
Copyright 1997 IEEE, Proceedings of the Data Compression Conference ‘97, March 1997, Snowbird, Utah

Personal use of this material is permitted. However, permission to reprint/republish this material for
advertising or promotional purposes or for creating new collective works for resale or redistribution to
servers or lists, or to reuse any copyrighted component of this work in other works, must be obtained from
the IEEE. Contact: Manager, Copyrights and Permissions / IEEE Service Center / 445 Hoes Lane / P.O.
B 1331 / Pi NJ 08855 1331 USA T l h I l 908 562 3966

 COMPRESSION OF FUNCTIONS DEFINED ON
SURFACES OF 3D OBJECTS

.UDVLPLU�.RODURY��:LOOLDP�/\QFK
,QWHUYDO�5HVHDUFK�&RUSRUDWLRQ�������3DJH�0LOO�5RDG��%OGJ��&��3DOR�$OWR��&$������

ABSTRACT
:H�SUHVHQW�D�WHFKQLTXH�WR�FRPSUHVV�VFDODU�IXQFWLRQV�GHILQHG�RQ���PDQLIROGV�
2XU�DSSURDFK�FRPELQHV�GLVFUHWH�ZDYHOHW�WUDQVIRUPV�ZLWK�]HURWUHH�FRPSUHVVLRQ�
EXLOGLQJ�RQ�LGHDV�IURP�WKUHH�SUHYLRXV�GHYHORSPHQWV��WKH�OLIWLQJ�VFKHPH��VSKHULFDO
ZDYHOHWV��DQG�HPEHGGHG�]HURWUHH�FRGLQJ�PHWKRGV���$SSOLFDWLRQV�OLH�LQ�WKH
HIILFLHQW�VWRUDJH�DQG�UDSLG�WUDQVPLVVLRQ�RI�FRPSOH[�GDWD�VHWV���7\SLFDO�GDWD�VHWV
DUH�HDUWK�WRSRJUDSK\��VDWHOOLWH�LPDJHV��DQG�VXUIDFH�SDUDPHWUL]DWLRQV���2XU
FRQWULEXWLRQ�LQ�WKLV�SDSHU�LV�WKH�QRYHO�FRPELQDWLRQ�DQG�DSSOLFDWLRQ�RI�WKHVH
WHFKQLTXHV�WR�JHQHUDO���PDQLIROGV�

SECTION I INTRODUCTION

1.1 Modeling data as a function
:H�PRGHO� WKH�GDWD� WR�EH� FRPSUHVVHG�DV� D� IXQFWLRQ�� � ,Q� WKLV�SDSHU�ZH�ZLOO� UHVWULFW� RXU
DWWHQWLRQ� WR� WKH� FRPSUHVVLRQ� RI� �VFDODU�� IXQFWLRQV� WKDW�PDS� D� ��PDQLIROG� LQWR� WKH� UHDO
OLQH�� �$���PDQLIROG�LV�D�VSDFH�ZLWK�WKH�SURSHUW\�WKDW�WKH�QHLJKERUKRRG�RI�HDFK�SRLQW� LV
HTXLYDOHQW� WR� D�QHLJKERUKRRG�RI� WKH�RULJLQ�RI� WKH�SODQH�� WKH�KDOI�SODQH��RU� WKH�TXDUWHU
SODQH�� 3RSXODU� H[DPSOHV� RI� ��PDQLIROGV� LQFOXGH� WKH� VXUIDFHV� RI� �'� REMHFWV� �H�J�� D
VSKHUH��

7UDGLWLRQDOO\�� GDWD� FRPSUHVVLRQ� PHWKRGV� KDYH� EHHQ� DSSOLHG� WR� IXQFWLRQV� GHILQHG� RQ
VLPSOH� PDQLIROGV�� � 7\SLFDO� PDQLIROGV� LQFOXGH�� � WKH� UHDO� OLQH� �H�J��� DXGLR��� D� UHFWDQJOH
�H�J��� LPDJHV��� RU� D� WKUHH�GLPHQVLRQDO� RSHQ�HQGHG� ER[� �H�J��� YLGHR��� � +RZHYHU�� PDQ\
FRQYHQWLRQDO� GDWD� FRPSUHVVLRQ� WHFKQRORJLHV�� XQPRGLILHG�� DUH� QRW� VXLWDEOH� IRU
FRPSUHVVLRQ� RI� GDWD� GHILQHG� RQ� � KLJKHU�GLPHQVLRQDO� RU� FRPSOH[� JHRPHWULHV� VXFK� DV
VSKHUHV��JHQHUDO�SRO\WRSHV�� HWF�� �$FFRUGLQJO\�� WKLV�SDSHU� VHHNV� WR�SURYLGH�D� WUDQVIRUP
FRPSUHVVLRQ� WHFKQLTXH� IRU� DGGUHVVLQJ� ��PDQLIROG� GRPDLQV� XVLQJ� VHFRQG� JHQHUDWLRQ
ZDYHOHW�WUDQVIRUPV�DQG�]HURWUHH�FRGLQJ�

1.2 Structure of the paper

,Q�ZKDW�IROORZV�LQ�6HFWLRQ�,,�ZH�ZLOO�UHIHUHQFH�WKH�ZDYHOHW�WUDQVIRUPV�XVHG�LQ�WKLV�SDSHU
��WKH�VHFRQG�JHQHUDWLRQ�ZDYHOHWV���DQG�DQ�HIILFLHQW�PHWKRG�IRU�FDOFXODWLQJ�VXFK�ZDYHOHWV
�� WKH� OLIWLQJ� VFKHPH� >�@�� 7KLV� PHWKRGRORJ\� LV� XVHG� WR� EXLOG� ZDYHOHW� WUDQVIRUPV� RI� D
IXQFWLRQ�GHILQHG�RQ�D���VSKHUH�>�@�

,Q� 6HFWLRQ� ,,,� ZH� ZLOO� EULHIO\� GLVFXVV� WKH� VFDOLQJ� DQG� TXDQWL]DWLRQ� RI� WKH� ZDYHOHW
FRHIILFLHQWV�� � 7KH� ]HURWUHH�PHWKRG� SURYLGHV� IRU� DQ� HPEHGGHG� HQFRGLQJ� ZLWK� D� VHW� RI
WKUHVKROGV�GLIIHULQJ�E\�SRZHUV�RI�RQH�KDOI�� �$SSURSULDWH�VFDOLQJ�PLQLPL]HV�IRU�WKH� L2 � �

L1��RU� L∞ �QRUP�
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6HFWLRQ� ,9� ZLOO� GHVFULEH� DQ� DGDSWDWLRQ� RI� � WKH� ]HURWUHH� FRGLQJ� PHWKRG� WR� FRGLQJ� WKH
ZDYHOHW� WUDQVIRUP� RI� D� IXQFWLRQ� RQ� D� JHQHUDO� ��PDQLIROG��:H�ZLOO� GHVFULEH� LQ� GHWDLO� D
QRYHO�RUJDQL]DWLRQ�IRU�WKH�]HURWUHHV��FDOOHG�*�WUHHV�

,Q� 6HFWLRQ� 9� ZH� UHSRUW� VRPH� FRPSUHVVLRQ� UHVXOWV� IRU� DSSO\LQJ� WKH� PHWKRG� WR
WRSRJUDSKLF�GDWD��HOHYDWLRQ��GHILQHG�RQ�WKH�VXUIDFH�RI�WKH�(DUWK��D���VSKHUH���DV�ZHOO�DV
WR�D�VWDQGDUG� LPDJH��/HQD��GHILQHG�RQ� WKH� VTXDUH� �D� ��PDQLIROG�ZLWK�ERXQGDU\��� �7KH
ODWWHU�H[DPSOH�ZDV�FKRVHQ�WR�HQDEOH�FRPSDULVRQ�ZLWK�WUDGLWLRQDO�LPDJH�FRPSUHVVLRQ�

SECTION II WAVELET TRANSFORMS ON 2-MANIFOLDS

2.1 Second generation wavelets
7KH�EDVLF� LGHDV�RI�ZDYHOHWV�DQG�ZDYHOHW� WUDQVIRUPV�ZHUH�GHYHORSHG� LQ� WKH� HLJKWLHV�E\
<YHV�0H\HU��,QJULG�'DXEHFKLHV��DQG�6WHSKDQH�0DOODW� >����@�� �$�UDWKHU�YDJXH�GHILQLWLRQ
RI� ZDYHOHWV� LV�� 

:DYHOHW� DUH� EXLOGLQJ� EORFNV� WKDW� FDQ� � TXLFNO\� GHFRUUHODWH� GDWD�

� 7KLV
VHQWHQFH� VKRZV� WKUHH� PDLQ� IHDWXUHV� RI� ZDYHOHWV� WKDW� DUH� WKH� UHDVRQ� IRU� WKHLU� FXUUHQW
SRSXODULW\�

&ODVVLF�ZDYHOHW�FRQVWUXFWLRQV�VXFK�DV�>�@�DOZD\V�GHILQH�WKH�ZDYHOHW� IXQFWLRQV�ψ i (x) �DV
G\DGLF�WUDQVODWHV�DQG�GLODWHV�RI�RQH� IL[HG�IXQFWLRQ�� 

WKH�PRWKHU�ZDYHOHW�ψ i (x) �

�7KHVH
ZDYHOHWV� DUH� UHIHUUHG� WR� DV� ILUVW� JHQHUDWLRQ� ZDYHOHWV�� � 7KH\� FDQ� EH� XVHG� LQ� WKH
FRPSUHVVLRQ�RI�GDWD�GHILQHG�RQ�WKH�UHDO�OLQH��H�J��DXGLR��RU�SODQH��H�J��LPDJHV��

+RZHYHU��IRU�WKH�WUDQVIRUPDWLRQ�RI�GDWD�GHILQHG�RQ�FRPSOH[�PDQLIROGV��ILUVW�JHQHUDWLRQ
ZDYHOHWV�FDQ�QR�ORQJHU�EH�XVHG�� � ,QGHHG�WUDQVODWLRQ�DQG�GLODWLRQ�RQO\�PDNH�VHQVH� LQ�D
(XFOLGHDQ�VSDFH���7KHUHIRUH�RQH�QHHGV�WR�FRQVLGHU�WKH�JHQHUDOL]DWLRQ�WR�VHFRQG�JHQHUDWLRQ
ZDYHOHWV���7KHVH�DUH�ZDYHOHWV�ZKLFK�DUH�QRW�QHFHVVDULO\�WKH�WUDQVODWHV�DQG�GLODWHV�RI�RQH
IXQFWLRQ��EXW�ZKLFK�VWLOO� HQMR\�DOO� WKH�SRZHUIXO�SURSHUWLHV�RI� ILUVW�JHQHUDWLRQ�ZDYHOHWV�
QDPHO\�EDVLV�SURSHUWLHV��GHFRUHOODWLRQ�SRZHU��DQG�IDVW�DOJRULWKPV�

7R�FRQVWUXFW�WKH�VHFRQG�JHQHUDWLRQ�ZDYHOHWV�ZH�DUH�XVLQJ�WKH�OLIWLQJ�VFKHPH�>�@��D�QHZ
FRQFHSW� LQ� WKH� FRQVWUXFWLRQ� RI�ZDYHOHWV� WKDW� GRHV� QRW� QHHG� WKH� )RXULHU� WUDQVIRUP�� � ,W
EDVLFDOO\� DPRXQWV� WR� VSOLWWLQJ� WKH� RULJLQDO� GDWD� VHW� LQWR� WZR� VXEVHWV� �� GDWD� DQG� GHWDLO
�ZDYHOHW�FRHIILFLHQWV���$W�HDFK�OHYHO�RI�UHVROXWLRQ�WKH�GDWD�LV�FRPSDUHG�WR� WKH�SUHGLFWHG
YDOXH�IRU�WKDW�GDWD�SRLQW�E\�WKH�WUDQVIRUP�DQG�WKH�GLIIHUHQFH�EHWZHHQ�WKH�WZR�LV�VWRUHG
LQ� WKH� ZDYHOHW� FRHIILFLHQW� �� WKH� VWDJH� RI� SUHGLFWLRQ�� $IWHUZDUGV� WKH� QHZO\� JHQHUDWHG
ZDYHOHW�FRHIILFLHQW�LV�XVHG�WR�XSGDWH�WKH�SUHGLFWHG�GDWD�YDOXH���WKH�VWDWH�RI�XSGDWH��,W�KDV
EHHQ�VKRZQ�WKDW�DQ\�ILQLWH�FODVVLFDO�ZDYHOHW�FDQ�EH�JHQHUDWHG�DV�D�UHVXOW�RI�VSOLWWLQJ�DQG
D� ILQLWH� QXPEHU� RI� SUHGLFWLRQ� DQG�XSGDWH� VWHSV�� 7KXV� WKH� VHFRQG� JHQHUDWLRQ�ZDYHOHWV
DUH�D�VXSHUVHW�RI�WKH�ILQLWH�FODVVLFDO�ZDYHOHWV�

$�W\SLFDO�H[DPSOH�RI� WKH�XVH�RI� OLIWLQJ� WR�FRQVWUXFW�VHFRQG�JHQHUDWLRQ�ZDYHOHWV� LV�RQ�D
VSKHUH�>�@�� �7KH�VSKHUH�LV�D���PDQLIROG��L�H���D�VXUIDFH���7KH�FRQVWUXFWLRQ�VWDUWV�ZLWK�WKH
WHVVHOODWLRQ� RI� WKH� VSKHUH� LQWR� FHOOV�� � 7KLV� LV� GRQH� VWDUWLQJ� IURP� D� EDVH� FRPSOH[� �DQ
LFRVDKHGURQ� � IRU� WKLV� H[DPSOH�� ZKLFK� LV� UHFXUVLYHO\� VXEGLYLGHG�� � (DFK� WULDQJOH� LV
VXEGLYLGHG� LQWR� IRXU� WULDQJOHV� DQG� WKUHH� HGJHV�� HDFK� ERXQGHG� E\� D� SDLU� RI� PLGSRLQW
YHUWLFHV���7KH�VXEGLYLVLRQ�LV�LWHUDWHG�DV�PDQ\�WLPHV�DV�LV�UHTXLUHG�WR�VXSSRUW�WKH�GHVLUHG
ZDYHOHW�DSSUR[LPDWLRQ��2WKHU�VXEGLYLVLRQV�DUH�SRVVLEOH�EXW�DUH�QRW�GLVFXVVHG�KHUH�

:LWK�WZR�LQVWDQFHV�RI�OLIWLQJ��SUHGLFWLRQ�DQG�XSGDWH���RQH�FDQ�REWDLQ�ZDYHOHWV�ZLWK�WKH
GHVLUHG� SURSHUWLHV�� 7KHVH� VSKHULFDO� ZDYHOHWV� FDQ� QRZ� EH� XVHG� WR� SURFHVV� VFDODU
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IXQFWLRQV� GHILQHG� RQ� D� VSKHUH�� � 7\SLFDO� H[DPSOHV� DUH� VSKHULFDO� WH[WXUHV�� HQYLURQPHQW
PDSV�DQG�HDUWK�HOHYDWLRQ�GDWD��WRSRJUDSK\��

2.2 Wavelets on general 2-manifolds
,Q�IDFW�WKHUH�LV�YHU\�OLWWOH�RI�WKH�VSKHUH�LQ�WKH�GLVFXVVLRQ�RI�VSKHULFDO�ZDYHOHWV�>�@���RQO\
WKDW� WKH� EDVH� FRPSOH[� LV� KRPHRPRUSKLF� �L�H��� WRSRORJLFDOO\� HTXLYDOHQW�� WR� D� VSKHUH�� � 7R
DGGUHVV� D� JHQHUDO� ��PDQLIROG�ZH� QHHG� WR� PRGLI\� WKH� FRQVWUXFWLRQ� E\� VWDUWLQJ� ZLWK� D
WULDQJXODWHG�EDVH�FRPSOH[�WKDW�LV�KRPHRPRUSKLF�WR�WKH���PDQLIROG�RI�LQWHUHVW�

([DPSOHV�DUH�D�SKRWRJUDSKLF�LPDJH��D�IXQFWLRQ�RQ�WKH�UHFWDQJOH�ZLWK�[��\�FRRUGLQDWHV�
DQG�WKH�(7232��GDWD�VHW��ZKLFK�VDPSOHV� WKH�(DUWK�HOHYDWLRQ�ZLWK� UHVSHFW� WR� VHD� OHYHO
DSSUR[LPDWHO\� HYHU\� �� DUF�PLQXWHV� �D� VDPSOHG� IXQFWLRQ� RQ� WKH� VSKHUH� ZLWK� ODWLWXGH�
ORQJLWXGH�FRRUGLQDWHV��

,Q� VXPPDU\� ZH� KDYH� PRGHOHG� D� ��PDQLIROG� E\� D� WULDQJXODWLRQ� ZLWK� VXEGLYLVLRQ
FRQQHFWLYLW\�� GHWHUPLQHG� IXQFWLRQ� YDOXHV� WR� DWWDFK� WR� HDFK� YHUWH[�� DQG� GHWHUPLQHG� D
PHWKRG� WR� FDOFXODWH� ZDYHOHW� WUDQVIRUPV� RQ� WKH� VWUXFWXUH�� � ,I� WKH� IXQFWLRQ� LV� VXLWDEO\
VPRRWK�WKH�QRUP�RI�WKH�ZDYHOHW�WUDQVIRUP�ZLOO�EH�PRVWO\�DW�D�VPDOO�QXPEHU�RI�YHUWLFHV�

SECTION III SCALING, QUANTIZATION, AND APPROXIMATION RATE

3.1 Scaling
,W� LV� VKRZQ� LQ� >��� �@� WKDW� DQ� RSWLPDO� DSSUR[LPDWLRQ� IRU� GLIIHULQJ� � Lp � � QRUPV� UHTXLUHV

GLIIHULQJ� VFDOLQJ� RI� WKH� ZDYHOHW� FRHIILFLHQWV� SULRU� WR� DQ\� WKUHVKROGLQJ� RSHUDWLRQ�
�(TXLYDOHQWO\��WKH�WKUHVKROG�T �FRXOG�EH�PDGH�D�IXQFWLRQ�RI�WKH�VXEGLYLVLRQ�OHYHO�RI�WKH
FRHIILFLHQW����0XOWLSOLFDWLRQ�E\�XQLW\�RSWLPL]HV�IRU�WKH� L∞ �QRUP���7R�RSWLPL]H�IRU�WKH� L2

QRUP�WKH�ZDYHOHW�FRHIILFLHQWV�VKRXOG�EH�VFDOHG�E\�2− j
�ZKHUH� j � LV�WKH�VXEGLYLVLRQ� OHYHO

DW�ZKLFK�WKH�FRHIILFLHQW�LV�DWWDFKHG���7R�RSWLPL]H�IRU�WKH� L1�QRUP�WKH�ZDYHOHW�FRHIILFLHQWV

VKRXOG� EH� VFDOHG� E\� 4− j
�� � )RU� WKH� JHQHUDO� Lp � QRUP� WKH� VFDOLQJ� IDFWRU� LV� 4

− j

p
�� � 7KH

FRQWUDVW� VHQVLWLYLW\� FXUYH� IRU� WKH�KXPDQ�YLVXDO� V\VWHP� LV� EHVW� DSSUR[LPDWHG� E\� XVLQJ
WKH� L1� QRUP� DQG� LWV� DVVRFLDWHG� VFDOLQJ� >�@�� 'XULQJ� GHFRPSUHVVLRQ� WKH� ZDYHOHWV� DUH

GHVFDOHG�E\�WKH�LQYHUVH�RI�WKH�VFDOLQJ�IDFWRU�XVHG�GXULQJ�FRPSUHVVLRQ�

3.2 Quantization
7KH�IXQFWLRQ� f �WKDW�ZH�ZDQW�WR�FRPSUHVV�LV�DSSUR[LPDWHG�E\�D�IXQFWLRQ

��� ˆ f T = ˆ γ Ti
i ∈ˆ I T ⊆ I

∑ ψ i �

7KLV�IXQFWLRQ�LV�D�OLQHDU�FRPELQDWLRQ�RI�WKH�ZDYHOHW�IXQFWLRQV�ZLWK�FRHIILFLHQWV�

����� ˆ γ Ti =
0 if γ i ≤ T

sgn γ i( ) γ i − γ i modT( )( ) if γ i > T

 
 
 

�����IRU�D�JLYHQ�WKUHVKROG�7��

:H�FDQ�GHILQH

��� ˆ I T = ˆ γ i γ i > T{ } DQG
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��� N = ˆ I T ��WKH�FDUGLQDOLW\�RI� ˆ I T

,W�LV�FOHDU�WKDW��IRU�D�JLYHQ� f ��N �FDQ�EH�FRQVLGHUHG�D�IXQFWLRQ�RI�T �DQG�YLFH�YHUVD�

3.3 Approximation Rate
,Q�>�@�LW�LV�VKRZQ�WKDW�WKHUH�LV�DQ�LQYHUVH�UHODWLRQVKLS�EHWZHHQ�N �DQG�WKH�VPRRWKQHVV�RI
f ���WKH�VPRRWKHU� f �LV�WKH�VPDOOHU�N �LV����7KH�SUHFLVH�UHODWLRQVKLS�LV

��� f − ˆ f T N( ) L p ℜ2( )
≤ CN

− α
2

LI�DQG�RQO\�LI� f �LV�DSSURSULDWHO\�VPRRWK���$SSURSULDWHO\�VPRRWK�PHDQV�WKDW� f �LV�LQ�WKH

%HVRY�VSDFH� Bq
α Lq ℜ2( )( )� ��ZKLFK�� LQ� WXUQ��PHDQV�URXJKO\� WKDW� f �KDV�α �GHULYDWLYHV� LQ

Lq ℜ2( )�ZKHUH� 1
q

=
α
2

+
1

p
�

3.4 Embedded Encoding
7KLV�VXJJHVWHG�WR�WKH�DXWKRUV�RI�>�@�WKDW�DQ�HPEHGGHG�FRGH�FRXOG�EH�DFKLHYHG�E\�XVLQJ
D�VHTXHQFH�RI�T ªV�ZKLFK�DUH�SRZHUV�RI�WZR���$Q�HPEHGGHG�FRGH�LV�D�FRGH�ZKHUH�WKH�FRGH
IRU� D� FRDUVHU� �ODUJHU� T �� DSSUR[LPDWLRQ� LV� D� KHDG� RI� WKH� FRGH� IRU� D� ILQHU� �VPDOOHU� T �
DSSUR[LPDWLRQ���,I�WKH�T ªV�DUH�SRZHUV�RI�WZR�WKHQ�WKH�FRGH�IRU�WKH�WKUHVKROG�T �FRQVLVWV
RI�WKH�FRGH�IRU�WKH�WKUHVKROG�2T �IROORZHG�E\�D�FRGH�IRU�RQH�ELW�SODQH��L�H���RQH�DGGLWLRQDO

ELW�SHU�FRHIILFLHQW��L�H�� si γ i mod 2n+1T( )− si γ i mod 2nT( )���UHIHUUHG�WR�DV�ELW�SODQH�n �
:LWK� VXFK�DQ�HPEHGGHG�FRGH��TXDQWL]DWLRQ� LV� SHUIRUPHG�� DIWHU� VFDOLQJ�� � E\� WKH� DERYH

WKUHVKROGLQJ�IRU�WKUHVKROGV�DW�DOO�2n
�� �7KH�PLQLPXP�TXDQWL]DWLRQ�LV�GHWHUPLQHG�E\�WKH

HQFRGHU�DQG�D�PD[LPXP�TXDQWL]DWLRQ�E\� WKH�GHFRGHU�� �7KH� FRHIILFLHQWV� DUH� FRGHG�RXW
ELW�SODQH�E\�ELW�SODQH�IRU�GHVFHQGLQJ�n ���7KH�VFDOLQJ�GHWHUPLQHV�ZKLFK�ELWV�DUH�JURXSHG
WRJHWKHU�LQWR�ELW�SODQH�n �

7R�UHYLHZ��DQ�HPEHGGHG�HQFRGLQJ�RI� WKH�ZDYHOHW� WUDQVIRUP�FDQ�EH�DFKLHYHG�E\�XVLQJ
GHVFHQGLQJ�SRZHUV�RI�WZR�DV�VXFFHVVLYHO\�ILQHU�WKUHVKROGV�DQG�VHTXHQFLQJ�WKH�GDWD�ELW
SODQH�E\�ELW�SODQH���3UH�VFDOLQJ�WKH�GDWD�RSWLPL]HV�WKLV�DSSUR[LPDWLRQ�VHTXHQFH�IRU�WKH
GHVLUHG�QRUP�

SECTION IV ZEROTREE CODING FOR 2-MANIFOLDS

4.1 The Significance Function
6R� IDU� WKH� GHVFULEHG� FRGLQJ� DFKLHYHV� FRPSUHVVLRQ� RQO\� E\� TXDQWL]DWLRQ� �ZKLFK� DOVR
HQWDLOV�D�FRUUHVSRQGLQJ�DSSUR[LPDWLRQ�HUURU��� �:H�KDYH�QRW� UHDOO\� WDNHQ�DGYDQWDJH�RI
WKH� FRQFHQWUDWLRQ� RI� WKH� QRUP� LQ� D� VPDOO� QXPEHU� RI� FRHIILFLHQWV�� � 0RVW� RI� WKH� ELWV
SURGXFHG� ZLOO� EH� OHDGLQJ� ]HURV�� ]HURV� ZKLFK� SUHFHGH� WKH� PRVW� VLJQLILFDQW� ELW� RI� WKH
FRHIILFLHQW�� �&RHIILFLHQWV�ZKRVH�ELW� LV�VLJQLILFDQW� �QRW�D� OHDGLQJ�]HUR��DUH�VR�PXFK� LQ� WKH
PLQRULW\� WKDW� WKH� SUREOHP� RI� GHVLJQDWLQJ� ZKLFK� FRHIILFLHQWV� DUH� VLJQLILFDQW� IDU
RXWZHLJKV�WKH�SUREOHP�RI�WKH�YDOXH�RI�WKRVH�FRHIILFLHQWV�
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6KDSLUR� >�@�QRWLFHG�WKDW� LQVLJQLILFDQW�FRHIILFLHQWV�ZHUH� W\SLFDOO\� FOXVWHUHG� VSDWLDOO\� DQG
VWURQJO\� FRUUHODWHG� IURP� EHWZHHQ� VXEGLYLVLRQ� OHYHOV� DW� WKH� VDPH� VSDWLDO� ORFDWLRQ�� � 7R
PDNH�WKLV�FRQFUHWH��KH�RUJDQL]HG�WKH�FRHIILFLHQWV�LQWR�D�WUHH�VWUXFWXUH�ZLWK�WKH�SURSHUW\
WKDW� RQH� FRHIILFLHQW� ZDV� EHORZ� DQRWKHU� LI� WKH� IRUPHU� UHSUHVHQWHG� D� VXEGLYLVLRQ
UHILQHPHQW�RI�WKH�ODWWHU���+H�WKHQ�IRUPXODWHG�WKH�]HURWUHH�K\SRWKHVLV���WKDW�LI�D�FRHIILFLHQW
ZDV� LQVLJQLILFDQW� WKHQ� DOO� FRHIILFLHQWV� EHORZ� LW� DUH� DOVR� LQVLJQLILFDQW�� � ,I� WKH� WUHH� LV
FRQVWUXFWHG� LQ� D� UHDVRQDEOH� ZD\� WKH� ]HURWUHH� K\SRWKHVLV� ZLOO� EH� WUXH� ZLWK� YHU\� KLJK
SUREDELOLW\�� �7KXV��WUHHV�IRU�ZKLFK� WKH�K\SRWKHVLV� LV� WUXH�FDQ�EH�FRGHG�ZLWK�YHU\�VKRUW
FRGHZRUGV�ZKLOH�ORQJ�RQHV�FDQ�EH�XVHG�LQ�WKH�UDUH�FDVHV�ZKHUH�WKH�K\SRWKHVLV�LV�IDOVH�

4.2 The G-tree
:H�QRZ�LQWURGXFH�D�QRYHO�FRQWULEXWLRQ�RI� WKLV�SDSHU�� WKH�*�WUHH�� LQ�RUGHU� WR� DSSO\� WKH
]HURWUHH� QRWLRQ� WR� WKH� ��PDQLIROG� FDVH�� 7KH� FHOOV� �WULDQJOHV�� HGJHV� DQG� YHUWLFHV�� RI� WKH
WHVVHOODWLRQ�RI�WKH���PDQLIROG�DUH�DUUDQJHG�LQWR�D�WUHH��FDOOHG�D�*�WUHH���&RUUHVSRQGLQJ�WR
WKH�]HURWUHH�QRWLRQ�FHOOV�DW�FRDUVHU�OHYHOV�RI�VXEGLYLVLRQ�DUH��LQ�JHQHUDO��QHDUHU�WR�WKH�*�
WUHH� URRW� �ZKLFK� LV� WKH� ZKROH� ��PDQLIROG�� WKDQ� FHOOV� DW� ILQHU� OHYHOV� RI� VXEGLYLVLRQ�
3RVVLEOH� FRQVWUXFWLRQV� IRU� *�WUHHV� DUH� GHVFULEHG� LQ� GHWDLO� ODWHU� LQ� WKH� VHFWLRQ�� � 7KH
RULJLQDO�GDWD�DQG�WKH�FRHIILFLHQWV�RI�LWV�ZDYHOHW�WUDQVIRUP�DUH�DWWDFKHG�WR�D�VXEVHW�RI�WKH
QRGHV�RI�WKH�*�WUHH���,Q�WKLV�SDSHU��GDWD�DQG�FRHIILFLHQWV�ZLOO�RQO\�EH�DWWDFKHG�WR�YHUWLFHV�

:H� QHHG� VRPH� QRWDWLRQ� DQG�ZH�ZLOO� IROORZ� WKDW� RI� 6DLG� DQG�3HDUOPDQ� >�@� �DV�ZHOO� DV
XVLQJ�WKHLU�FRGLQJ�YDULDQW�RI�]HURWUHHV��

7KH�URRW�RI�WKH�*�WUHH��WKH�ZKROH�PDQLIROG��LV�DW�WKH�WRS�RI�WKH�*�WUHH���:H�ZLOO�GHQRWH�b
EHORZ��a LQ�WKH�*�WUHH�E\�a ⊇ b�

7KH� VHW� RI� GHVFHQGDQWV� RI� a � LV� D a( ) = b ∋ a ⊇ b, b ≠ a{ }� 7KH� VHW� RI� RIIVSULQJ� RI� a � LV

O a( ) = b∋ c ⊇ b∧ c ∈D a( )( )⇒ c = b{ }�� �7KHVH�DUH� WKH�FKLOGUHQ�RI� a ��)ROORZLQJ�>�@� WKH
VHW� L a( ) � LV�GHILQHG�DV� L a( ) = D a( )− O a( )��:H�FDQ�QRZ�GHILQH� WKH�VLJQLILFDQFH�RI�D�VHW

A �DV�sig A( ) = max
x∈A

sig x( )( )
:H� FDQ�PDNH� WKH� IROORZLQJ� FDOFXODWLRQV� UHFXUVLYHO\�� SURFHHGLQJ� IURP� ILQHU� WR� FRDUVHU
VXEGLYLVLRQ�OHYHOV�LQ�WKH�*�WUHH�

���

sig D a( )( )= max
x∈O a( )

max sig x( ), sig D x( )( )( )( )
sig L a( )( )= max

x∈O a( )
sig D x( )( )( )

6KDSLUR
V�]HURWUHH�K\SRWKHVLV�FDQ�QRZ�EH�UHVWDWHG�DV

��� Prob sig D a( )( )≤ sig a( )( )~1

4.3 Structure of the coded file
:H�DUH�QRZ� LQ�D�SRVLWLRQ� WR�GHVFULEH� WKH�RYHUDOO� VWUXFWXUH�RI� WKH� FRGHG� ILOH�� XVLQJ� WKH
PHWKRG� RI� 6DLG� DQG� 3HDUOPDQ� >�@�� � :H� EHJLQ� ZLWK� D� SUHDPEOH� WKDW� GHWDLOV� WKH� EDVH
FRPSOH[��WKH�VXEGLYLVLRQ�PHWKRG��WKH�QXPEHU�RI�VXEGLYLVLRQ� OHYHOV��DQG�WKH�VFDOLQJ�RI
WKH�ZDYHOHW�FRHIILFLHQWV���7KH�SUHDPEOH�LQIRUPDWLRQ�LV�VXIILFLHQW�WR�UHFRQVWUXFW�WKH�*�WUHH
DQG�WKH�GHFRGHU� LQLWLDOL]HV�E\�UHFRQVWUXFWLQJ� WKH�*�WUHH� IURP�WKH�SUHDPEOH�� �)ROORZLQJ
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WKLV�DUH�D�VHTXHQFH�RI�ELW�SODQHV�� HDFK� UHSUHVHQWLQJ� WKH�GLIIHUHQFH�EHWZHHQ� WKH� FXUUHQW
DSSUR[LPDWLRQ� �ZLWK� WKUHVKROG� T �� DQG� WKH� QH[W� DSSUR[LPDWLRQ� �ZLWK� WKUHVKROG� T���
�VHH�)LJ����� �(DFK�ELW�SODQH� LV� D� VHTXHQFH�RI� WZR� VXE�VWULQJV��7KH� ILUVW� RI� WKHVH� DUH� WKH
QDYLJDWLRQ� ELWV� ZKLFK� GHVFULEH� WKH� VSDWLDO� ORFDWLRQ� LQ� WKH� *�WUHH� RI� WKH� FRHIILFLHQWV
VLJQLILFDQW�DW�WKLV�ELW�SODQH���7KH�VHFRQG�DUH�WKH�ELW�SODQH�FRHIILFLHQW�ELWV��UHILQHPHQW�ELWV��

7KH�QDYLJDWLRQ�ELWV�IRU�D�ELW�SODQH�UHVXOW�IURP�D�GHSWK�ILUVW�� OHIW�WR�ULJKW�ZDON�RI� WKH�*�

WUHH���+RZHYHU��WHUPLQDO�]HURWUHHV��DV�LGHQWLILHG�E\�sig D a( )( )�DQG�sig L a( )( )��DUH�HOLGHG�
7KLV� FRPSDFWO\� HQFRGHV� ]HURWUHHV�� JUHDWO\� UHGXFHV� WKH� HQFRGLQJ� RI� OHDGLQJ� ]HURV�� DQG
DFFRXQWV� IRU� WKH�EXON�RI� WKH� ORVVOHVV�FRPSUHVVLRQ�RI� WKH�PHWKRG�� �7KH�DFWXDO� HQFRGLQJ
PHWKRG�RI�WKH�QDYLJDWLRQ�ELWV�SURSRVHG�LQ�>�@�LV�TXLWH�FOHYHU���7KH�WUHH�ZDON�SURFHHGV�E\
D� VHTXHQFH� RI� ELQDU\� GHFLVLRQV� ZKLFK� JXLGH� WKH� ZDON� ZKLOH� DYRLGLQJ� ]HURWUHHV�� � 7KH
HQFRGHU�RXWSXWV�DV�QDYLJDWLRQ�ELWV�HDFK�ELQDU\�SUHGLFDWH�DV� WKH�GHFLVLRQ� LV�PDGH�� �7KH
GHFRGHU�WKHQ�SHUIRUPV�WKH�VDPH�*�WUHH�ZDON�DV�WKH�HQFRGHU�E\�XVLQJ�H[DFWO\� WKH�VDPH
DOJRULWKP��H[FHSW�WKDW�LW�XVHV�WKH�QH[W�QDYLJDWLRQ�ELW�DV�WKH�QH[W�ELQDU\�SUHGLFDWH��

7KH�UHILQHPHQW�ELWV� IRU�D�ELW�SODQH�FRQWDLQ�RQH�ELW�SHU� FRHIILFLHQW� VLJQLILFDQW� DW� WKDW�ELW
SODQH�� � $V� D� FRHIILFLHQW� EHFRPHV� VLJQLILFDQW� DW� WKH� ELW� SODQH� FRUUHVSRQGLQJ� WR� LWV
VLJQLILFDQFH��LW�LV�DGGHG�WR�WKH�HQG�RI�D�OLVW�RI�VLJQLILFDQW�FRHIILFLHQWV���7KH�DSSURSULDWH�ELW
RI�HDFK�FRHIILFLHQW�LV�UHDG�RXW�E\�WKH�HQFRGHU�WR�IRUP�WKH�UHILQHPHQWV�ELWV�IRU�WKH�FXUUHQW
ELW�SODQH�� �&RHIILFLHQWV�DUH�UHSUHVHQWHG� LQ�VLJQ�PDJQLWXGH�IRUP��DQG�VLQFH� WKH�SRVLWLRQ
RI�WKH�OHDGLQJ�RQH�LV�NQRZQ�LW�QHHG�QRW�EH�UHDG�RXW���7KH�VLJQ�ELW�LV�UHDG�RXW�LQ�LWV�SODFH�

7KH� GHFRGHU� UHDGV� WKH� UHILQHPHQWV� ELWV� DQG� GLVWULEXWHV� RQH� ELW� WR� HDFK� VLJQLILFDQW
FRHIILFLHQW���:KHQ�WKH�GHFRGHU�LV�ILQLVKHG�WKH�FRHIILFLHQWV�FDQ�EH�DWWDFKHG�WR�WKHLU�SURSHU
QRGHV�LQ�WKH�*�WUHH�

SUHDPEOH ELW�SODQH�1 ELW�SODQH������� ELW�SODQH�� ELW�SODQH��ELW�SODQH�1��

EDVH�FRPSOH[ VXEG�PHWKRG VXEG�GHSWK VFDOLQJ�LQIR
QDYLJDWLRQ�
ELWV

UHILQHPHQW�
ELWV

Figure 1 Structure of the encoded file.

4.4 Constructing the G-tree
,Q� JHQHUDO�� WKHUH� DUH� PDQ\� UHDVRQDEOH� ZD\V� RI� RUJDQL]LQJ� LQWR� D� *�WUHH� WKH� FHOOV� RI
UHFXUVLYHO\� VXEGLYLGHG� WHVVHOODWLRQ� RI� D� ��PDQLIROG�� �:H� JLYH� KHUH� WZR� VXFK�PHWKRGV
DQG�XWLOL]H�RQH�RI�WKHP�IRU�WKH�UHPDLQGHU�RI�WKLV�SDSHU�

�� D� 7KH�URRW�R�RI�WKH�*�WUHH�LV�WKH���PDQLIROG�LWVHOI
E� O R( )�DUH�WKH�FHOOV�RI�WKH�EDVH�FRPSOH[
F� a ⊇ b�LI�b �DULVHV�LQ�WKH�UHFXUVLYH�VXEGLYLVLRQ�RI�a

O R( )� FRQVLVWV�RI� WKH� WULDQJOHV�� HGJHV�DQG�YHUWLFHV�� DOO� LQ� WKH�EDVH� FRPSOH[�� �8VLQJ� WKH
VXEGLYLVLRQ� VFKHPH� GHVFULEHG� LQ� 6HFWLRQ� ,,� �UHFDOO� WKDW� RWKHU� VXEGLYLVLRQ� VFKHPHV� DUH
SRVVLEOH���ZH�VHH�WKDW�YHUWLFHV�DUH�QRW�VXEGLYLGHG��KHQFH�DUH�OHDYHV�RI�WKH�*�WUHH���HGJHV
VXEGLYLGH�LQWR�WZR�HGJHV�DQG�D�YHUWH[��DQG�WULDQJOHV�VXEGLYLGH� LQWR� IRXU� WULDQJOHV�DQG
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WKUHH�HGJHV���+HQFH�D�YHUWH[�LV�WKH�RIIVSULQJ�RI�DQ�HGJH�DQG�D�WULDQJOH�LV�WKH�RIIVSULQJ�RI
DQRWKHU�WULDQJOH���(GJHV�PD\�EH�WKH�RIIVSULQJ�RI�DQRWKHU�HGJH�RU�RI�D�WULDQJOH�

�� D� 7KH�URRW�R�RI�WKH�*�WUHH�LV�WKH���PDQLIROG�LWVHOI
E� HGJHV�DUH�RPLWWHG�HQWLUHO\�IURP�WKH�*�WUHH
F� O R( )�DUH�WKH�YHUWLFHV�DQG�WULDQJOHV�RI�WKH�EDVH�FRPSOH[
G� a ⊇ b�LI�b ��LV�D�WULDQJOH�DULVLQJ�LQ�WKH�UHFXUVLYH

VXEGLYLVLRQ�RI�a ��DQRWKHU�WULDQJOH
H� LI�b �LV�D�YHUWH[�WKHQ�b �LV�D�OHDI�QRGH�RI�WKH�*�WUHH�DQG

b ∈O a( )�IRU�VRPH�XQLTXHO\�FKRVHQ�WULDQJOH�a �KDYLQJ�WKH�SURSHUW\�WKDW
b �LV�WKH�PLGSRLQW�RI�DQ�HGJH�RI�a

,Q�RWKHU�ZRUGV��WKH�*�WUHH�LQLWLDOO\�FRQVLVWV�RI�WKH�WULDQJOHV�RI�WKH�WHVVHOODWLRQ�RUGHUHG�E\
LQFOXVLRQ��ZLWK� WKH�YHUWLFHV� WKHQ�DVVLJQHG�WR�EH�DQ�RIIVSULQJ�RI�VRPH�WULDQJOH�RI�ZKLFK
WKH�YHUWH[�LV�DQ�HGJH�PLG�SRLQW���,Q�JHQHUDO��H[FHSW�DW�WKH�ERXQGDU\�RI�WKH���PDQLIROG��
WKHUH�ZLOO�EH� WZR�WULDQJOHV�ZLWK� WKH�YHUWH[�DV�DQ�HGJH�PLGSRLQW�DQG�WKH�YHUWH[�ZLOO� EH
DUELWUDULO\� DVVLJQHG� DV� WKH� RIIVSULQJ� RI� RQH� RI� WKRVH� WZR� WULDQJOHV�� � $W� WKH� ERXQGDU\
WKHUH�ZLOO�EH�MXVW�RQH�VXFK�WULDQJOH�DQG�WKH�DVVLJQPHQW�ZLOO�EH�XQLTXH�

)RU�KLVWRULFDO�UHDVRQV��ZH�XVH�WKLV�VHFRQG�*�WUHH�FRQVWUXFWLRQ�PHWKRG�LQ�WKH�UHPDLQGHU
RI�WKH�SDSHU��DOWKRXJK�RQO\�WKH�QXPHULFDO�UHVXOWV��QRW�WKH�DOJRULWKPV��IRU�WKH�H[DPSOHV
GHSHQG�RQ�WKLV�FKRLFH�

7KH�DFWXDO� DOJRULWKP� WKDW�ZH�GHVLJQHG� LV� DQ� DGDSWDWLRQ� RI� WKH� 63,+7� ]HURWUHH� FRGLQJ
PHWKRG�WKDW�FRQVWUXFWV�WKH�*�WUHH�IURP�WKH�VXSSRUWLQJ���PDQLIROG�

SECTION V  SIMULATION RESULTS AND APPLICATIONS

5.1 Experimental Setup
:H�KDYH� LPSOHPHQWHG� WKH� SURFHGXUH� GHVFULEHG� LQ� WKH� SUHYLRXV� VHFWLRQV� LQ� &��� RQ� D
81,;�SODWIRUP� �6*,��� � 7KH� VRIWZDUH�� FDOOHG� �6:��� H[WHQGV� D� VRIWZDUH� � SDFNDJH� FDOOHG
�WWUHH�� GHYHORSHG� E\� 3HWHU� 6FKU|GHU� DQG� :LP� 6ZHOGHQV� DW� 8QLYHUVLW\� RI� 6RXWK
&DUROLQD>�@���7KH�LPSOHPHQWDWLRQ�UHTXLUHV�WKDW�WKH�HQWLUH�GDWD�VWUXFWXUH�EH�NHSW�LQ�5$0�
)RU�VLPSOH�EDVH�FRPSOH[HV��OHVV�WKDQ�D�FRXSOH�GR]HQ�WULDQJOHV��WKH�����0%�5$0�RI�WKH
6*,�OLPLWV�WKH�VXEGLYLVLRQ�OHYHO�WR�VHYHQ�RU�HLJKW�

7KH� FRPSUHVVLRQ�DOJRULWKP� IROORZV� FORVHO\� WKH� GHVFULSWLRQV� LQ� 6HFWLRQV� ,,�� ,,,�� DQG� ,9�
7KH� XVHU� RI� �6:�� FDQ� LQWHUDFWLYHO\� VHOHFW� WKH� W\SH� RI� ZDYHOHWV� WR� EH� XVHG�� WKH� EDVH
FRPSOH[� �� WKH�QXPEHU�RI� OHYHOV�RI�VXEGLYLVLRQ�� WKH� IXQFWLRQ� WR�EH�FRPSUHVVHG��DQG� WKH
GHVLUHG�FRPSUHVVLRQ���)RU�WKH�UHVXOWV�EHORZ�ZH�KDYH�FKRVHQ�WZR�VHWWLQJV�

�� )RU� FRPSDULVRQ� ZLWK� H[LVWLQJ� GDWD� FRPSUHVVLRQ� WHFKQLTXHV� �6DLG� 	� 3HDUOPDQ
>�@��ZH�XVHG��6:�� � WR�FRPSUHVV� WKH�/HQD� LPDJH��WKH� IXQFWLRQ�EHLQJ� FRPSUHVVHG� LV� WKH
JUD\�VFDOH� OHYHO��� � :H� VSHFLI\� D� EDVH� FRPSOH[� FRQVLVWLQJ� RI� WZR� WULDQJOHV�� WKHUHE\
IRUPLQJ�D�VTXDUH�� �7KLV�ZDV�WKHQ�VXEGLYLGHG�QLQH�WLPHV�\LHOGLQJ�D�FRPSOH[�ZLWK� 5132

YHUWLFHV� DQG� 2x5122
� WULDQJOHV�� � � 7KH� IXQFWLRQ� YDOXH� DW� HDFK� RI� WKH� 5132

� YHUWLFHV� ZDV

GHWHUPLQHG�E\�LQWHUSRODWLRQ�IURP�D�5122
�JUD\�VFDOH�/HQD�LPDJH��:H�XVHG�OLQHDU�OLIWLQJ

�WKH� QHZ� FRHIILFLHQWV� DUH� WKH� PHDQV� RI� WKH� WZR� QHLJKERULQJ� RQHV�� DQG� YDULRXV
FRPSUHVVLRQ�UDWLRV��&RPSUHVVLRQ�UHVXOWV�DUH�UHSRUWHG�UHODWLYH�WR�WKH�5132

�GDWD�VHW�

� )RU� WKH� (DUWK� H[DPSOH� ZH� FRPSUHVVHG� WKH� WRSRJUDSKLF� IXQFWLRQ� WKDW� LV� WKH
HOHYDWLRQ��ZLWK�UHVSHFW�WR�VHD�OHYHO��RI�WKH�(DUWK����7KLV�IXQFWLRQ�LV�LQLWLDOO\�DSSUR[LPDWHG
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E\�WKH�(7232���GDWD�VHW�ZKLFK�VDPSOHV� WKH�(DUWK�HYHU\���DUF�PLQXWHV� �WKH�GDWD� ILOH� LV
����0%����7KLV�GDWD�VHW�ZDV�����VXEVDPSOHG�WR�WKH�(7232���GDWD�VHW�ZKLFK�VDPSOHV�WKH
(DUWK�HYHU\����DUF�PLQXWHV������PLOOLRQ�SRLQWV�DSSUR[LPDWHO\����PLOHV�DSDUW��

)RU�WKH�EDVH�FRPSOH[�ZH�FKRVH�WKH�LFRVDKHGURQ�DQG�VXEGLYLGHG� LW�HLJKW� WLPHV�\LHOGLQJ
�������YHUWLFHV�DQG��������� WULDQJOHV�� �7KH�YHUWLFHV�RI� WKLV�FRPSOH[�ZHUH� WKHQ� UDGLDOO\
SURMHFWHG�RQWR�D� FRQFHQWULF�JHRLG� �YHUWLFHV� DYHUDJH�DERXW� D� ���DUF�PLQXWH� VHSDUDWLRQ� �
DERXW� ���PLOHV��� � � 7KH� WRSRJUDSKLF� HOHYDWLRQ� DW� HDFK� YHUWH[� ZDV� WKHQ� GHWHUPLQHG� E\
LQWHUSRODWLRQ�RI�WKH�(7232���GDWD�VHW��DERXW�D�����UHGXFWLRQ�LQ�SRLQWV��

7KLV� GDWD� ZDV� ZDYHOHW� WUDQVIRUPHG� XVLQJ� OLQHDU� OLIWLQJ� DQG� FRPSUHVVHG� DW� YDULRXV
UDWLRV�

5.2 Compression Performance
7DEOH���EHORZ�VXPPDUL]HV� WKH�UHVXOWV� IRU� WKH�SHDN�VLJQDO�WR�QRLVH�UDWLR� �3615�� IRU� WKH
WZR� H[DPSOHV� DERYH� IRU� VHYHUDO� GLIIHUHQW� FRPSUHVVLRQ� UDWLRV�� � 6FDOLQJ� ZDV� FKRVHQ
DSSURSULDWH� WR� WKH� L2 � QRUP�� � 7KH� WDEOH� UHSRUWV� WKH� UHVXOWV� UHODWLYH� WR� WKH� LQWHUSRODWHG

YHUWH[� GDWD�� �:H� FDQ� FRPSDUH� WKH� SHUIRUPDQFH� FXUYHV� LQ� )LJXUH� ��� )LJXUH� �� LOOXVWUDWH
YLVXDOO\� WKH� TXDOLW\� RI� WKH� FRPSUHVVLRQ�� � )RU� FDOFXODWLQJ� 3615� ZH� DUH� XVLQJ� WKH
IROORZLQJ�IRUPXOD�ZKLFK�LV�VLPLODU�WR�WKH�RQH�XVHG�LQ�>�@�

��� PSNR= 20 * log10

Max− Min

L2
 
 

 
 

+HUH�0D[� DQG�0LQ� DUH� WKH� ODUJHVW� DQG� WKH� VPDOOHVW� ZDYHOHW� FRHIILFLHQWV� DPRQJ� DOO
FRHIILFLHQWV�JHQHUDWHG� �IRU� DOO� OHYHOV��� DQG�/�� LV� WKH� /��QRUP� IRU� WKH� FRHIILFLHQWV� RI� WKH
RULJLQDO� LPDJH� �Origi �� DQG� WKH� RQHV� RI� WKH� SURFHVVHG� LPDJH� �Proci ��� L�H�� � DIWHU

FRPSUHVVLRQ�DQG�GHFRPSUHVVLRQ�RI�WKH�RULJLQDO�LPDJH�

�����L2 =
Origi − Proci( )2

i
∑

n

    LENA (9 levels, 263169 coeff.)     EARTH (8 levels, 655362 coeff.)

bit planes b/vertex PSNR (dB) Compression b/vertex PSNR (dB) Compression

10 1.4029 38.83  6:1 0.5665 41.96  14:1

9 0.5428 34.25  15:1 0.1968 37.51  41:1

8 0.2533 30.39  31:1 0.0802 34.11  100:1

7 0.1177 27.11  68:1 0.0335 31.12  240:1

6 0.0505 24.18  160:1 0.0142 28.52  565:1

5 0.0211 21.64  382:1 0.0059 26.06  1356:1

4 0.0092 19.34  866:1 0.0027 23.98  2994:1

3 0.0032 16.71  2474:1 0.0014 22.03  5804:1

2 0.0014 15.09  5751:1 0.0008 19.85  9927:1

1 0.0007 13.97  10961:1 0.0007 18.65  11579:1

Table 1.  PSNR data for the Earth (8 levels of subdivision, 1 vertex every 25 miles)
and Lena (9 levels of subdivision) examples for different compression ratios.



Copyright 1997 IEEE, Proceedings of the Data Compression Conference ‘97, March 1997, Snowbird, Utah

7KH�UHVXOWV�WKDW�ZH�REWDLQHG�IRU�WKH�(DUWK�GDWD�YLVXDOO\�ORRN�H[DFWO\�DV�ZKDW�ZH�ZRXOG
H[SHFW� IRU�JRRG�FRPSUHVVLRQ�JLYHQ�WKH� UHVROXWLRQ� WKDW�ZH�DUH� DFKLHYLQJ�� � 6LQFH� WKDW� LV
WKH�ILUVW�PHWKRG�WKDW�DOORZV�WR�GR�WKDW�W\SH�RI�FRPSUHVVLRQ�IRU�DQ\WKLQJ�RWKHU�WKDQ�IODW
LPDJHV��RU�VHTXHQFHV�RI�VXFK��LW�LV�GLIILFXOW�WR�MXGJH�RXU�3615�QXPEHUV�

2Q�WKH�RWKHU�VLGH�WKH�3615�QXPEHUV�IRU�/HQD�DUH�YHU\�VLPLODU�WR�WKH�RQHV�UHSRUWHG�IRU
WKH� HPEHGGHG� ]HURWUHH� LQ� >�@� �WKHUH� IRU� FRPSUHVVLRQ� ����� WKH� 3615� LV� ������ G%��� �:H
VKRXOG�UHPHPEHU�WKDW�WKH�6	3��PHWKRG�DQG�DOJRULWKP�IURP�>�@�LV�GHVLJQHG�VSHFLILFDOO\
IRU�SODQDU�LPDJHV�WR�WDNH�DGYDQWDJH�RI�WKDW�VSDWLDO�VWUXFWXUH���,Q�DGGLWLRQ�WKHUH�DUH�VRPH
GLIIHUHQFHV� LQ� WKH�FDOFXODWLRQ� IRU� WKH�3615� IRU� H[DPSOH��ZKHUH�ZH� FDOFXODWH� WKH�DFWXDO
SHDN�IRU�DOO�LPDJHV�XVHG��UDWKHU�XVLQJ�����E\�GHIDXOW�DV� LQ� >�@��� �)LQDOO\�RXU�PHWKRG� LV
VSHFLILFDOO\� GHVLJQHG� WR� GHDO� ZLWK� KLJKHU� GLPHQVLRQDO� HQWLWLHV�� ,Q� YLHZ� RI� WKHVH
FRQVLGHUDWLRQV� WKH�QXPEHUV� WKDW�ZH�DUH�UHSRUWLQJ�IRU� FRPSDULVRQ� LQ� WKH�/HQD� FDVH�DUH
VXUSULVLQJO\� JRRG�� � 7KH� FRGH� LV� UXQ� LQ� D� JHQHUDO� VHWWLQJ� ZLWKRXW� DQ\� DGMXVWPHQWV� RU
VSHHG�XSV�WKDW�PLJKW�EH�LQFOXGHG�WR�WDNH�DGYDQWDJH�RI�WKH�IODW�JHRPHWU\�

)LJXUH����3HUIRUPDQFH�FXUYHV��/HQD�ZLWK���OHYHOV�RI�VXEGLYLVLRQ��OHIW��DQG�(DUWK�ZLWK���OHYHOV��ULJKW��

5.3 Applications
1XPHURXV�DSSOLFDWLRQV�IRU�WKLV�WHFKQRORJ\�H[LVW��7KRVH�LQFOXGH�(DUWK�GDWD�FRPSUHVVLRQ�
FRPSUHVVLRQ�RI�GDWD�PDSSHG� RQ� KXPDQ�KHDGV�� LQWHUDFWLYH�PXOWLUHVROXWLRQ� YLHZLQJ� RI
FRPSOH[�GDWD�VHWV��LQWHUDFWLYH�PXOWLUHVROXWLRQ�SURFHVVLQJ�DQG�HGLWLQJ�RI�VXUIDFHV�
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