8 YZT rsN=6POKN U?>W<>, gxr > O?NoY Y;g?> U?Yi,SJMU?OKN B

HNH &



� \ r >wO?NoY Y;g?>xU?Ye,SJMU?O?N^UXNo>xU?>W<>, g 69T
z−1 JMTE/ UXNo>IOfYZTogXUKJMTVU 3 r >xN_JJ4k> q(z) = 1

4 (5 + z−1) 3 JMTE/
r(z)

6Pg YM\�/=>W8;<?>f>waQ>W<?Y=F

r(z) = (z−1 + 6 + z)− (4 + 4z)(1/4z−1 + 5/4) = −4z.

� NoY Y;gX69T=8 U?Y ,SJMU?O?N UXNo>wU?>W<>, gs69T
z
JMTE/

z−1 r > @oTE/ q(z) = 1
4(z−1 + 1) 3 JMTE/

r(z) = (z−1 + 6 + z)− (4 + 4z)(1/4z−1 + 1/4) = 4.

5769T_JMRC7 3 ,SJMU?OKN=69T=8 UXNo>SOfYZTogXUKJMTVU JMTE/ UXNo> U?>W<>, 69T
z
8;6C4k>fg

q(z) = 1
4(5z−1 + 1) 3 JMTE/ r(z) =

−4z−1 B
�

� � � � �� � � �G��
	!#���e� � �  � ���
e�

c L_JM69<wYM\b@oR9U?>W<?g
h
JMTE/

g
6PgIgKJM60/ U?Y t >  ������&� 	�� 	 ���!��� 
 6 \ UXNo> JZg?gKY`OW6 JMU?>1/ L YZRC7`L=N_JZg?>	,SJMUX<X6n-

N_JZg /=>WU?>W<>, 69T_JMT`U
1
BA6 >fOQJM:og?>SYM\sUXNo>SL >W< \i>fOWU <?>fOfYZTogXUX<X:oOWUX6PYZT OfYZTE/C69UX6PYZT 3 r J14k>WRP>WUe@oR9U?>W< L_JM69<?g

JM<?>yJMR9r J17CgnOfY2, L=RP>5, >WTVUKJM<>7kB � \7UXNo>IL_JM69<
(h, g)

6PgsOfY2, L=RP>5, >WTVUKJM<>7 3 g?Y 6Pg UXNo>IL_JM69< (h̃, g̃)
B

5oYZ< JMTB7pOfY2, L=RP>5, >WT`UKJM<>7 L_JM69<yYM\ @oR9U?>W<?g
(h, g) 3 UXNo> �%� ��� ��� � ��� 	 ��� 	�� �CHQ@�� gXUKJMU?>fg UXN_JMU JMTF7

YZUXNo>W< @oT=69U?> @oR9U?>W<
gnew OfY2, L=RP>5, >WT`UKJM<>7 U?Y

h
6PgnYM\7UXNo> \iYZ<>,

gnew = g(z) + h(z)s(z2)
h c BE@NMkj

rsNo>W<?>
s(z2)

6Pg JG+ JM:=<?>WTVU L YZRC7`ToY2, 6 JMR B � TpL YZRC7`L=N_JZg?>i/=Y2,SJM69T 3 J^To>Wr L YZRC7`L=N_JZg?>l,SJMUX<X6n-p6Pg
OW<?>QJMU?>1/ JZg

HNH (



P new(z) =









he(z) he(z)s(z) + ge(z)

ho(z) ho(z)s(z) + go(z)









= P (z)









1 s(z)

0 1









h c BE@ Hbj

:`6C, 69R JM<XRC7 3 UXNo> R96 \uUX69T=8 gXU?>WL JMRPg?Y OW<?>QJMU?>fg UXNo> @oR9U?>W<
h̃new(z) 3 OfY2, L=RP>5, >WT`UKJM<>7 U?Y

g̃(z)

h̃new = h̃(z) + g̃(z)s̃(z2)
h c BE@NKkj

rs69UXN

P̃ new(z) =









h̃e(z) + g̃e(z)s̃(z) h̃o(z) + g̃o(z)s̃(z)

g̃e(z) g̃o(z)









=









1 s̃(z)

0 1









P̃ (z)
h c BE@;@kj

5oYZ<nUXNo>�/C:_JMR R96 \qUX69T=8 gXU?>WL 3 UXNo> >f]`:_JMUX6PYZTogst >fOfY2, >

hnew = h(z) + g(z)t(z2)
h c BE@po`j

P new(z) =









he(z) + ge(z)t(z) ge(z)

ho(z) + go(z)t(z) go(z)









= P (z)









1 0

t(z) 1









h c BE@;Dkj

JMTE/

g̃new = g̃(z) + h̃(z)t̃(z2)
h c BE@N`kj

HNHJI



P̃ new(z) =









h̃e(z) h̃o(z)

g̃e(z) + h̃e(z)t̃(z) g̃o(z) + h̃o(z)t̃(z)









=









1 0

t̃(z) 1









P̃ (z)
h c BE@'&;j

h No> L=<?>54 6PYZ:og >f]`:_JMUX6PYZT OQJMT t >m69TVU?>W<XL=<?>WU?>1/ JZg^6 \ J 8;6C4k>WT r JJ4k>WRP>WU 3 <?>WL=<?>fg?>WTVU?>1/ tB7 J
L YZRC7`L=N_JZg?>i,SJMUX<X6n-

P (z) 3 r >W<?> �%� ��� 	
	SU?Y JP, YZ<?> g?YZL=N=6Pg?UX6POQJMU?>1/ RP>54k>WR t=:=U >QJZOKN YM\ UXNo>SR96 \uUX69T=8
gXU?>WLogQB � T UXNo> To>.- U g?>fOWUX6PYZT 3 UXNo> gKJp, >yJMT_JMRPYZ8N7 6PgnJML=L=R96P>1/ U?Y L >W< \qYZ<>, UXNo> 8kY 69T UXNo> YZL=L Y;gX69U?>
/C69<?>fOWUX6PYZT F g?UKJM<XUX69T=8 rs69UXN J OfY2, L=RP>.-%@oR9U?>W< 3 /=>fOfY2, L Y;g?>w69U 69T`U?Y >WRP>5, >WTVUKJM<>7 gXU?>WLogbB

� ��� ��� ��" � �k"��� ���"�
 � 
f��" �  � ���
	� � ��� � �

:`UKJM<XUX69T=8 3 \iYZ<s69TogXUKJMToOf> 3 rs69UXN >f]V:_JMUX6PYZT c BE@N` r > OQJMT^rs<X69U?>

g̃(z) = h̃(z)t̃(z2) + g̃new.
h c BE@(kj

h No> \qYZ<wYM\ >f]`:_JMUX6PYZT c BE@(S6Pg 60/=>WT`UX6POQJMR U?Y^JSRPYZT=8G/C6C4 6PgX6PYZTmrs69UXN <?>5,SJM69TE/=>W< YM\ + JM:=<?>WT`U L YZRC7 �
ToY2, 6 JMRPg 3 rsNo>W<?> g̃new(z)

6Pg UXNo>w<?>5,SJM69TE/=>W<QB lx>Wrs<X69UX69T=8S>f]V:_JMUX6PYZT c BE@'& 3 r > YZt=UKJM69T

P̃ (z) =









h̃e(z) h̃o(z)

h̃e(z)t̃(z)g̃new
e (z) h̃o(z)t̃(z) + g̃new

o (z)









=









1 0

t̃(z) 1









P̃ new(z)
h c BE@NIkj

JMTE/ r > g?>f> UXN_JMU 3 gXUKJM<XUX69T=8Irs69UXN UXNo> YZ<X698;69T_JMR=L YZRC7 L=N_JZg?>8,SJMUX<X6n- 3 U r YIRPYZT=8 /C6C4 6PgX6PYZTog JM<?> To>f>1/=>1/
69T YZ<�/=>W< U?YI>.- UX<KJZOWU YZTo> R96 \qUX69T=8Ig?U?>WL B c \uU?>W< UXN=6Pg gXU?>WL 6Pg >.-CUX<KJZOWU?>1/ 3 UXNo>sJMR98kYZ<X69UXN), OQJMT OfYZTVUX69T`:o>
tB7m>.-CUX<KJZOWUX69T=8G, YZ<?> R96 \uUX69T=8 gXU?>WLog \q<?Y2, UXNo> To>Wr L YZRC7 L=N_JZg?> ,SJMUX<X6n-m:=TVUX69R J%/C6 JM8kYZT_JMR�,SJMUX<X6n-

HJKNM



6Pg \iYZ:=TE/eB � T �CHQ@�� 3 69Uw6PgIL=<?Y 4k>WTpUXN_JMU gXUKJM<XUX69T=8 rs69UXN J OfY2, L=RP>5, >WT`UKJM<>7?@oR9U?>W<wL_JM69<
(h, g) 3 69Uw6Pg

JMR9r JJ7 gnL Y;gKgX69t=RP>IU?Y \ JZOWU?YZ<
P (z)

69TVU?Y R96 \uUX69T=8Sg?U?>WLogQF

P (z) =









K1 0

0 K2









m
∏

i=1









1 si(z)

0 1

















1 0

ti(z) 1









h c B oBMkj

� ��� � � � � � � � � � � " ��� ���� ��! � �

� T UXN=6Pg g?>fOWUX6PYZT r > /=>fgKOW<X69t >wUXNo> < :oOWR960/=>QJMTmJMR98kYZ<X69UXN), 3 :og?>1/^U?Y L >W< \iYZ<>, UXNo> RPYZT=8i/C6C4 6PgX6PYZT YM\
UXNo>i+ JM:=<?>WTVU L YZRC7 ToY2, 6 JMRPgQBAh No>i< :oOWR960/=>QJMT JMR98kYZ<X69UXN), r JZg YZ<X698;69T_JMRC7 /=>54k>WRPYZL >1/pU?YP@oTE/ UXNo>
8;<?>QJMU?>fgXU OfY2,g, YZT /C6C4 6Pg?YZ< h �� 	bj YM\ U r Y T_JMUX:=<KJMR TV:),yt >W<?g 3 t=:=UIOQJMTmt > >.- U?>WTE/=>1/mU?Y%+ JM:=<?>WT`U
L YZRC7`ToY2, 6 JMRPgQB

� � � � � � � ��� ���� ��� � �� � � + >WU
a(z)

JMTE/
b(z) 6= 0

t >sU r Y + JM:=<?>WTVU L YZRC7 ToY2, 6 JMRPg rs69UXN
|a(z)| >

|b(z)|
B�9 Jpdk>

a0(z) = a(z)
JMTE/

b0(z) = b(z)
JMTE/ 69U?>W<KJMU?>yUXNo> \qYZR9RPYbrs69T=8^gXU?>WLog 3 g?UKJM<XUX69T=8Srs69UXN

i = 0

ai+1(z) = bi(z)

bi+1(z) = ai(z)%bi(z)

qi+1(z) = ai(z)/bi(z)

h No>WT
an(z) = gcd(a(z), b(z)) 3 rsNo>W<?> n

6Pg UXNo> g>,SJMR9RP>fgXUITV:), t >W<I\iYZ<xrsN=6POKN
bn(z) = 0

B h No>
<?>fgX:=R9UnYM\ UXNo> JMR98kYZ<X69UXN), OQJMT t >Irs<X69UXU?>WT JZg









a(z)

b(z)









=

n
∏

i=1









qi(z) 1

1 0

















an(z)

0









�
h c B oEHbj

HJK H



� ��� � � ��� � �  ����

c g?gX:), >Ir > JM<?>w8;6C4k>WT UXNo> \iYZR9RPYQrs69T=8Sr J14k>WRP>WUf@oR9U?>W< L_JM69<

h̃(z) = − 1
8z−2 + 1

4z−1 + 3
4 + 1

4z − 1
8z2

g̃(z) = 1
4z−2 − 1

2z−1 + 1
4

� 69UXN OfYZ<X<?>fgXL YZTE/C69T=8 L YZRC7 L=N_JZg?> ,SJMUX<X6n-^6Pgs8;6C4k>WT tF7

P̃ (z) =









−1
8z−1 + 3

4 −
1
8z 1

4 + 1
4z

1
4z−1 + 1

4 −1
2









5oYZ<xUXNo>I\iJZOWU?YZ<X69abJMUX6PYZTmYM\ UXNo>wL YZRC7`L=N_JZg?>�,SJMUX<X6n- 3 r >yOQJMT gXUKJM<XU rs69UXN UXNo> >.- UX<KJZOWUX6PYZT YM\ Jg/C:_JMR
R96 \qUX69T=8SgXU?>WL F

P̃ (z) =









h̃new
e (z) 1

4 + 1
4z

g̃new
e (z) −1

2









=









1 0

t̃(z) 1









P̃ new(z)
h c B oBKkj

h No>wU r Yi/C6C4 6PgX6PYZTogsU?Y t >wg?YZRC4k>1/ JM<?>

−
1

8
z−1 +

3

4
−

1

8
z = t̃(z)

(

1

4
+

1

4
z

)

+ h̃new
e (z)

JMTE/

1

4
z−1 +

1

4
= t̃(z)

(

−
1

2

)

+ g̃new
e (z).

HJKNK



� gX69T=8xUXNo> < :oOWR960/=>QJMTSJMR98kYZ<X69UXN), rs69UXN
a0(z) = h̃e(z)

JMTE/
b0(z) = h̃o(z)

r > N_JJ4k> UXNo> \iYZR9RPYQrs69T=8
YZL=UX6PYZTog \qYZ< UXNo> /C6C4`6PgX6PYZT 3 /=>WL >WTE/C69T=8 YZT rsN=6PO?N U r Y U?>W<>, g YM\ a0(z)

JM<?>xOKNoY;g?>WT U?Y ,SJMU?OKN rs69UXN
b0(z)

F

−
1

8
z−1 +

3

4
−

1

8
z =











































(

−1
2z−1 + 7

2

) (

1
4 + 1

4z
)

− z

(

−1
2z−1 − 1

2

) (

1
4 + 1

4z
)

+ 1

(

7
2z−1 − 1

2

) (

1
4 + 1

4z
)

− z−1

h c B oV@kj

� NoY Y;gX69T=8 UXNo>wg>7=, >WUX<X6POwU?>W<>, 3 r >yJM<X<X6C4k>yJMU UXNo>I\iYZR9RPYQrs69T=8k/=>fOfY2, L Y;gX69UX6PYZT F

P̃ (z) =









1 1
4 + 1

4z

0 −1
2









=









1 0

−1
2z−1 − 1

2 1









h c B oNo`j

c L=L=RC7`69T=8 UXNo> < :oOWR960/=>QJMT JMR98kYZ<X69UXN), U?Y
g̃e(z)

JMTE/
g̃o(z)

YM\ >f]`:_JMUX6PYZT c B oNo 3 r > @oTE/eF

P̃ (z) =









1 0

0 −1
2

















1 1
4 + 1

4z

0 1









=









1 0

−1
2z−1 − 1

2 1









h c B oVDkj

h N=6Pg >f]`:_JMUX6PYZT 8;6C4k>fgnJ \q:=R9RC7 \iJZOWU?YZ<X69aQ>1/j4k>W<?gX6PYZT YM\ UXNo>I8;6C4k>WTG@oR9U?>W<?gQB

HJK;@


