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Abstract A random foam trains several fuzzy-rule-foam function approximators and
then combines them into a single rule-based approximator. The foam systems train
independently on bootstrapped random samples from a trained neural classifier. The
foam systems convert the neural black box into an interpretable set of rules. The
fuzzy rule-based systems have an underlying probability mixture structure that gives
rise to an interpretable Bayesian posterior over the rules for each input. A rule foam
also measures the uncertainty in its outputs through the conditional variance of
the generalized probability mixture. A random foam combines the learned additive
fuzzy systems by averaging their throughputs or rule structure. A random foam is
also interpretable in terms of its rules, its posterior of its rules, and its conditional
variance. Thirty 1000-rule foams trained on random subsets of the MNIST digit
data set. Each such foam system had about 93.5% classification accuracy. The
random foam that averaged throughputs achieved 96.80% accuracywhile the random
foam that averaged only their outputs achieved 96.06% accuracy. The throughput-
averaged random foam also slightly outperformed a standard random forest that
output-averaged 30 classification trees. Thirty 1000-rule foams also trained on a
deep neural classifier that had 96.26% accuracy. The random foam that averaged
these foam throughputs was itself 96.14% accurate. The random foam that averaged
their outputs was just 95.6% accurate. The appendix proves a Gaussian combined-
foam version of the fuzzy approximation theorem for additive systems.

1 Explaining Neural Black Boxes with Fuzzy Rule Foams
Deep neural classifiers are black-box function approximators that map pattern inputs
to class labels through multiply layers of neurons. They do not explain their pre-
dictions or the inner workings of their black box. So they do not yield explainable
AI or XAI systems [1, 5, 6, 18]. Nor do they give a confidence measure for their
input-output predictions. Yet some predictions should be more credible than others
given the nature of the pattern inputs and given what the neural system has learned
or forgotten in prior bouts of training. These XAI problems tend to get only worse
as the network gets deeper.

We recently showed that an additive fuzzy rule-based approximator can learn
from a trained neural classifier and thereby produce an interpretable system [16].
The rules’ if-part sets vary in size in analogy with bubbles in a foam as in Figure 1.
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Varying the size of the rules controls the granularity of the approximators and helps
mitigate the fuzzy system’s inherent exponential rule explosion.

Rule foams have a natural representation as a generalized probability mixture
?(H |G) [12]. A set of < fuzzy if-then rules '�1→�1 , . . . , '�<→�<

defines such a
generalized probability mixture ?(H |G) = ?1 (G) ?�1 (H |G) + · · · + ?< (G) ?�<

(H |G)
so long as the fuzzy system � : R= → R? is additive [12]. So a rule foam converts
a sampled neural network into an explanatory probabilistic system by way of the
rules. The mixture’s likelihood functions ?�1 (H |G) absorb the structure of the fuzzy
rules. The foam’s mixture gives rise to a Bayes theorem that in turn gives a complete
posterior probability description of the rule firings. This Bayesian posterior gives
an input-by-input description of the inner workings of the fuzzy-system proxy for
the sampled deep neural network. The mixture’s second moment further gives a
conditional variance that describes the uncertainty or confidence of the foam system’s
output for each given pattern input. So the rule foam defines an XAI system that is
modular and self-descriptive and does so completely in probabilistic terms.

This paper introduces a random rule foam in rough analogy to a random forest of
decision trees [3] that arise from sampling with replacement from a data set. Figure 1
shows the random-foam training process. A deep neural classifier first trains on a
set of pattern data. Then we form several rule foams by randomly sampling with
replacement from the trained neural classifier and thus perform bootstrap sampling
from the neural network itself (or more generally from any data set). We then
combine the rule foams by directly combining their rules or their throughput structure
because the foams are additive fuzzy systems. Simulations show that such throughput
combination tends to outperform simply combing the foam outputs.

The random construction tends to reduce the output conditional variance. Figure 2
shows how this output condition variance helps with the classification process. The
random foammaintains itsmixture structure becausemixingmixture gives amixture.
The additive fuzzy structure goes further and gives a simple double-sum form for
the overall mixture. This sum structure allows throughput combination in addition
to the simpler output combination.

The random foams substantially outperformed the individual rule foams that com-
prised them. Simulations showed that random foams slightly outperformed random
forests for the same number of combined systems. Random forests lack the self-
explanation structure of the random foams. The random foam closely approximated
the neural network that it trained on and achieved a similar classification accuracy.

Figure 3 shows the Bayesian posterior over the rules for a given input image and
observed classification output. This information also helps explain the classification
process. Figure 1 shows the bubble-like detail of rule foam. Figure 4 shows how
classification advantage of using random foams. The appendix presents a multi-foam
Gaussian generalization of the original fuzzy approximation theorem for additive
systems [10, 11, 13]. The next section presents the pertinent mixture structure of
additive fuzzy systems.
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Fig. 1 Random foam structure: The deep neural classifier first learns from the data. Then several
rule foams randomly sample from the trained network and independently learn from those random
samples. The random foam combines these foams by additively combining or mixing rules.

2 Standard Additive Model (SAM) Fuzzy Systems
A standard additive model (SAM) fuzzy system approximates the function 5 : R3 →
R using < "if-then" fuzzy rules. The 9-th rule has the fuzzy if-part set � 9 ⊂ R3
and the fuzzy then-part set � 9 ⊂ R. The fuzzy sets � 9 and � 9 have their respective
multi-valued indicator functions 0 9 : R3 → [0, 1] and 1 9 : R → [0, 1] such that
0 9 (G) = Degree(G ∈ � 9 ) and 1 9 (H) = Degree(H ∈ � 9 ). The 9 th fired then-part
set � 9 (G) has set function 1 9 (H |G) = 0 9 (G)1 9 (H) because the system is standard.
The system’s then-part set �(H |G) sums the rule then-part sets. Then the fuzzy rules
define a generalized probability mixture [12]:

?(H |G) = 1(H |G)∫
1(H |G)3H

=

<∑
9=1

F 90 9 (G)+ 9∑<
9=1 F 90 9 (G)+ 9

1 9 (H)
+ 9

=

<∑
9=1

? 9 (G)?� 9
(H) (1)

where 0 9 and 1 9 are the 9 th rule’s respective if-part and then-part fuzzy set functions.
The 9 th rule weight is F 9 and+ 9 =

∫
1 9 (H)3H is the volume of then-part set � 9 . The

SAM structure 1 9 (H |G) = 0 9 (G)1 9 (H) gives the likelihood as 1 9 (H |G) = 1 9 (H).
The function approximation is the conditional expectation of the mixture:

� (G) = � [. |- = G] =
∫

H ?(H |G) 3H =
<∑
9=1

? 9 (G)2 9 (2)

where 2 9 is the 9-th then-part centroid.

2.1 Fuzzy Approximation Theorem for Gaussian SAMs

A SAM fuzzy system is an universal function approximator [10]. It can uniformly
approximate any continuous function 5 defined on a compact set using finite number
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of rules<. This approximationmay need< that grows exponentially with the number
of dimensions 3 leading to rule explosion.

Consider a SAMwith< Gaussian rules that approximates the continuous function
5 on a compact set. Let Y be the approximation error. The function 5 is uniformly
continuous. So we can find some positive X so that

| |G − Ĝ 9 | | < X =⇒ | 5 (G) − 5 (Ĝ 9 ) | < Y/2. (3)

Theorem 1 in the appendix shows that the Gaussian SAM can uniformly approximate
5 with approximation error Y and with < rules if

< ∝ 1
X3

. (4)

The fuzzy rule foam mitigates this rule explosion by controlling the bubble size.

2.2 Conditional Variance

The SAM measures the uncertainty in its output through the conditional variance

+ [. |- = G] =
<∑
9=1

? 9 (G)f2
� 9
+

<∑
9=1

? 9 (G) (2 9 − � (G))2 (5)

where f� 9
is the 9-th rule’s then-part dispersion. The second term in equation (5)

imposes an interpolation penalty on the system for guessing with respect to the given
set of rules. We are confident in the system’s output if the variance is low and we do
not trust the system’s output when the variance is high.

Consider a SAM that approximates the simple function 5 that represents an ideal
classifier. A simple function maps an input space to a finite number of values [17].
The classifier’s output has lower conditional variance in the class interior and has
higher conditional variance at the class boundary. The misclassification rate is higher
in regions of high conditional variance. Neural classifiers lack a conditional variance
or indeed any intrinsic measure of their system uncertainty. SAMs that train on a
neural network’s output can measure the uncertainty in the network’s classification.

Figure 2 shows the conditional variance of a 2-class fuzzy rule based classifier.
The conditional variance is high near the class boundary. The misclassification rate
is also high close to the class boundary.

2.3 Bayesian Posteriors of Subsystems and Rules

The generalized mixture ?(H |G) in (1) has the same form as the elementary theorem
on total probability. The mixing weights ? 9 (G) define generalized rule priors and the
?� 9
(H) define generalized rule likelihoods. This total-probability structure gives at

once a posterior probability density over the rules from Bayes theorem:

?( 9 |H, G) = %(/ = 9 , . = H |- = G)
?(H |G) =

? 9 (G)?� 9
(H)

?(H |G) =
? 9 (G)?� 9

(H)∑<
9=1 ? 9 (G)?� 9

(H) (6)
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Fig. 2 Output uncertainty of the rule-foam classifier. The correctly classified points are in black.
The misclassified points are in red. The background color shows the conditional variance. The color
bar gives the value of the conditional variance + [. |- = G ] that corresponds to the color: It is
highest where the pattern classes overlap.

for the 9-th rule firing given observed input G and output H. These posteriors also
give the contribution of each rule to the final output.

Figure 3 shows a snapshot of the rule posteriors for a CIFAR-10 image input. The
G-axis lists the rule numbers that correspond to the 7 highest posteriors. The 621st
rule contributed most to the classification of the input image.

Consider a SAM classifier that misclassified the input G. The SAM identifies
the rule responsible for the mistake. This makes the fuzzy rule-based system inter-
pretable. A fuzzy system that learns from a neural classifier can interpret the neural
black box. Users can also use these posteriors to later prune or modify the rule base.

Fig. 3 Bayesian posterior ? ( 9 |H, G) over the rule firings when input G produces output H. The
input image is on the left. The 7 largest rule posteriors for the input are on the right. The if-part
centroids of these rules are also on the right. The rule foam had 1000 rules. The G-axis lists the
rule number. The H-axis lists the corresponding posterior probability of rule firing. The posterior
distribution when the foam correctly classified an input from class ‘Frog’. The 621st rule ( 9 = 621)
contributed most to the classification of this input pattern.
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2.4 SAM Combination of Throughput Rules

SAM systems combine by taking sum of their then part sets. Consider @ SAMs that
each approximate the function 5 . The :-th SAM uses <: rules and has the weight
E: . This helps us combine knowledge from multiple experts and also allows us to
combine closed-form equations [19] with the softer knowledge of rules. The rules
of the SAM combination also give the underlying mixture density:

?(H |G) =
@∑
:=1

<:∑
9=1

E:F:
9
0:
9
(G)+ :

9∑@

:=1
∑<:

9=1 E
:F:

9
0:
9
(G)+ :

9

1:
9
(H)
+ :
9

=

@∑
:=1

<:∑
9=1

?:9 (G)?�:
9
(H). (7)

The function approximation is just the conditional expectation of the mixture:

� (G) = � [. |- = G] =
∫

H ?(H |G) 3H =
@∑
:=1

<:∑
9=1

?:9 (G)2:9 . (8)

Here 2:
9
is the :-th SAM’s 9-th then-part centroid. This SAM combination also

measures the uncertainty in its output through its conditional variance + [. |- = G]:

+ [. |- = G] =
@∑
:=1

<:∑
9=1

?:9 (G)f2
�:

9

+
@∑
:=1

<:∑
9=1

?:9 (G) (2:9 − � (G))2 (9)

where f�:
9
is the dispersion of :-th SAM’s 9-th then-part fuzzy set �:

9
. The gener-

alized mixture ?(H |G) in (7) also gives a finer-grained Bayesian posterior

?( 9 , : |H, G) =
?:
9
(G)?�:

9
(H)∑@

:=1
∑<:

9=1 ?
:
9
(G)?�:

9
(H)

(10)

of the :-th SAM’s 9-th rule firing. Summing over < gives the posterior over the
constitutive foams.

3 Fuzzy Rule Foam
ASAM fuzzy system’s rules resemble bubbles in the input-output product space. The
bubbles or rule patches cover the graph of the function they approximate. The SAM’s
graph-cover structure leads to rule explosion. Rule foammitigates rule explosion and
allows fuzzy systems to approximate high-dimensional pattern classifiers.

A classifier foam’s rules do not cover the input space equally. The rule foam
concentrates its rules at the class boundaries. There are a few large rules covering the
class interior and a lot of smaller rules covering the class boundary. This defines a
foam like structure of the rule if-part set bubbles [16]. Figure 1 shows this structure.
The circles represent the if-part sets of the rule foam. The radius of the circle
represents the dispersion of the if-part set. The if-part dispersion characterizes the
size of the rule. Rules are smaller close to the class boundary and are larger away
from the boundary. The foam also avoids covering empty regions of input space
through Adaptive Vector Quantization (AVQ).
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3.1 Training with Adaptive Vector Quantization (AVQ)

Adaptive vector quantization (AVQ) is a sample-based scheme for estimating an
unknown data distribution [2]. We use reinforcement version of AVQ to distribute
rule if-part sets. AVQ is a from of :-means clustering [7, 15] or competetive learning
[4] or self-organizing maps [8]. AVQ gives Quantization Vectors (QVs) {Ĝ 9 }<9=1
whose distribution approximates that of the data set {G=}#==1. The AVQ algorithm
cycles through the data set every epoch. It finds the QV Ĝ 9 closest to the input vector
G and either rewards it or punishes it by moving it either towards or away from G.
AVQ moves Ĝ 9 closer to the G if they belong to the same class and moves Ĝ 9 away
from the G if they belong to different classes.

Let Ĝ (C)
9

denote the 9-th QV after the C-th iteration. Let Ĝ (C)
9

be the closest QV to
the data point G=. Let Ĝ (C)9 belong to the class � 9 . AVQ updates Ĝ (C)

9
as

Ĝ
(C+1)
9

= Ĝ
(C)
9
+ [C (G= − Ĝ (C)9 )A 9 (G=) (11)

for decreasing learning rates [C . The bipolar reinforcement function A 9 is the indicator
difference [9]

A 9 (G=) = I� 9
(G=) −

∑
�≠� 9

I� (G=). (12)

It gives A 9 (G=) = +1 if G= ∈ � 9 and A 9 (G=) = −1 otherwise. So the 9 th QV looks
a little more like the current sample point G= if A 9 (G=) = 1 and a little less like it if
A 9 (G=) = −1.

The distribution Ĝ 9 ’s approximates the distribution of the input vectors. So there
are no Ĝ 9 ’s in empty regions of input space. We center the foam’s if-part sets around
Ĝ 9 ’s and avoid covering the empty input space.

4 Random Foams
A random foam combines several fuzzy rule foams that train on random subsets of a
data set. This method resembles how random forest combines the output of several
trees [3]. The random foam performs better than the individual constituent foams.

We can combine foams by simply combining or averaging their outputs or by
combining their rules or the throughputs. The additive structure of SAM systems
permits this richer form of combination through (7). Random forests do not not
permit such throughput combination.

Let the :-th foam �: with <: rule approximate 5 . Then (2) gives �: as

�: (G) =
<:∑
9=1

F:
9
0:
9
(G)+ :

9∑<:

9=1 F
:
9
0:
9
(G)+ :

9

2:9 . (13)

Averaging the foam outputs gives the random foam output �0E6 (G) as

�0E6 (G) =
1
@

@∑
:=1

�: (G) . (14)
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We combine the throughputs of the @ SAMs using equation (7).We choose weight
each SAM equally by D: = 1/@. Then the random foam output is

�2>< (G) =
@∑
:=1

<:∑
9=1

?:9 (G)2:9 (15)

where

?:9 (G) =
D:F:

9
0:
9
(G)+ :

9∑@

:=1
∑<:

9=1 D
:F:

9
0:
9
(G)+ :

9

=
F:
9
0:
9
(G)+ :

9∑@

:=1
∑<:

9=1 F
:
9
0:
9
(G)+ :

9

. (16)

5 Experiments on MNIST Data
We tested the random foam on the MNIST data set [14]. The MNIST data set
consists of 60,000 28×28 gray-scale images of handwritten digits from 0 to 9. The
random foam trained 30 rule foams on random subsets ofMNIST data with bootstrap
resampling. Each subset had 10,000MNIST images. Each individual foam used 1000
rules was about 93.5% accurate. The random foam then combined these foams in
both ways.

The output-averaged random foam was 96.06% accurate while the throughput-
averaged randomwas was 96.80% accurate. We trained a random forest with 30 trees
for comparison. The random forest was 96.55% accurate and thus less accurate than
the throughput-combined random foam trained on the same MNIST data. Figure 4
compares the foam accuracies against the number of foams in the random foams. It
also shows the performance of the random forest against the number of trees.

5 10 15 20 25
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)
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Average
Combined
Individual

Fig. 4 Accuracy of the random foams: Random foam with throughput averaging performed best.
Accuracy of the throughput-combined foam �2>< in red. Accuracy of the output-averaged foam
�0E6 in blue. The accuracy of the individual foams �: in green. Plot of random forest accuracy
against number of trees in black.
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The random foam trained by sampling from amultilayer neural classifier that itself
trained on the MNIST data. The neural network had 784 identity input neurons and
10 softmax output neurons. It had two hidden layers with 256 rectified-linear-unit
(ReLU) neurons each. The network trainsed on the MNIST dataset for 100 epochs
and had 96.26% accuracy. The 30 1000-rule foams trained by randomly sampling
10,000 input-output pairs each from this trained neural classifier. Each individual
foam was about 94.47% accurate. The random foam then averaged their outputs
and their throughputs. The throughput-averaged random foam was 96.14% accurate
while the output-averaged random foam was only 95.6% accurate.

Figure 5 shows the accuracy of the output-averaged random foam �0E6 (G) and the
throughput-averaged random foam �2><(G) against the number of their constituent
foams. It also shows the accuracy of the neural classifier that trained the random
foam and shows the accuracy of an individual foam. Figure 5 shows that the random
foam performed significantly better than its constituent foams. It also shows that
averaging throughputs performed better than averaging outputs. The throughput-
averaged random foam was nearly as accurate as the neural classifier that trained it.

0 5 10 15 20 25 30
Number of Foams

94.0

94.5

95.0

95.5

96.0

96.5

Ac
cu

ra
cy

 (%
)

Neural Network
Throughput-averaged
Output-averaged
Individual foam

Fig. 5 Random foam trained on a neural classifier. The throughput-averaged random foam per-
formed almost as good as the neural network that trained it. The accuracy of the neural network
is in black. The accuracy of the throughput averaged random foam is in blue. The accuracy of the
output-averaged random foam is in red. The accuracy of an individual constituent foam is in green.

6 Conclusions
Fuzzy rule foams are granular function approxiimators with interpretable rule struc-
tures and output uncertainties. They suffer from exponential rule explosion because
their if-part fuzzy sets must cover the input pattern space. A random foam combines
several independent fuzzy rule-foam approximators and performs better than the
individual rule-foam approximators. The random foam acts as type of variance re-
duction because of the independent random sampling involved in the foam training.
The random foam interprets its rules though its Bayesian posterior over the rules
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and measures its output uncertainty with the conditional variance of its underlying
generalized mixture. Simulations showed that random foams performed comparably
on the MINIST test set when it trains on random samples from a trained deep neural
classifier. The random foam that trained on the MNIST data itself had slightly better
accuracy than the neural classifier. Future random foams may find more efficient
if-part rule covers that mitigate rule explosion as they achieve higher accuracy.
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7 Appendix : Fuzzy Approximation Theorem for a Combination
of Gaussian SAMs

Theorem 1 extends a version of the fuzzy approximation theorem [10] to the case of
combined additive systems. The Gaussian structure of the if-part sets gives insight
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into the uniform approximation. The approximation may need ab exponentially
growing total number of rules <@ with respect to the number of dimensions =.

Theorem 1 A combination of @ Gaussian SAMs can uniformly approximate a con-
tinuous function 5 over a compact space.

Proof We combine @ SAMs to approximate 5 (G) with � (G) by mixing their then-
part sets. We want to show that the approximation error obeys | 5 (G) − � (G) | < Y

for any Y > 0 using a finite number of rules. We use Gaussian if-part sets with set
functions 0:

9
(G) = exp{−||G−Ĝ:

9
| |2/(3:

9
)2}.We assign equal weights, equal volumes,

and equal dispersions to all the rules: E: = E, F:
9
= F, + :

9
= + , and 3:

9
= 3. This

reduces the generalized mixing weights ? 9 (G) to softmax activation functions:

?:9 (G) =
EF0:

9
(G)+∑@

:=1
∑<
9=1 EF0

:
9
(G)+

=
exp{−||G − Ĝ:

9
| |2/32}∑@

:=1
∑<
9=1 exp{−||G − Ĝ:

9
| |2/32}

. (17)

Multiply 5 (G) by ∑@

:=1
∑<
9=1 ?

:
9
(G) = 1 and then use (8):

| 5 (G) − � (G) | =
����( @∑
:=1

<∑
9=1

?:9 (G)
)
5 (G) −

@∑
:=1

<∑
9=1

?:9 (G)2:9
����. (18)

Rearrange the terms and use the triangle inequality:

| 5 (G) − � (G) | ≤
@∑
:=1

<∑
9=1

?:9 (G)
�� 5 (G) − 2:9 �� = @∑

:=1

<∑
9=1

?:9 (G)
�� 5 (G) − 5 (Ĝ:9 )�� (19)

because we center the then-part set around 5 (Ĝ:
9
). So 2:

9
= 5 (Ĝ:

9
). The target function

5 is uniformly continuous because it is continuous and - is compact. So for all Y > 0
there is a X > 0 such that | 5 (G) − 5 (Ĝ:

9
) | < Y/2 if | |G − Ĝ:

9
| | < X . This splits the rules

into the two sets �1 = {( 9 , :) : | |G − Ĝ:
9
| | < X} and �2 = {( 9 , :) : | |G − Ĝ:

9
| | ≥ X}. We

assume that �1 ≠ ∅. Then (19) becomes

| 5 (G) − � (G) | ≤
∑
( 9 ,:) ∈�1

?:9 (G)
��( 5 (G) − 5 (Ĝ:9 ))�� + ∑

( 9 ,:) ∈�2

?:9 (G)
��( 5 (G) − 5 (Ĝ:9 ))��.

(20)
Consider the first term on the right side of (20). The absolute differences obey��( 5 (G) − 5 (Ĝ:

9
))

�� < Y/2 because ( 9 , :) ∈ �1implies that | |G − Ĝ:
9
| | < X. Add these

terms over all ( 9 , :) ∈ �1:∑
( 9 ,:) ∈�1

?:9 (G)
��( 5 (G) − 5 (Ĝ:9 ))�� < ∑

( 9 ,:) ∈�1

?:9 (G)
Y

2
<
Y

2
(21)

because
∑
( 9 ,:) ∈�1 ?

:
9
(G) ≤ ∑@

:=1
∑<
9=1 ?

:
9
(G) = 1. Now pick a real number � large

enough that | 5 (G)− 5 (Ĝ:
9
) | < � for all 9 and : . Pick ( 9 , :) ∈ �2 and pick ( 91, :1) ∈ �1.

Then | |G − Ĝ:
9
| | ≥ X and | |G − Ĝ:1

91
| | < X. Pick a real number � small enough that

| |G − Ĝ:
9
| |2 − ||G − Ĝ:1

91
| |2 ≥ � > 0. Choose the rule if-part dispersion 3 small enough
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that exp(�/32) > 2<@�/Y. Then the definition of � gives

exp (−||G − Ĝ:1
91
| |2/32)

exp (−||G − Ĝ:
9
| |2/32)

= exp
( | |G − Ĝ:

9
| |2 − ||G − Ĝ:1

91
| |2

32

)
>

2<@�
Y

. (22)

Add
∑
8≠ 91

∑
;≠:1

exp (−| |G−Ĝ;
8
| |2/32)

exp (−| |G−Ĝ:
9
| |2/32) both sides:

<∑
91=1

@∑
:1=1

exp (−||G − Ĝ:1
91
| |2/32)

exp (−||G − Ĝ:
9
| |2/32)

>
2<@�
Y
+

∑
8≠ 91

∑
;≠:1

exp (−||G − Ĝ;
8
| |2/32)

exp (−||G − Ĝ:
9
| |2/32)

>
2<@�
Y

(23)
because

∑
8≠ 91

∑
;≠:1

exp (−| |G−Ĝ;
8
| |2/32)

exp (−| |G−Ĝ:
9
| |2/32) > 0. Equation (17) and the definition of � give

?:9 (G)
�� 5 (G) − 5 (Ĝ:9 )�� < Y

2<@�
�� 5 (G) − 5 (Ĝ 9 )�� < Y

2<@
. (24)

Sum both sides over all ( 9 , :) ∈ �2:∑
( 9 ,:) ∈�2

?:9 (G) | 5 (G) − 5 (Ĝ:9 ) | <
∑
( 9 ,:) ∈�2

Y

2<@
≤ <@ Y

2<@
=
Y

2
(25)

because �2 has fewer than <@ elements. Inequalities (21) and (25) add to give the
approximation error | 5 (G) − � (G) | ≤ Y/2 + Y/2 < Y. So the combined SAM with
<@ rules uniformly approximates 5 . �

The proof above assumes that �1 ≠ ∅. So for all G ∈ - there is a Ĝ:
9
such that

| |G − Ĝ 9 | | < X. Let #X (Ĝ:9 ) = {G : | |G − Ĝ:
9
| | < X} denote the X-neighborhood around

Ĝ:
9
. Then ∀ G ∈ - : ∃ Ĝ:

9
: G ∈ #X (Ĝ:9 ). This gives

- ⊆
@⋃
:=1

<⋃
9=1
#X (Ĝ:9 ). (26)

- is bounded because - is compact by hypothesis. Let an =-dimensional sphere of
radius ' contain - . The volume of this sphere is 2'= for some constant 2. Each
#X (Ĝ:9 )’s is an =-dimensional sphere with radius X and volume 2X=. Use the X-
neighborhoods to cover the '-sphere that contains - . The #X (Ĝ:9 )’s are not disjoint.
So the volume of the '-sphere is less than the volume of the<@ #X (Ĝ:9 )’s combined:
2'= ≤ <@2X=. Then <@ ≥ ('/X)=. This inequality shows that the required total
number of rules grows exponentially with the dimension =.




