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ÛgÖì×ÀÙÊ×ÀÙkÚ�Û�Ü¹ñ@âëÞ à=ÖØçgÞ�àáÖØÜxÛfÖØ×�ê¹Ü¹ñìñØÜßîeÑ�öD�gâëñSêß×ÉÖØÖìÜ¹ñØÛ�×ÉÞgîfñSÙÊ×·�ìçgñìÙS×~�ÀÜ¹Ö�þA��ñØÜßê¹×ÉÞfîgñ�âãÞ�ÖØÜ¹àÀøQÙØâãï*ÜÀÑ
öD�gâëñGïðàe�ÀÜßñSâëÞ/ÙØçgâëÙØâ��ÀÜ�ñØÜ¹ÞfñØÜ�ü�Ü¹ê¹àÀçgñØÜ*ÙM�gÜ�ó]øã×ÉñìÜ¹ñOÙ@ÕB×ÉâãÞ'ÙG×ÀýA÷�ÛgÛgÖØ×ÉàÀê��R óAÕ�÷uTH×Àý]ÙE�gÜv�ÀÜd�gâëê¹øëÜðâëñ
ÖØÜ¹àÀê��gÜßîðàáü�×ÉçÒÙ8ï*âãîp�]àÌÚ:ÙE�gÖØ×ÀçL�,��à!ÖìçgÞ�àÀÞgî@ÙE�gÜAîgâ��zÜßÖØÜ¹Þfê¹Ü¹ñ�âëÞGÙE�gÜ&Ü¹ÞgÜßÖE�ÀÚGøãÜ4�ÉÜßøãñ8ü�ÜßÙ���Ü¹ÜßÞ�ÙØÖÊàÀê��áÜ¹î
àÀÞgîq���gÜßÜ¹øãÜßî��ÀÜd�gâëê¹øëÜ¹ñ�àÀÖØÜHï*×ÉñìÙ�ÛfÖØ×Éï*âãÞgÜßÞ'Ù�àáÙ�ÙM�gâëñ&Û�×ÀâãÞ'ÙÌÑ
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 ¦o��§�±=³ � n

o �qp²³ µ � � ¯  �Z� µ�µ �8r ³ �

öD�gÜv�AàÌÚÉÜßñØâãàÀÞ�ê¹øùàáñØñØâ��mÜ¹Öy�AàÀñHÜßñìÙ àáügøãâëñE�gÜßî�ügàÀñØÜßî"×ÉÞaÙE�gÜ�àÀñìñØçgï*ÛfÙÊâë×ÉÞgñ ÙE�màáÙ³��Ü�ïxàÀîfÜ�àÀü�×ÉçfÙ7ÙM�fÜ
ê¹×ÀÞgîgâëÙØâã×ÉÞgàÀø ÛgÖì×ÉümàÀügâëøãâÔÙkÚ îgÜßÞgñØâÔÙkÚ�ýÂçgÞgêßÙØâã×ÉÞ�RÍÛ�îfýMT�×Àý@Ü¹àÀê�� ê¹àáÙÊÜ��É×ÉÖìÚÀÑìN Ù��màÀñ=ÞgâãÞfÜ"êß×ÉÞgîgâÔÙÊâã×ÀÞmàÀø
ÛgÖì×ÉümàÀügâëøãâÔÙkÚHïð×�îgÜ¹øëñd�áÜÌàÀê���×ÀýB���gâëê���ê¹×ÉÖìÖØÜ¹ñìÛ�×ÀÞgîgñ8ÙÊ×!×ÉÞgÜ{�/âãÞfî�×Àýx�ÉÖØ×ÉçfÞgî��ÉÜ��gâãêßøãÜA�/àÀÞgî�âãñCîgÜ¹ñìê¹Öìâãü�Ü¹î
ü'Ú3àðÝ:àÀçfñØñØâãàÀÞ3Û�îÒýhò

p(
X
|Vj) ∼ N(

X
;
2

j, Σj), j = 1, . . . , 9,
RÍäfÑÔÓ~T

���gÜßÖØÜ X
∈ R11 ÖØÜßÛgÖØÜßñØÜßÞ/ÙØñ*ÙE�gÜxýÂÜ¹àáÙÊçgÖìÜ��ÉÜßêßÙØ×ÉÖ�RÂÙE�gÜ�ïðàe�ÉÞgâÔÙÊçgîgÜßñ@×Àý&ÙE�gÜ�ñØÜßê¹×ÉÞfî$ÙE�gÖØ×Éçp�,�´ÓZÐ ÙE�

�màÀÖìïð×ÀÞgâãê�ê¹×ÀïðÛ�×ÉÞgÜßÞ/ÙØñ�T`�
Vj

ÖØÜ¹ÛfÖØÜ¹ñìÜ¹Þ'ÙÊñ@ÙE�gÜ
j
� ÙM�i��âëÞgî£×áýD�ÉÖØ×ÀçgÞgîi�ÀÜd�gâëê¹øëÜe�8àáÞgî 2

j

àáÞgî
Σj

àÀÖìÜ
ÙM�fÜ@ïðÜ¹àÀÞ àÀÞfîaê¹×��áàÀÖØâãàÀÞgêßÜSïðàáÙÊÖìâÔé=×Àý�ÙE�gÜ@ï@çgøÔÙÊâ£���áàÀÖØâãàáÙÊÜ7Ý:àÀçfñØñØâãàÀÞaîgâëñìÙØÖØâãüfçfÙÊâë×ÉÞ�àáñØñØ×�ê¹âãàáÙÊÜßî¢��âëÙE�
Vj

Ñ
öD�gÜ7ï*ÜÌàÀÞ3àÀÞfî�ê¹×��áàÀÖØâãàÀÞgê¹Ü!ïxàáÙØÖØâ éðàÀñØñì×ÒêßâùàáÙØÜ¹îK��âëÙE�

Vj

��Ü¹ÖØÜHÜßñìÙÊâëïxà ÙÊÜ¹îðýÂÖØ×Éï²ÙM�gÜ!ÛgÖØ×ÀÙØ×ÀÙkÚ�Û�Üßñ
×Àý

Vj

�mâ ÑúÜáÑ��
2

j =
1

Nj

∑

s ∈Vj

X R äÒÑõÐ,T

Σj =
1

Nj − 1

∑

s ∈Vj

(
X
−

2
j) (

X
−

2
j)

t ,
R äÒÑåä�T

���gÜßÖØÜ
Nj

âëñAÙM�gÜHÞ/çgï@ü�Ü¹Ö�×ÀýCÛgÖØ×áÙÊ×ÀÙkÚ�Û�Ü¹ñ�×Àý
Vj

Ñ
ÝHâ��ÉÜßÞaàÀÞ=çgÞgøãàÀü�ÜßøãÜßî=ýÂÜ¹àáÙÊçgÖìÜ��ÀÜ¹ê ÙÊ×ÉÖ X ′ àÀñ�ÙE�gÜ:âãÞgÛgçÒÙ_�mÙM�gÜw�AàÌÚÉÜßñØâãàÀÞ�êßøùàÀñìñØâ��gÜ¹ÖD�mÖØñOÙ êß×ÉïðÛfçfÙÊÜßñ

ÙM�fÜ:øë×,��øãâ��ÀÜßøãâ;�f×Ò×�î
L(

X
′|Vj)

ýÂ×ÀÖ&ÜÌàÀê����/âãÞgî3×Àý]�ÉÜd�fâãê¹øëÜHàÀñ¹ò

L (
X ′|Vj) = log p (

X ′|Vj) = − log |Σj| − (
X ′ −

2
j)

tΣ−1
j (

X ′ −
2

j), j = 1, . . . , 9
RÍäfÑÿô#T

àÀÞgî ÙE�gÜ¹Þ�ê¹×ÀïðÛmàáÖØÜ¹ñHàáøãøUøëâ;�áÜ¹øãâ��g×�×Òîgñ�ÙÊ×3îgÜ ÙÊÜßÖØï*âãÞgÜ
Vmax

ÙM�màáÙHâëñ7àÀñìñØ×�ê¹âùà ÙÊÜ¹î���âÔÙM�aÙM�fÜ�ïxà éÒâëï@çgï
øãâ��ÀÜßøãâ;�f×Ò×�îeÑCæUâãÞmàáøãøëÚe��ÙE�gÜ��AàÌÚÉÜßñØâùàáÞ�êßøùàÀñìñØâ��gÜ¹Ö�àÀñìñØâ;�ÀÞgñ X

′ ÙÊ×�ÙM�gÜHñØàÀïðÜHê¹àáÙÊÜ��É×ÉÖìÚ�àÀñ Vmax
Ñ

ÓÉÓ
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o �	� ³� u ³wv � ³yx ®�� � �{zwz p � ® ���Z¬ | p�µ*±=³q} µ


"Ü:îfÜ¹ñØâ��ÉÞgÜßî�àÀÞfî=âëïðÛføãÜ¹ï*Ü¹Þ'ÙØÜ¹î�Þg×ÉÞ3�a��âëÜ¹ÖØàÀÖØê��gâëêÌàÀøzæ65¤�ar��&ó]ñ{���gâëê���àÀÖìÜ7ümàÀñìÜ¹î�×ÀÞ3ÙE�gÜ7ÙM�gÜß×ÉÖìÚx×Àý
ýÂçL:�:ßÚðøã×,�Éâëê�ñìÚ�ñìÙØÜ¹ï*ñ�R æ6587LT Ñ�N Ù]âãñ©ÙM�/çgñAÛ�Ü¹ÖOÙÊâãÞfÜ¹Þ'ÙAÙÊ×GâãÞgêßøãçgîfÜ àSügÖìâãÜ ý1ÖØÜ4�ÒâëÜ���×ÀýeÙE�gÜ!ÙE�gÜ¹×ÉÖOÚx×áý æ6587
ü�ÜßýÂ×ÉÖìÜ:îfÜßÙ àáâãøãâëÞL�SÙE�gÜ7ê¹øãàÀñØñìâ��mÜßÖ�îfÜ¹ñØâ��ÉÞgñßÑ

÷
æ6587�êß×ÉÞgñØâëñìÙØñ ×Àý8ýÂ×ÉçfÖ!ê¹×ÀïðÛ�×ÉÞgÜßÞ/ÙØñy�AýÂçp:d:¹â��mÜ¹Ö��zÖìçgøãÜ`�kümàÀñìÜe��ýÂçL:d: Ú�âëÞfýÂÜ¹ÖìÜ¹ÞgêßÜ@Ü¹ÞL�ÀâãÞgÜSàÀÞgîaÙM�fÜ
×ÉçfÙØÛgçfÙGÛgÖØ×�ê¹ÜßñØñì×ÉÖ¹Ñ3öD�gÜ�ÿ`ü>~;ý���������ýðê¹×ÀÞ/ÙÊàÀâãÞfñGÖìçgøãÜßñ:ÙE�màáÙSàÀÖØÜ�Ü é�ÙØÖÊàÀê ÙÊÜ¹î ýÂÖì×ÉïpÜ éfÛ�Ü¹ÖOÙ��/Þg×���øãÜßîL�ÉÜA�
ïðàáÙM�gÜßïxà ÙÊâãê¹àÀøÉï*×ÒîfÜ¹øãñB×ÉÖBîmàáÙÊàfÑ8è©àÀê���ÖìçgøãÜQîgÜ¹ñìê¹Öìâãü�Ü¹ñ�à�ÖØÜ¹øãàáÙÊâë×ÉÞHýÂÖØ×Éï¬ÙM�fÜ]îg×ÉïðàÀâëÞ

Xi×· · ·×Xp ⊆

Rp ÙÊ×�ÙM�gÜHÖØàÀÞL�ÉÜ
Y ∈ R

àÀÞgî3êÌàÀÞ=ü�Ü:Ü éÒÛgÖØÜßñØñØÜßîaâãÞ�ÙE�gÜ7ýÂ×Éøãøë×~��âëÞL��Nhæ+�kö��!è²�|ýÂ×ÉÖìï�ò
Rj :

Nhæ
x1
âëñ

F j
1

àáÞgî
x2
âãñ

F j
2

àÀÞfî
. . .

àÀÞgî
xp

âãñ
F j

p

�gö���è²�
y
âãñ

Gj �
j = 1, ..., M

�
���gÜßÖØÜ

M
âãñ�ÙM�gÜ=ÙÊ×ÀÙÊàÀø&Þ/çgï@ü�Ü¹Öx×áý7ÖØçgøëÜ¹ñ��

Rj ÖØÜ¹ÛfÖØÜ¹ñìÜ¹Þ'ÙÊñðÙM�gÜ j
� ÙM�$ÖØçgøëÜe�

F j
k

âãñ�ÙM�fÜaàÀÞ'ÙÊÜßê¹ÜßîgÜ¹Þ'Ù
àÀñìñØ×�ê¹âùà ÙÊÜ¹îF��âÔÙM�3ÙM�gÜ

k
� ÙM�3âãÞfÛgçfÙD�áàÀÖØâãàÀügøëÜ

xk (k = 1, ..., p)
àÀÞfî

Gj âëñAÙM�gÜHêß×ÉÞgñØÜßí/çgÜ¹Þ'Ù7àáñØñØ×�ê¹âãàáÙÊÜßî
��âëÙE��ÙM�gÜH×ÉçfÙØÛgçfÙ��áàÀÖØâãàÀügøëÜ

y.ÝHâ��ÉÜßÞ�à��ÀÜ¹êßÙØ×ÉÖA×ÀýeïðÜ¹àÀñØçgÖìÜ¹ï*Ü¹Þ'ÙÊñ
X ′ ≡

[
x′

1, ..., x
′
p

]T �/ÙM�fÜ�ýÂçL:�:¹â��gÜ¹ÖQê¹×ÉÞ��ÉÜßÖìÙØñAÙM�gÜßï�âëÞ'ÙÊ×GýÂçp:d:ßÚ
ñØÜ ÙÊñ

Ax′

1
, ..., Ax′

p

�&×ÉÞgÜ=ýÂ×ÉÖ�ÜÌàÀê���îgâëïðÜßÞgñØâë×ÉÞeÑ�öD�gÜ=ýÂçL:d: Ú âëÞfýÂÜ¹ÖìÜ¹ÞgêßÜ�ÜßÞL�ÉâãÞfÜ=ÙE�gÜ¹Þ�êß×ÉïðÛfçfÙÊÜßñðÙM�fÜ
�mÖìâãÞL�@îfÜd�ÉÖìÜ¹Ü ýÂ×ÉÖAÜ¹àÀê��3ÖØçgøëÜÀÑ8öD�fÜ³�mÖØâëÞL�@îgÜ��ÉÖØÜßÜ7îgÜ¹ñìê¹ÖØâëü�ÜßñAÙM�gÜHàáïð×ÉçfÞ/Ù]ü'Ú����gâëê��3ÙE�gÜ âëÞgÛgçfÙAýÂçp:d:ßÚ
ñØÜ ÙÊñ

Ax′

1
, ..., Ax′

p

ïxà ÙÊê��aÙM�fÜðàáÞ/ÙØÜ¹êßÜ¹îgÜßÞ/ÙØñd�
F j

1 , ..., F j
p

Ñ@öD�gÜ�×ÉçfÙØÛgçfÙHÛgÖì×ÒêßÜ¹ñìñØ×ÉÖHê¹×ÀïðÛgçÒÙÊÜ¹ñHà�êßÖØâãñìÛ
×ÉçfÙØÛgçfÙd�

y(X ′)
�gü'Ú3çgñØâëÞL��ÙM�gÜu�mÖìâãÞL��îgÜ��ÉÖØÜßÜ¹ñ�àÀÞgî�ÙM�fÜ:êß×ÉÞgñìÜ¹í/çgÜ¹Þ'ÙØñ ×ÀýUàÀøãø�ÙM�gÜHÖØçføãÜ¹ñßÑ

NkÞ"ñìçgï*ïxàÀÖOÚ,�1ÙM�fÖØ×ÉçL�e��ýÂçL:�:¹â��mêÌàáÙØâã×ÉÞ¤�1âãÞfýÂÜßÖØÜ¹Þfê¹Ü*àÀÞgî�×ÉçfÙØÛgçfÙ:ÛgÖØ×�ê¹ÜßñØñìâãÞL�L�1ÙE�gÜxæO5]7aïðàÀÛgñ7ÙM�fÜ
âãÞfÛgçfÙ

X ′ ÙØ×�àÀÞa×ÀçfÙÊÛgçÒÙ y(X ′)
àáê¹ê¹×ÀÖØîgâëÞL�ðÙØ×ðÙM�fÜSÖØçføãÜ¹ñ�¯¤�g×���Ü��ÀÜ¹Öd�1ü�Ü¹ê¹àÀçgñìÜSÙM�gÜGâãÞgÛfçfÙ�ýÂçp:d:ßÚ�ñØÜ ÙÊñ��

àÀÞ'ÙÊÜßê¹ÜßîgÜ¹Þ'ÙÊñ:àÀÞfî ê¹×ÉÞgñìÜ¹í/çgÜßÞ/ÙØñGê¹àÀÞ Ü¹âÔÙM�gÜßÖ ü�ÜSÙkÚ�Û�Ü`� Ó�×ÉÖ!ÙkÚ�Û�Ü4�hÐðýÂçL:d: ÚañØÜ ÙÊñ��eÙM�gÜ@ñìÛ�Üßê¹â��mê�ê¹×Éï*Ûgç��
Ù à ÙÊâã×ÀÞgñ ×Àý©ýÂçL:�:¹â��gêÌàáÙØâã×ÉÞk��âãÞfýÂÜßÖØÜßÞgê¹Ü�àÀÞfî�×ÀçfÙÊÛgçÒÙHÛgÖØ×�ê¹ÜßñØñØâëÞL�3àÀÖìÜ�îgâ���Ü¹ÖìÜ¹Þ'Ù7ýÂ×ÉÖ�ÙkÚ�Û�Ü4�ÊÓðàáÞgî ÙkÚÒÛ�Ü4�hÐ
æ6587�Ñp
"ÜHîgÜ¹ñìê¹Öìâãü�ÜHÙE�gÜ¹ñìÜGêß×Éï*ÛgçfÙ à ÙÊâã×ÀÞgñ&âãÞ�ï*×ÉÖØÜ7îfÜßÙ àáâãøeâëÞ¢7�Ü¹êßÙØâã×ÉÞfñ�ôfÑëÓ:àÀÞgî3ôgÑåÐÒÑ
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NkÞ�à"ÙkÚ�Û�Ü4� Óaæ65871��ÙE�gÜ�âëÞgÛgçfÙðýÂçL:d: Ú´ñØÜ ÙÊñ��!àÀÞ'ÙØÜ¹ê¹ÜßîgÜ¹Þ'ÙØñ�àáÞgî´ê¹×ÀÞgñØÜßí�çfÜ¹Þ'ÙÊñ�àÀÖØÜ�àÀøãø&ÙkÚ�Û�Ü4� ÓaýÂçp:d:ßÚ
ñØÜ ÙÊñ��màÀÞgîxÙE�gÜ ×ÉçÒÙÊÛgçfÙ]ÛgÖØ×�ê¹ÜßñØñìâãÞL��×ÉÞføëÚ�ê¹×ÀÞgñØâëñìÙÊñ]×Àý îgÜßýÂçp:d:¹â��mêÌà ÙÊâã×ÀÞeÑ�æm×ÉÖQÛgçgÖØÛ�×ÉñìÜ¹ñ&×Àý1ïðàÀâëÞ/ÙÊàÀâãÞfâãÞL�
ê¹×ÀÞgñØâëñìÙÊÜßÞgêßÚ���âÔÙM�£ñìçgügñìÜ¹í/çgÜ¹Þ'Ù�îgÜßñØêßÖØâãÛÒÙÊâã×ÀÞgñG×áýAê¹øãàÀñØñìâ��mÜßÖØñ��]��ÜxîgÜßñØê¹Öìâãü�Ü*ÙE�gÜx×ÀÛ�ÜßÖÊàáÙØâã×ÉÞgñ:àÀÞfî"ÙM�fÜ
×ÉÛfÙØâãï*â;:¹àáÙÊâë×ÉÞxÛgÖì×ÒêßÜ¹îgçfÖØÜ¹ñ�×ÀýBÙM�gÜ7ÙkÚ�Û�Ü4� ÓGæ6587�Ñ

$�¾8�ÍÇ��@ÅmË¹Ç ò6NkÞ�ÙM�gÜ�ÙkÚ�Û�Ü`� Ó�âãï*ÛgøãÜßïðÜßÞ/ÙÊàáÙÊâë×ÉÞk� ÙM�gÜ�àÀÞ'ÙÊÜßê¹Ü¹îfÜ¹Þ'ÙÊñA×áýeÜÌàáê��xÖØçføãÜe�
F j

k (k = 1, ..., p)
àÀÖØÜ

ï*×ÒîgÜßøãÜßî£àÀñ7ÙkÚ�Û�Ü4� Ó*ýÂçL:d: Ú�ñØÜßÙØñw���g×ÀñØÜxï*Ü¹ïSü�ÜßÖØñE�fâãÛ�ýÂçgÞgêßÙØâã×ÉÞfñ�R[P�æ¥THàÀÖØÜxÝHàÀçgñØñìâùàÀÞ�ê¹ÜßÞ'ÙÊÜ¹ÖìÜ¹î�à Ù
mj

k

��âëÙE�=ñOÙ àÀÞfîmàÀÖØî=îgÜ4�ÒâãàáÙÊâë×ÉÞ
σj

k

�mâ ÑúÜáÑ��

F j
k : µj

k(xk) = exp



−

1

2

(
xk − mj

k

σj
k

)2


 ≡ φ

(
xk; m

j
k, σ

j
k

) RÍôfÑëÓ~T

( ¾8*�*/Á �U¿ÉÅfºZÁÂ¼�¸ ò�ÝHâ��ÉÜßÞ�ÙE�gÜ"âëÞgÛgçfÙ�ýÂÜ¹àáÙÊçfÖØÜ��ÉÜ¹ê ÙÊ×ÉÖ
X ′ ≡

[
x′

1, ..., x
′
p

]T � ÙE�gÜ�ñìÚ�ñìÙØÜ¹ï Ü¹Þgêß×ÒîgÜßñ
x′

k(k = 1, ..., p)
àáñAà:ÙkÚ�Û�Ü4�ÊÓ!ýÂçL:d: Ú�ñìÜßÙ

Ak

���g×ÉñØÜuP�æ£âãñ]ÝHàÀçgñØñìâùàÀÞxê¹Ü¹Þ'ÙØÜ¹ÖØÜßî3àáÙ
x′

k

��âëÙE��ñìÙÊàÀÞgîmàÀÖìî
îgÜ4�ÒâãàáÙÊâë×ÉÞ

σj
k

�mâ ÑúÜáÑ��

Ak : µk(xk) = exp

{
−

1

2

(
xk − x′

k

σk

)2
}

≡ φ (xk; x
′
k, σk)
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( ¾8*�*,��·ß¸8" Ç�»ZÇ�¸B¿ÉÇ òHæm×ÉÖ�ÙM�gÜ@ÙkÚ�Û�Ü4� Ó*æ65871��ÙM�gÜ�âëÞfýÂÜ¹ÖìÜ¹ÞgêßÜ�Ü¹ÞL�ÉâëÞgÜ@×ÉüÒÙ àÀâëÞgñ7×ÉÞgêßÜ��mÖØâëÞL��îgÜd�ÀÖØÜ¹Ü�ýÂ×ÉÖ
ÜÌàáê���ÖìçgøãÜSümàÀñØÜßî�×ÉÞ ÙM�gÜ�âëÞgÛgçfÙ àÀÞgî�àÀÞ'ÙÊÜßê¹Ü¹îfÜ¹Þ'ÙHýÂçL:d: Ú ñØÜ ÙÊñd� ü'ÚaçfñØâãÞp��ÙM�gÜ�ñìçgÛ��kñOÙ àÀÖ!ê¹×Éï*Û�×ÀñØâëÙØâã×ÉÞ
b ^ cf�mâ ÑúÜáÑ��ÒÙM�gÜu�mÖìâãÞL��îgÜ��ÉÖØÜßÜG×áýCÙE�gÜ

j
� ÙM�3ÖØçføãÜ

f j(X ′) (j = 1, ..., M)
âãñ&êß×ÉïðÛfçfÙÊÜßîib ^ cBàÀñ

f j(X ′) =

p∏

k=1

sup
xk

(
µAx′

k

(xk)µF
j

k
(xk)

) RÍôfÑåä�T

=

p∏

k=1

exp

{
−

(
x′

k − mj
k

)2

2σ2
k + 2

(
σj

k

)2

}
≡

p∏

k=1

φ

(
x′

k; m
j
k,

√
σ2

k +
(
σj

k

)2
) RÍôfÑúô#T

� ¾1º Y ¾ º Y »Z¼1¿ÉÇ�ËÌËÌÁÍ¸BÎ ò�ÙE�gÜ@×ÉçfÙØÛgçfÙHÛgÖì×ÒêßÜ¹ñìñØâãÞp��×Àý�ÙM�gÜ@ÙkÚ�Û�Ü4�ÊÓ�âãï*ÛgøãÜßïðÜßÞ/ÙÊàáÙÊâë×ÉÞ3×ÉÞgøÔÚ�êß×ÉÞgñØâëñìÙØñ ×Àý
îgÜ ýÂçL:d:ßâ��mê¹àáÙÊâë×ÉÞF���gâãê��=øãÜ¹àÀîgñAÙÊ×ðà�ê¹ÖìâãñØÛ3×ÉçÒÙÊÛgçfÙd�

y(X ′)
�mê¹×ÀïðÛgçÒÙÊÜ¹î�àÀñsb ^ c

y(X ′) =

∑M

j=1 f j(x′)gj

∑M

j=1 f j(x′)

RÍôfÑõþ,T
���gÜßÖØÜ

f i(x′)
àÀÞgî

gj àÀÖìÜ ÙM�gÜu�mÖìâãÞL��îgÜ��ÉÖØÜßÜGàáÞgî=ÙE�gÜHê¹×ÉÞfñØÜ¹í/çgÜßÞ'Ù ÖØÜßñØÛ�Ü¹ê ÙÊâ��ÀÜ¹øÔÚ,�m×ÀýBÙM�gÜ
j
� ÙE��ÖìçgøãÜáÑ

Óiä



� á�â²áUâ �löyó�ñUîðñQ�¤ï6ó�ñUí²è
öD�gÜ7ÛmàáÖÊàÀï*ÜßÙØÜ¹ÖØñ]×ÀýCàSÙkÚÒÛ�Ü4�ÊÓ:æ6587xâãÞgêßøãçgîgÜ�ÙM�gÜ7âëÞgÛgçfÙAïð×�îgÜ¹ø�ÛmàÀÖØàÀï*ÜßÙÊÜßÖØñ

σk

�gàÀÞ'ÙÊÜßê¹ÜßîgÜ¹Þ'Ù�ÛmàÀÖÊàáï��
ÜßÙØÜ¹Öìñ

mj
k

àÀÞgî
σj

k (k = 1, ..., p)
�gàÀÞgîxê¹×ÉÞgñìÜ¹í/çgÜßÞ/Ù�ÛmàÀÖØàÀï*ÜßÙÊÜßÖØñ

gj(j = 1, ..., M)
Ñ8ÙM�fÜ¹ÖØÜ àÀÖØÜ7àSÙØ×ÀÙ àáø

×Àý
p + M(2p + 1)

îgÜ¹ñìâ;�ÉÞ=ÛmàÀÖØàÀï*ÜßÙÊÜßÖØñßÑ

£Ü&çfñØÜ&ÙM�gÜ&ñOÙÊÜßÜ¹Û�Ü¹ñìÙ�îgÜßñØê¹ÜßÞ'ÙAàÀø��É×ÉÖìâëÙM�fï|ÙÊ×7ÙÊçgÞfÜAÙM�gÜßñØÜ�ÛmàÀÖØàÀïðÜ ÙÊÜßÖØñ�ñØ×:àÀñ8ÙØ×7ïðâëÞgâãï*â;:ßÜQàs�Àâ��ÉÜßÞ

×Éü3�ìÜßêßÙØâ��ÉÜ7ýÂçgÞfêßÙÊâë×ÉÞ
J

�mâ ÑúÜáÑ

θnew = θold −
δJ

δθ

∣∣∣∣
θold

RÍôfÑ|<�T
���gÜßÖØÜ

θ
âãñAÙM�fÜ��ÀÜ¹ÞgÜßÖØâãêHñOÚÒïSü�×ÉøeýÂ×ÀÖ�àÀøãø�ÛmàÀÖÊàáïðÜ ÙÊÜ¹Öìñ&ÙÊ×�ü�ÜH×ÉÛÒÙÊâãï*â;:ßÜ¹îeÑ

öD�gÜ:ÛmàÀÖìÙØâùàÀø�îgÜ¹Öìâ��áàáÙØâ��ÉÜ
δJ/δθ

âãñ&ê¹×ÀïðÛgçÒÙÊÜ¹î3ÙM�fÖØ×ÉçL�e�3ÙE�gÜHÛmàÀÖOÙÊâùàáøeîgÜ¹Öìâ��áàáÙØâ��ÉÜ
δy/δθ

àÀñ

δJ

δθ
=

δJ

δy

δy

δθ���gÜßÖØÜ
y
âëñBÙE�gÜQê¹ÖØâëñØÛG×ÉçfÙÊÛfçfÙC×ÀýfÙkÚ�Û�Ü4� Ó]æ6587�ÑZöD�gÜ]ê¹àÀøãêßçgøùà ÙÊâã×ÀÞ:×áýgÛmàÀÖOÙÊâãàÀø'îgÜ¹Öìâ��áàáÙØâ��ÉÜ

δJ/δy
îfÜ¹Û�Ü¹Þgîgñ

×ÉÞ3ÙM�gÜ:ñØÛ�Ü¹êßâ��mê7ýÂ×ÉÖìï�×Àý
J
ÑQöD�gÜ:ýÂ×ÀÖØï@çgøãàÀÜ ýÂ×ÉÖ

δy/δθ
ýÂ×ÉÖ&ÙM�gÜHâãÞfÛgçfÙ_��àáÞ/ÙØÜ¹êßÜ¹îgÜßÞ/Ù àÀÞgî=ê¹×ÉÞfñØÜ¹í/çgÜßÞ'Ù

ÛmàÀÖØàÀï*ÜßÙÊÜßÖØñ&×ÀýCÙM�gÜ ÙkÚ�Û�Ü4�ÊÓSæ6587�àÀÖìÜ��Àâ��ÉÜßÞ�âëÞ�bÔÓÀÓdc Ñ

 �EÊI y )�Ã ?���I ~ � w
NkÞ�ÙM�fÜ!ÙkÚ�Û�Ü`�OÐSâãï*ÛgøëÜ¹ï*Ü¹Þ'Ù àáÙØâã×ÉÞ�×Àý1ÙE�gÜ7æ65871�/ÙM�fÜ âãÞgÛfçfÙ]ýÂçL:�:ßÚxñØÜßÙØñd�màáÞ/ÙØÜ¹êßÜ¹îgÜßÞ/ÙØñ�àÀÞgî�ê¹×ÀÞgñØÜßí�çfÜ¹Þ'ÙÊñ
àÀÖìÜ�àÀøãø1ÙkÚ�Û�Ü4�OÐðýÂçp:d:ßÚ�ñØÜ ÙÊñd�eàÀÞgîaÙM�fÜ@×ÉçfÙØÛgçfÙ7ÛgÖì×ÒêßÜ¹ñìñØâãÞp��ê¹×ÉÞgñìâãñOÙÊñ ×Àý�ÙkÚ�Û�Ü4� ÖØÜ¹îfçgêßÙØâã×ÉÞ�àÀÞfî îgÜßýÂçL:�:¹â£�
�mê¹àáÙÊâë×ÉÞeÑy
"ÜSçfñØÜ¹î�âëÞ/ÙØÜ¹ÖU�Ààáø ÙkÚ�Û�Ü4�hÐðýÂçL:d: Ú�ñìÜßÙÊñ!âãÞa×ÉçfÖ!âãï*ÛgøëÜ¹ï*Ü¹Þ'Ù àáÙØâã×ÉÞ=àÀÞfîañØ×���Ü�âãøëøãçgñOÙÊÖØàáÙÊÜ7ÙM�fÜ
×ÉÛ�Ü¹ÖØàáÙÊâë×ÉÞgñ�àÀÞgî3×ÉÛÒÙÊâãï*â;:¹àáÙÊâë×ÉÞxÛfÖØ×�ê¹Ü¹îfçgÖØÜßñ�ýÂ×ÉÖAÙE�gÜ¹ï=Ñ

$�¾8�ÍÇ�@ÅmË¹Ç ò�öD�gÜ=àÀÞ'ÙØÜ¹ê¹ÜßîgÜ¹Þ'ÙØñð×Àý�Ü¹àÀê���ÖìçgøãÜ
F̃ j

k (k = 1, ..., p)
àÀÖìÜ�ïð×�îgÜßøãÜ¹î àÀñ�âãÞ'ÙÊÜßÖ��áàÀø]ÙkÚ�Û�Ü4�

Ð@ýÂçL:d: Ú�ñìÜßÙØñ����g×ÀñØÜ·P�æ�ñ�àÀÖìÜ@ÝHàÀçgñìñØâãàÀÞ���âÔÙM�=çgÞgêßÜ¹ÖìÙÊàÀâãÞ=ï*ÜÌàÀÞgñ��
m ∈ [mj

1,k, m
j
2,k]

àÀÞfî�çgÞfê¹Ü¹ÖOÙ àÀâëÞ
ñìÙÊàÀÞgîmàáÖØî$îgÜ���âùà ÙÊâã×ÀÞgñd�

σ ∈ [σj
1,k, σ

j
2,k]
Ñ�öD�gÜ=øã×���Ü¹Ö*àÀÞgî$çgÛgÛ�Ü¹Ö�P�æmñ	R[58P�æ_àÀÞgîBl³P�æ6T�×áý

F̃ j
k

�
µj

k
(xk)

àáÞgî
µj

k(xk)
�gàÀÖØÜs�Éâ��ÉÜ¹Þ�àÀñsb ÓÉÓdc

µj

k
(xk) =

{
φ
(
xk; m

j
2,k, σ

j
1,k

) âëý
xk ≤

(
mj

1,k + mj
2,k

)/
2

φ
(
xk; m

j
1,k, σ

j
1,k

) âëý
xk >

(
mj

1,k + mj
2,k

)/
2

RÍôfÑ ^ T

µj
k(xk) =





φ
(
xk; m

j
1,k, σ

j
2,k

) âëý
xk ≤ mj

1,k

φ
(
xk; m

j
2,k, σ

j
2,k

) âëý
xk ≥ mj

2,k

1
×ÀÙM�gÜßÖ���âëñØÜ .

RÍôfÑ|��T

ÓÌô



öCàÀügøëÜHôgÑëÓÀò©æ�×ÀÖØï@çgøãàÀñ�ýÂ×ÀÖAÙM�gÜu�mÖìâãÞL��îgÜ��ÉÖØÜßÜ¹ñ¹Ñ
x′

k

øã×�êÌàáÙØâã×ÉÞ
f

j
(x′

k)

x′
k ≤

(m
j

1,k
+m

j

2,k)
2

−
σ2

1,k(m
j

2,k
−m

j

1,k)
2(σ

j

1,k)
2 φ

(
x′

k; m
j
2,k,
√

σ2
1,k +

(
σj

1,k

)2
)

x′
k ≥

(m
j

1,k
+m

j

2,k)
2

−
σ2

1,k(m
j

2,k
−m

j

1,k)
2(σ

j

1,k)
2 φ

(
x′

k; m
j
1,k,
√

σ2
1,k +

(
σj

1,k

)2
)

×ÀÙM�gÜßÖ���âëñØÜ
exp

{
(m

j

2,k
−m

j

1,k)
2

8(σ
j

1,k)
2 −

(2x′

k
−m

j

1,k
−m

j

2,k)
2

8(σ1,k)
2

}

x′
k

øã×�êÌàáÙØâã×ÉÞ
f

j
(x′

k)

x′
k ≤mj

1,k φ

(
x′

k; m
j
2,k,
√

σ2
1,k +

(
σj

1,k

)2
)

x′
k ≥mj

2,k φ

(
x′

k; m
j
2,k,
√

σ2
2,k +

(
σj

1,k

)2
)

×ÀÙM�fÜ¹Ö���âëñØÜ
1

( ¾8*�*/Á �U¿ÉÅfºZÁÂ¼�¸ òBÝ7â��ÉÜßÞGÙE�gÜ�âëÞgÛgçfÙBýÂÜÌà ÙÊçgÖìÜS�ÀÜ¹êßÙØ×ÉÖ
X ′ ≡

[
x′

1, ..., x
′
p

]T �áÙE�gÜQñìÚ�ñìÙØÜ¹ï_Ü¹Þgêß×ÒîgÜßñ
x′

k (k =

1, ..., p)
àÀñ7àáÞ âãÞ'ÙÊÜßÖ��áàÀøCÙkÚ�Û�Ü4�hÐ�ýÂçp:d:ßÚ�ñØÜ Ù

Ãk

���g×ÉñìÜGP�æ´âãñHÝHàÀçgñìñØâãàÀÞ ê¹ÜßÞ/ÙØÜ¹ÖìÜ¹î"àáÙ
x′

k

��âÔÙM�0��âëÙE�
çgÞgêßÜ¹ÖOÙ àÀâëÞ=ñOÙ àÀÞfîmàÀÖØî=îgÜ4�ÒâãàáÙÊâë×ÉÞ

σ ∈ [σ1,k, σ2,k]
Ñ�öD�gÜ�58P�æ$àÀÞgî�l³P�æ�×Àý

Ãk

�
µ

k
(xk)

àáÞgî
µk(xk)

�
àÀÖìÜ��Àâ��ÉÜßÞ=àÀñ

µ
eAk

(xk) = exp

{
−

1

2

(
xk − x′

k

σ1,k

)2
}

≡ φ (xk; x
′
k, σ1,k)

RÍôfÑ|��T

µ eAk
(xk) = exp

{
−

1

2

(
xk − x′

k

σ2,k

)2
}

≡ φ (xk; x
′
k, σ2,k)

RÍôgÑÔÓ���T

( ¾8*�*,��·ß¸+" Ç/» Ç�¸B¿ÉÇ òDNkÞaÙM�gÜGâãÞ'ÙÊÜßÖ��áàÀø1ÙkÚ�Û�Ü`�OÐðâëïðÛgøëÜ¹ï*Ü¹Þ'Ù à ÙÊâã×ÀÞk�fÙM�fÜw�mÖìâãÞL�ðîgÜd�ÉÖìÜ¹Ü@×áý�ÜÌàÀê���ÖØçgøëÜ
ê¹×ÀÞgñØâëñìÙÊñ©×Àý�Ù���×��mÖìâãÞL�7îfÜd�ÉÖìÜ¹Ü¹ñ¥� ÙM�fÜ&øã×��]ÜßÖQàÀÞgî�çgÛgÛ�Ü¹Ö¥�mÖìâãÞL�7îgÜ��ÉÖØÜßÜ¹ñßÑ�öD�gÜ¹ñìÜ!àÀÖìÜ�ê¹×Éï*ÛgçfÙØÜ¹î�ümàÀñìÜ¹î
×ÉÞ3ÙM�gÜHâëÞgÛgçfÙ�àÀÞgî�àÀÞ'ÙÊÜßê¹ÜßîgÜ¹Þ'Ù!ýÂçp:d:ßÚ3ñìÜßÙØñd��ü'Ú3çgñØâëÞL�*ÙE�gÜHÜ é�ÙÊÜßÞgîgÜßîañØçgÛ3�kñìÙÊàÀÖ�ê¹×Éï*Û�×ÀñØâëÙØâã×ÉÞ0b ^ c[�mâ ÑÿÜÀÑ
ÙM�fÜ:øë×��]ÜßÖ�àáÞgî3çgÛgÛ�Ü¹ÖD�mÖØâëÞL��îgÜd�ÀÖØÜ¹Üßñ�×áýCÙE�gÜ

j
� ÙM�3ÖØçføãÜe�

f j(x′)
àÀÞfî

f
j
(x′)

àÀÖØÜHêß×ÉïðÛfçfÙÊÜßî�àÀñ

ÓZþ



f j(x′) =

p∏

k=1

sup
xk

µ
eAx′

k

(xk)µ
j

eFx′
k

(xk) ≡

p∏

k=1

f j

k
(x′)

RÍôgÑÔÓÉÓ~T

f
j
(x′) =

p∏

k=1

sup
xk

µ eAx′
k

(xk)µ
j

eFx′
k

(xk) ≡

p∏

k=1

f
j

k(x
′)

RÍôgÑÔÓZÐ,T

öD�gÜ7ýÂ×ÉÖìï@çgøùàáÜ!ýÂ×ÉÖ&ê¹×ÀïðÛgçÒÙÊâãÞp�
f j

k
(x′)

àÀÞgî
f

j

k(x
′)
àÀÖìÜs�Éâ��ÀÜ¹Þ3âãÞ3öCàÀügøãÜ7ôfÑëÓÉÑ

� ¾1º Y ¾ º Y »Z¼1¿ÉÇ�ËÌËÌÁÍ¸BÎ ò�æm×ÉÖAàÀÞxâãÞ'ÙÊÜßÖ��áàÀø�ÙkÚ�Û�Ü4�hÐ@æ65871�f×ÉçÒÙÊÛgçfÙAÛgÖØ×�ê¹ÜßñØñØâëÞL��ê¹×ÀÞgñØâëñìÙÊñ]×Àý ÙkÚÒÛ�Ü7ÖØÜßîgçgê`�
ÙÊâë×ÉÞ3ýÂ×Éøãøë×~��Ü¹î3ü'Ú=îgÜßýÂçp:d:¹â��mêÌà ÙÊâã×ÀÞeÑAö©ÚÒÛ�Ü4� ÖØÜßîgçgêßÙØâã×ÉÞ�×ÉüfÙÊàÀâãÞgñ�àÀÞ�âãÞ'ÙÊÜßÖ��áàÀø1×ÉçÒÙÊÛgçfÙ

[yl(X
′), yr(X

′)]
�

ümàÀñìÜ¹î3×ÉÞ�ÙE�gÜ øã×���Ü¹Ö�àÀÞfî�çgÛgÛ�Ü¹ÖQ�mÖìâãÞL�SîgÜd�ÉÖìÜ¹Üßñ�àáñQ�]ÜßøãøzàÀñAÙM�gÜ!ê¹×ÉÞgñìÜ¹í/çgÜßÞ/ÙØñ�ü'ÚxçgñØâëÞL�@ÙM�gÜ�d:àáÖØÞgâ����
P�ÜßÞgîgÜ¹ø�âÔÙÊÜßÖÊàáÙØâ��ÉÜGÛgÖØ×�ê¹ÜßîgçgÖìÜ¹ñvb ^ c Ñ:öD�gÜ�ÜßÞgî�Û�×ÉâëÞ'ÙÊñ ×Àý�ÙE�gÜ@ÙkÚ�Û�Ü�ÖìÜ¹îgçfê¹Ü¹î�ñØÜ Ù

yl(X
′)
àáÞgî

yr(X
′)êÌàáÞ�ü�ÜHÜ éÒÛgÖØÜßñØñìÜ¹î àÀñ�b ÓÉÓ�c

yl(X
′) =

∑M

j=1 gj
{
δj
l f

j
(x′) + (1 − δj

l )f
j(X ′)

}

∑M

j=1

{
δj
l f

j
(x′) + (1 − δj

l )f
j(X ′)

} RÍôgÑÔÓiä�T

yr(X
′) =

∑M

j=1 gj
{
δj
rf

j
(x′) + (1 − δj

r)f
j(X ′)

}

∑M

j=1

{
δj
rf

j
(x′) + (1 − δj

r)f
j(X ′)

} RÍôgÑÔÓÌô#T

���gÜßÖØÜ
δj
l

àáÞgî
δj
r (j = 1, ..., M)

àÀÖìÜ7Ù��]×*âãÞgîfâãêÌà ÙÊ×ÉÖ]ýÂçfÞgêßÙØâã×ÉÞgñ&îfÜ��mÞgÜßî�ýÂ×ÉÖ&Ü¹àÀê��=ÖØçgøëÜGàáñ

δj
l =

{
1
âëý

gj ≤ yj
l (X

′)

0
×ÀÙM�gÜßÖ���âëñØÜ RÍôgÑÔÓZþ,T

δj
r =

{
1
âëý

gj ≥ yj
r(X

′)

0
×ÀÙM�gÜßÖ���âëñØÜ RÍôgÑÔÓ�<�T

û!Ü ýÂçL:d:ßâ��mê¹àáÙÊâë×ÉÞ�×ÀýCÙM�gÜHÙkÚ�Û�Ü`�OÐ*æ6587=×ÉüfÙÊàÀâãÞfñ�à�ê¹ÖìâãñìÛ�×ÉçfÙØÛgçfÙd�
y(X ′)

�mýÂÖì×Éï�ÙM�fÜ:ÙkÚ�Û�Ü4�kÖìÜ¹îgçfê¹Ü¹î ñìÜßÙd�
â ÑÿÜÀÑ��

y(X ′) =
1

2
[yl(X

′) + yr(X
′)]

RÍôgÑÔÓ ^ T

� á�à{áUâ �löyó�ñUîðñQ�¤ï6ó�ñUí²è
öD�gÜ ÛgàÀÖÊàÀï*ÜßÙØÜ¹Öìñ]×Àý à:ÙkÚÒÛ�Ü4�hÐSæ6587*âëÞgê¹øëçgîgÜ�ÙM�gÜ!âãÞgÛgçÒÙ]ï*×ÒîfÜ¹ø�ÛmàÀÖØàÀïðÜ ÙÊÜßÖØñ

{σ1,k, σ2,k}
�fàÀÞ'ÙØÜ¹ê¹ÜßîgÜ¹Þ'Ù

ÛmàÀÖØàÀï*ÜßÙÊÜßÖØñ
{mj

1,k, m
j
2,k}

àÀÞfî
{σj

1,k, σ
j
2,k} (k = 1, ..., p)

�QàÀÞgî¡êß×ÉÞgñØÜßí/çgÜ¹Þ'ÙðÛmàÀÖÊàáïðÜ ÙÊÜ¹Öìñ
gj(j =

Ó�<



1, ..., M)
ÑBÙM�gÜßÖØÜ&àÀÖìÜAà�ÙØ×ÀÙ àáø�×áý

2p+M(4p+1)
îgÜ¹ñìâ;�ÉÞSÛmàÀÖÊàáïðÜ ÙÊÜ¹Öìñ¹Ñ8
£ÜAçfñØÜ¹îSÙM�gÜ�ñìÙÊÜßÜ¹Û�Ü¹ñOÙ©îgÜ¹ñìê¹Ü¹Þ'Ù

àÀø��É×ÉÖØâÔÙM�gï ÙÊ×7ÙØçgÞgÜ�ÙM�gÜßñØÜ�ÛmàÀÖÊàáïðÜ ÙÊÜ¹Öìñ¹Ñ²7�âãï*âãøùàáÖBÙØ×:ÙE�gÜ&ÙkÚÒÛ�Ü4�ÊÓ æ65871�áÙM�gÜ�ÛmàÀÖOÙÊâùàáøgîgÜ¹Öìâ��áàáÙØâ��ÉÜßñ
δJ/δθ×Àý�ÙM�fÜxÙkÚ�Û�Ü`�OÐ æ6587 àÀÖØÜxê¹×Éï*ÛgçfÙØÜ¹î ÙM�fÖØ×ÉçL�e�¡ÙE�gÜ�ÛmàáÖìÙÊâãàÀøQîgÜ¹Öìâ��áàáÙÊâ��ÉÜßñ

δy/δθ
Ñ�öD�fÜ�ýÂ×ÉÖØï@çføùàÀÜ*ýÂ×ÉÖ

δy/δθ
ýÂ×ÀÖ ÙM�gÜ�âãÞfÛgçfÙ_� àáÞ/ÙØÜ¹êßÜ¹îgÜßÞ/Ù@àÀÞgî�ê¹×ÉÞfñØÜ¹í/çgÜßÞ'Ù@ÛmàÀÖØàÀï*ÜßÙÊÜßÖØñ7×ÀýQÙM�fÜðâëÞ/ÙØÜ¹ÖU�ÀàáøUÙkÚ�Û�Ü`�OÐ3æ6587�àáÖØÜ

�Éâ��ÉÜ¹Þ=âãÞ�b ÓÉÓdc Ñ

Ó ^



 ¦o��§�±=³ � �

� ® ¯«½�� � ³ � � �¢¬ ¦ �Z¬ ��� � � ½&u o 

öD�gÜ�Þg×ÉÞ����gâãÜßÖÊàÀÖìê��gâãê¹àÀø/æ65¤�ar��&ó£àÀñBîgÜ4�ÉÜ¹øë×ÉÛ�Ü¹î@âëÞKb ÓÉÓ�cÒêÌàÀÞGü�Ü�ê¹×ÉÞfñØâãîfÜ¹ÖØÜßî�àÀñCà�ÙØÖÊàÀîgâÔÙÊâë×ÉÞmàÀø'æO5k��ry�{7
Ü éÒêßÜ¹ÛfÙ�ÙM�mà Ù�âëÙÊñ&êß×ÉÞgñìÜ¹í/çgÜ¹Þ'ÙØñ7àÀÞgî=×ÉçfÙØÛgçfÙ�àÀÖìÜHÙ���×A� îgâãï*Ü¹Þgñìâã×ÉÞgàÀø Ñ

öD�gÜ�ÖØçgøëÜAümàÀñìÜ&×Àý�ÙM�gÜ&Þf×ÉÞ����fâãÜ¹ÖØàÀÖØê��fâãêÌàáøfæ65¤��ry�&ó}�màáñ�ÞgâãÞgÜ]ÖØçgøëÜ¹ñd�'×ÀÞgÜAýÂ×ÉÖ8Ü¹àÀê�����âëÞgî�×Àý'�ÉÜ��gâãêßøãÜe�
ÙM�gàáÙ�àÀÖØÜHÜ éfÛfÖØÜ¹ñìñØÜßî àÀñ¹ò

Rj ò²Nhæ
x1
âãñ

F j
1

àáÞgî
. . .

àÀÞgî
x11

âãñ
F j

11

�mö���è²�
y
âãñ [

gj
1, g

j
2

]t �
j = 1, . . . , 9

���gÜßÖØÜ
Rj ÖØÜßÛgÖØÜßñØÜ¹Þ'ÙØñ�ÙM�fÜ�ÖìçgøãÜAýÂ×ÉÖ8ÙE�gÜ j

� ÙM�v�/âãÞgî�×Àý1�ÉÜ��gâãêßøãÜe�
F j

k

R
k = 1, . . . , 11

TUâãñ�ÙE�gÜ�àÀÞ'ÙÊÜ¹êßÜ¹îgÜßÞ'Ù
ï*×ÒîgâÔý Ú�âãÞL�HÙM�gÜ

k
� ÙE��ýÂÜÌàáÙØçgÖØÜ)�áàÀÖìâùàÀüføãÜ

xk

�màÀÞgî [
gj
1, g

j
2

]t âëñ]ÙM�gÜ!ê¹×ÉÞgñìÜ¹í/çgÜßÞ/Ù�ï*×ÒîgâÔý Ú�âãÞL�HÙM�gÜ7×ÀçfÙÊÛgçÒÙ
�áàÀÖØâãàÀügøëÜ

y
àáÞgî�âãñ©ï*×ÒîfÜ¹øãÜßî�àÀñ�àHÙ��]×A� îgâãï*Ü¹ÞfñØâã×ÀÞmàÀøL�ÉÜßêßÙØ×ÉÖA×Àý1êßÖØâëñØÛxÞ/çgïSü�ÜßÖØñ¹ÑQÝ7â��ÀÜ¹Þ�àáÞxçgÞgøãàÀü�Ü¹øãÜßî

ýÂÜÌà ÙÊçgÖìÜ³�ÉÜ¹ê ÙÊ×ÉÖ X ′ ≡ [x′
1, . . . , x

′
11]

t R ���gâãê��3êß×ÉÞ'Ù àÀâëÞgñAê¹ÖìâãñìÛ=ï*ÜÌàáñØçgÖìÜ¹ï*Ü¹Þ'ÙÊñMTAàÀñAÙM�gÜ7âëÞgÛgçfÙd�ÒÙE�gÖØ×Éçp�,�
ýÂçL:�:¹â��gêÌàáÙØâã×ÉÞk�mâëÞfýÂÜ¹ÖìÜ¹ÞgêßÜ:àÀÞgî�×ÀçfÙÊÛgçÒÙ�ÛfÖØ×�ê¹Ü¹ñìñØâëÞL�L�mÙM�gÜ:Þg×ÉÞ3���gâëÜ¹ÖÊàáÖØê��gâëêÌàÀø1æO5k��ry�Aó�×ÉüÒÙ àÀâëÞgñ�à*êßÖØâãñìÛ
×ÉçfÙØÛgçfÙw�ÉÜ¹ê ÙÊ×ÉÖ

[y1(
X
′), y2(

X
′)]t
Ñ=öD�gÜ�Þg×ÉÞ3���gâëÜ¹ÖÊàáÖØê��gâëêÌàÀø©æ65¤��ry�&ó_ïxàe�áÜ¹ñ�àq�mÞmàÀøQîgÜßê¹âãñìâã×ÉÞ�ýÂ×ÉÖ X

′

ümàÀñìÜ¹î=×ÉÞgøÔÚ�×ÉÞ3ÙM�gÜHñìâ;�ÉÞgñ&×áý
[y1(

X
′), y2(

X
′)]t

àÀêßê¹×ÉÖìîgâãÞL��ÙØ×*öCàÀügøëÜ:þÒÑÔÓÉÑ
öD�gÜxÞf×ÉÞ����fâãÜ¹ÖØàÀÖØê��fâãêÌàáø�æ65¤�ar��&ó àáÖØê��gâÔÙÊÜ¹ê ÙÊçgÖìÜxê¹àÀÞ"ü�Ü*âãï*ÛgøãÜßïðÜßÞ/ÙØÜ¹î�ümàÀñìÜ¹î ×ÀÞ"ÜßâëÙM�fÜ¹ÖHÙkÚÒÛ�Ü4�ÊÓ

×ÉÖ7ÙkÚ�Û�Ü`�OÐ�ýÂçL:d: Ú�ñØÜ Ù@àÀÞfî�ýÂçL:�:ßÚ�øë×,�ÉâãêGÙM�gÜß×ÉÖØâëÜ¹ñ¹ÑvNkÞ�ÙM�gÜ�ÙkÚ�Û�Ü`� Ó*Þg×ÉÞ����gâãÜßÖÊàÀÖìê��gâãê¹àÀø�æ65¤�ar��&ó)�eÜ¹àÀê��
àÀÞ'ÙÊÜßê¹ÜßîgÜ¹Þ'Ù

F j
k

R
k = 1, . . . , 11

àÀÞgî
j = 1, . . . , 9

T©âëñ�ï*×ÒîfÜ¹øãÜßî�àÀñ]à:ÙkÚ�Û�Ü4� Ó�ýÂçL:d: ÚxñìÜßÙQ���f×ÉñØÜsP�æ"âëñ
ÝHàÀçgñØñìâùàÀÞ=ê¹ÜßÞ'ÙÊÜ¹ÖìÜ¹î à Ù

mj
k

��âÔÙM�=ñìÙ àáÞgîmàÀÖìî�îgÜ4�ÒâãàáÙÊâë×ÉÞ
σj

k

��àÀÞgî3ÙM�fÜ:ýÂçL:�:¹â��mêÌàáÙØâã×ÉÞ3ÛgÖì×ÒêßÜ¹ñìñ!ê¹×ÀÞ#�ÀÜ¹ÖOÙÊñ

öUàáügøãÜ:þÒÑÔÓÉò�öD�gÜHêßøùàÀñìñØâ��gêÌàáÙØâã×ÉÞ�îgÜßê¹âëñØâã×ÀÞ3ýÂ×ÀÖ X
′ ümàÀñØÜßî�×ÉÞ [y1(

X
′), y2(

X
′)]t
Ñ

û!Üßê¹âãñìâã×ÉÞ
y1(

X
′) y2(

X
′)�fÜÌà_�/Ú#� ÙÊÖØàÀê��ÀÜßî Û�×ÉñìâëÙØâ��ÉÜ Û�×ÉñØâÔÙÊâ��ÉÜ

øãâ��,�'Ù�� ÙÊÖÊàáê��ÀÜ¹î Û�×ÉñìâëÙØâ��ÉÜ ÞgÜd�'à ÙÊâ��ÀÜ
�gÜÌà_�/Ú������gÜßÜ¹øëÜ¹î ÞgÜ��'àáÙÊâ��ÉÜ Û�×ÉñØâÔÙÊâ��ÉÜ
øëâ;�,�'ÙU�����gÜßÜ¹øãÜßî ÞgÜ��'àáÙÊâ��ÉÜ ÞgÜd�'à ÙÊâ��ÀÜ

Ó��



ÜÌàáê��´âãÞgÛfçfÙ�ýÂÜÌàáÙØçgÖØÜ=ïðÜ¹àÀñØçfÖØÜ¹ï*Ü¹Þ'Ù
x′

k

R
k = 1, . . . , 11

T�âëÞ'ÙÊ×"à�ÙkÚ�Û�Ü4� Ó=ýÂçL:d: Ú$ñØÜßÙG���g×ÉñìÜ�P�æ âãñ
ÝHàÀçgñØñìâùàÀÞ$ê¹ÜßÞ'ÙÊÜ¹ÖìÜ¹î�àáÙ

x′
k

��âëÙM��ñìÙÊàÀÞgîmàÀÖìî îgÜ4��âùàáÙØâã×ÉÞ
σk

Ñ±NkÞ$ÙM�gÜ=ÙkÚÒÛ�Ü4�hÐ�Þg×ÀÞ����gâëÜ¹ÖØàÀÖØê��gâëêÌàÀø�æO5k�
r��&ó)�/ÜÌàÀê���àáÞ/ÙØÜ¹êßÜ¹îgÜßÞ/Ù]âãñ©ï*×ÒîgÜßøãÜßîxàÀñ�àÀÞ*âãÞ'ÙÊÜßÖ��áàÀømÙkÚ�Û�Ü`�OÐ7ýÂçL:d: Ú�ñØÜßÙC���g×ÉñìÜ³P�æ�âãñ�ÝHàÀçgñØñìâùàÀÞ���âëÙE�
çgÞgêßÜ¹ÖOÙ àÀâëÞ£ï*ÜÌàÀÞk�

m ∈
[
mj

1,k, m
j
2,k

] �UàÀÞgî£çfÞgê¹ÜßÖìÙ àáâãÞ£ñOÙ àÀÞfîmàÀÖØî£îgÜ���âùà ÙÊâã×ÀÞk�
σ ∈

[
σj

1,k, σ
j
2,k

] �8àáÞgî
ÙM�fÜ ýÂçL:d:ßâ��mê¹àáÙÊâë×ÉÞ�ÛgÖì×ÒêßÜ¹ñØñ�êß×ÉÞ��ÉÜ¹ÖOÙÊñ

x′
k

âãÞ'ÙØ×�àÀÞ3âãÞ'ÙÊÜßÖ��áàÀø�ÙkÚÒÛ�Ü4�hÐGýÂçL:d: Ú�ñØÜ ÙD���g×ÉñìÜ�P�æ�âãñ�ÝHàÀçgñìñØâùàáÞ
ê¹ÜßÞ'ÙÊÜ¹ÖìÜ¹î à Ù

x′
k

��âëÙE��çfÞgê¹ÜßÖìÙ àáâãÞ=ñìÙ àáÞgîmàÀÖìî�îgÜ4�ÒâãàáÙÊâë×ÉÞk�
σ ∈ [σ1,k, σ2,k]

Ñ]÷&ê¹êß×ÉÖØîfâãÞL�ÉøÔÚ,�gÙE�gÜGêß×ÉÞgêßÖØÜßÙØÜ
ê¹×ÀïðÛgçÒÙ àáÙØâã×ÉÞgñC×Àý�ýÂçL:d:ßâ��mê¹àáÙÊâë×ÉÞk�ÀýÂçp:d:ßÚSâãÞfýÂÜßÖØÜßÞgê¹Ü�àÀÞfî�×ÉçfÙÊÛfçfÙ©ÛgÖØ×�ê¹ÜßñØñìâãÞL�HâãÞGÙM�gÜAÙkÚ�Û�Ü4� Ó�àáÞgî�ÙkÚÒÛ�Ü4�hÐ
Þg×ÉÞ3���gâëÜ¹ÖÊàáÖØê��gâëêÌàÀø�æ65+r��&ó]ñQàÀÖØÜ�îgâ��zÜßÖØÜ¹Þ'Ùd��ÙE�gÜ�îfÜßÙ àáâãøãñ�×áý¤���gâëê���êÌàÀÞ*ü�Ü�ýÂ×ÉçfÞgîxâëÞK7ÒÜßêßÙØâã×ÉÞgñQôgÑÔÓ!àáÞgî
ôgÑåÐÒÑ

öD�gÜ¹ÖìÜ àÀÖìÜaà�ÙØ×ÀÙ àáø�×áý:ÐÉÐ ^ ÛmàÀÖØàÀïðÜ ÙÊÜßÖØñxâëÞ�ÙE�gÜ=ÙkÚ�Û�Ü4�ÊÓaÞg×ÉÞ����gâãÜßÖÊàÀÖìê��gâãê¹àÀø�æ65¤�ar��&ó)�©â ÑÿÜÀÑ��AÙM�fÜ
ê¹×ÀÞgñØÜßí�çfÜ¹Þ'ÙHÛmàÀÖØàÀïðÜ ÙÊÜßÖØñ

gj
1

àÀÞgî
gj
2

��àÀÞ'ÙÊÜ¹êßÜ¹îgÜßÞ'Ù7ÛmàÀÖØàÀïðÜ ÙÊÜßÖØñ
mj

k

àÀÞfî
σj

k

��àÀÞgî�âãÞgÛfçfÙ!ÛgàÀÖÊàÀï*ÜßÙØÜ¹Öìñ
σk

R
k = 1, . . . , 11

àÀÞfî
j = 1, . . . , 9

T ÑO7ÒâãÞfê¹Ü©ÜÌàÀê��GÖØçgøëÜ�ê¹×ÉÖìÖØÜßñØÛ�×ÉÞgîgñ ÙÊ×�×ÉÞgÜ²�/âãÞgî:×Àý��ÉÖØ×ÀçgÞgîs�ÉÜ��gâãêßøãÜe�
ÙM�fÜ ê¹×ÉÞfñØÜ¹í/çgÜßÞ'Ù!àáÞgî3àÀÞ'ÙÊÜßê¹Ü¹îfÜ¹Þ'Ù�ÛmàÀÖÊàáïðÜ ÙÊÜ¹ÖìñA×Àý1ÙE�gâãñ�ÖØçgøëÜ7àÀÖØÜ!âãÞgâÔÙÊâùàáøãâ;:ßÜ¹î�ümàáñØÜ¹î3×ÉÞ�ÙE�gÜ øãàÀü�ÜßøzàáÞgî
ÛgÖì×ÀÙÊ×ÀÙkÚ�Û�Ü¹ñ�×Àý!âëÙÊñSê¹×ÉÖìÖØÜ¹ñìÛ�×ÀÞgîgâãÞp���ÀÜd�gâëê¹øãÜáÑ°P�×ÉÖìÜ=ñìÛ�Üßê¹â��mêÌàÀøëøëÚe�©ÙE�gÜ3ê¹×ÉÞfñØÜ¹í/çgÜßÞ'Ù [

gj
1, g

j
2

]t ×áý!×ÉÞfÜ
ÖØçføãÜSâëñ�âëÞgâëÙØâùàÀøëâ;:ßÜ¹î=àÀñ

[+1, +1]t
R
[+1,−1]t

�
[−1, +1]t

×ÀÖ
[−1,−1]t

T�âÔý�âëÙØñ!êß×ÉÖØÖìÜ¹ñØÛ�×ÉÞgîfâãÞL���ÀÜd�gâëê¹øëÜ
ü�Ü¹øã×ÀÞL�Éñ�ÙÊ×�ÙM�gÜw�gÜÌà_�/Ú�� ÙÊÖØàÀê��ÀÜßî°RÍøëâ;�,�'Ù�� ÙÊÖØàÀê��ÀÜßîk�'�gÜÌà_�/Ú������gÜßÜ¹øãÜßî ×ÉÖ�øãâ;�e�/ÙU�����gÜßÜ¹øëÜ¹î'TAêÌà ÙÊÜd�À×ÉÖìÚÀÑ&öD�gÜ
àÀÞ'ÙÊÜßê¹ÜßîgÜ¹Þ'Ù8ÛgàÀÖÊàÀï*ÜßÙØÜ¹Öìñ1×ÀýfÜ¹àÀê��:ÖØçgøëÜ©àÀÖØÜ©âãÞfâëÙÊâãàÀøãâ�:¹Üßî�ümàáñØÜ¹îG×ÉÞ7ÙM�gÜ©ÛgÖì×ÀÙÊ×áÙkÚÒÛ�Ü¹ñ ×ÀýÒâëÙØñ1ê¹×ÉÖìÖØÜßñØÛ�×ÉÞgîgâëÞL�
�ÉÜ��gâãêßøãÜA�mâ ÑÿÜÀÑ��

mj
k(0) =

1

Nj

∑

s ∈Vj

xk

R þ�ÑëÓ~T

σj
k(0) =

√
1

Nj − 1

∑

s ∈Vj

[
xk − mj

k(0)
]2 R þ�ÑõÐ,T

���gÜßÖØÜ
Nj

âëñ�ÙM�gÜ�Þ/çgï@ü�Ü¹Ö3×ÀýSÛgÖØ×ÀÙØ×ÀÙkÚ�Û�Üßñ3ü�Üßøã×ÉÞL�ÀâãÞL� ÙØ×
Vj

Ñ²öD�gÜ"âëÞgÛgçfÙ3ÛgàÀÖÊàÀï*ÜßÙØÜ¹Öìñd�
σk

�7àÀÖìÜ
âãÞfâëÙÊâãàÀøãâ�:¹Üßî�àÀñßò

σk(0) =
1

M

M∑

j=1

σj
k(0)

R þÒÑåä,T
öD�gÜ¹ÖìÜ àÀÖìÜ�à�ÙÊ×ÀÙÊàÀø&×Àý7ô'äe<"ÛmàÀÖØàÀï*ÜßÙÊÜßÖØñ*âãÞ¡ÙM�gÜ=ÙkÚ�Û�Ü`�OÐ�Þf×ÉÞ����fâãÜ¹ÖØàÀÖØê��fâãêÌàáø�æ65¤�ar��&ó)�©â ÑÿÜÀÑ´ÙM�fÜ

ê¹×ÀÞgñØÜßí�çfÜ¹Þ'Ù�ÛmàÀÖØàÀï*ÜßÙÊÜßÖØñ
gj
1

àÀÞgî
gj
2

�CàáÞ/ÙØÜ¹êßÜ¹îgÜßÞ/ÙSÛmàÀÖØàÀïðÜ ÙÊÜßÖØñ {
mj

1,k, m
j
2,k, σ

j
1,k, σ

j
2,k

} �BàÀÞgî�âãÞgÛgçÒÙ
ÛmàÀÖØàÀï*ÜßÙÊÜßÖØñ

{σ1,k, σ2,k}
ÑCöD�gÜ¹ñìÜ�ÛgàÀÖÊàÀï*ÜßÙØÜ¹ÖìñQ×áý�ÙE�gÜAÙkÚ�Û�Ü`�OÐ7Þg×ÉÞ����gâãÜßÖÊàÀÖìê��gâãê¹àÀøgæ65¤��ry�&ó¡àÀÖìÜ&âãÞgâÔÙÊâùàáø��

â;:ßÜ¹î@ügàÀñØÜßî�×ÉÞSÙM�fÜA×ÉÛfÙØâãïðàÀø'ÛmàÀÖØàÀïðÜ ÙÊÜßÖØñU×áýgÙM�gÜ]ê¹×Éï*Û�Ü ÙÊâëÞL��ýÂçføãøëÚHîfÜ¹ñØâ��ÉÞgÜßî@ÙkÚÒÛ�Ü4�ÊÓAÞg×ÉÞ3���gâëÜ¹ÖÊàáÖØê��gâëêÌàÀø

Ó��



æ65¤�ar��&ó�àÀê¹êß×ÉÖØîfâãÞL��ÙÊ×�ÙE�gÜ7ýÂ×Éøãøë×~��âëÞL�gò

gj
1(0) ≡ gj

1(
ÙkÚÒÛ�Ü4�ÊÓG×ÀÛfÙÊâëïxàÀø

)

gj
2(0) ≡ gj

2(
ÙkÚÒÛ�Ü4�ÊÓG×ÀÛfÙÊâëïxàÀø

)
R þÒÑúô�T

mj
1,k(0) ≡ mj

k(
ÙkÚ�Û�Ü`� ÓH×ÉÛfÙØâãïðàÀø

) − γσj
k(
ÙkÚÒÛ�Ü4�ÊÓG×ÀÛfÙÊâëïxàÀø

)

mj
2,k(0) ≡ mj

k(
ÙkÚ�Û�Ü`� Ó:×ÉÛfÙÊâëïxàáø

) + γσj
k(
ÙkÚÒÛ�Ü4�ÊÓG×ÀÛfÙÊâëïxàÀø

)
R þÒÑõþeT

σj
1,k(0) ≡ (1 − γ)σj

k(
ÙkÚÒÛ�Ü4�ÊÓG×ÀÛfÙÊâëïxàÀø

)

σj
2,k(0) ≡ (1 + γ)σj

k(
ÙkÚÒÛ�Ü4�ÊÓG×ÀÛfÙÊâëïxàÀø

)
R þÒÑ|<,T

σ1,k ≡ (1 − γ)σk(
ÙkÚÒÛ�Ü4�ÊÓG×ÀÛfÙÊâëïxàÀø

)

σ2,k ≡ (1 + γ)σk(
ÙkÚÒÛ�Ü4�ÊÓG×ÀÛfÙÊâëïxàÀø

)
R þÒÑ ^ T

���gÜßÖØÜ
γ ∈ (0, 1)

Ñ���×ÀÙØÜGÙE�màáÙ âëÞ�ÙE�gÜ¹ñìÜ@Ü¹í/çmàáÙØâã×ÉÞfñ�ÙM�fÜ¹âãÖ�øãÜ ý Ù����màÀÞgî�ñØâãîfÜ¹ñ àáÖØÜGÙE�gÜSâëÞgâëÙØâùàÀø1�ÀàáøãçgÜßñ�×Àý
ÙM�fÜðÛmàáÖÊàÀï*ÜßÙØÜ¹ÖØñ:×Àý�ÙM�gÜ�ÙkÚ�Û�Ü`�OÐ=Þf×ÉÞ����fâãÜ¹ÖØàÀÖØê��fâãêÌàáø�æ65¤�ar��&ó)� àÀÞgî�ÙM�gÜßâãÖHÖØâ��,�'Ù����màÀÞgî�ñØâëîgÜ¹ñGàÀÖØÜ�ÙM�fÜ
×ÉÛfÙØâãïðàÀø1�áàÀøëçgÜ¹ñ&×áýCÙE�gÜHÛmàÀÖÊàáïðÜ ÙÊÜ¹Öìñ&×ÀýUÙE�gÜHê¹×Éï*Û�ÜßÙÊâëÞL�@ÙkÚ�Û�Ü`� ÓHÞg×ÉÞ3���gâëÜ¹ÖÊàáÖØê��gâëêÌàÀø1æO5k��ry�Aó!Ñ

û!çgÖìâãÞL�3ÙM�gÜ�ÙÊÖØàÀâãÞfâãÞL��Û�Ü¹Öìâã×�îk�BàÀøãøUÙE�gÜ*ÛmàÀÖÊàáïðÜ ÙÊÜ¹ÖìñH×Àý]ÙE�gÜ�ÙkÚÒÛ�Ü4�ÊÓx×ÉÖ7ÙkÚ�Û�Ü4�OÐ�Þg×ÉÞ3���gâëÜ¹ÖÊàáÖØê��gâëêÌàÀø
æ65¤�ar��&ó-àÀÖìÜ ×ÉÛfÙÊâëïðâ�:¹Üßî´ü'Ú´çgñìâãÞL�$à ñìÙØÜ¹ÜßÛ�ÜßñìÙ�îgÜ¹ñìê¹Ü¹Þ'Ù�àÀø��É×ÉÖØâÔÙM�gï ÙØ×�ïðâëÞgâãï*â;:ßÜ=ÙE�gÜaýÂ×Éøãøë×���âãÞL�
ê¹øãàÀñØñìâ��mê¹àáÙÊâë×ÉÞ�Ü¹ÖìÖØ×ÉÖ&×Àü3�ìÜ¹ê ÙÊâ��ÀÜ:ýÂçfÞgêßÙØâã×ÉÞeò

J =
∑

s ∈V ������� �
1

2

{
[d1 − y1(

X
)]2 + [d2 − y2(

X
)]2
} R þ�Ñ|��T

���gÜßÖØÜ
V �I�<�f��� âãñ1ÙE�gÜ�ÙÊÖÊàáâãÞgâëÞL�&ñØÜ Ù_�

[d1, d2]
t âëñ1ÙM�gÜ©îgÜßñØâãÖìÜ¹îGê¹øùàáñØñØâ��mêÌà ÙÊâã×ÀÞ7ÖØÜ¹ñìçgøëÙ ýÂ×ÉÖ X �áàÀÞgî:âãñ

[+1, +1]tR
[+1,−1]t

�
[−1, +1]t

×ÉÖ
[−1,−1]t

TGâëý X ü�Üßøã×ÉÞp�ÉñGÙØ×�ÙM�gÜ��gÜÌà_�/Ú�� ÙÊÖØàÀê��ÀÜßî�RÍøãâ��,�'Ù�� ÙÊÖÊàáê��ÀÜ¹î¤�6�gÜÌà_�/Ú��
���gÜßÜ¹øãÜßî�×ÀÖ�øëâ;�,�'ÙU�����gÜßÜ¹øãÜßî'T�ê¹àáÙÊÜ��É×ÉÖìÚÀÑ

Ðe�



 ¦o��§�±=³ � �

 �Z� µ�µ �8r ³ � � � µ � ® ¯


"ç"àáÞgî�P�Ü¹ÞfîgÜ¹ø�b ÓÉÓdcUñE�g×���Ü¹î"ÙE�màáÙ7Þf×ÉÞ����fâãÜ¹ÖØàÀÖØê��fâãêÌàáøUæ65¤��ry�&ó]ñ!Û�ÜßÖìýÂ×ÉÖìïðÜßî0�]Üßøãø8çgñìâãÞL�3àáê¹×ÉçgñOÙÊâëê
îmàáÙÊà�ÙØ×!ê¹øãàÀñØñìâëý Úu�ÀÖØ×ÉçgÞfî��ÉÜ��gâãêßøãÜ¹ñßÑ]
"Ü�çfñØÜ¹î�ñìÜ¹âëñØï*âãê©îmàáÙÊà�ÙÊ×�îg×�ÙE�gÜ]ñØàÀï*ÜÀÑ]��×��]Ü4�ÉÜßÖd�'ñØâëÞgê¹Ü�ñØÜßâãñØï*âãê
îmàáÙÊà=âëñ7âãÞL�fÜ¹ÖØÜßÞ'ÙÊøëÚ�ï*×ÉÖìÜ�çgÞgÖØÜßøãâãàÀügøãÜA�k�]ÜðàáÙìÙÊÜ¹ï*ÛfÙØÜ¹î�ÙÊ×=âãï*ÛgÖØ×��ÉÜ�Û�Ü¹ÖOýÂ×ÉÖØïðàÀÞgêßÜ�ü/Ú�îfÜ��ÉÜßøã×ÉÛfâãÞL��à
Þ/çgï@ü�Ü¹Ö�×Àý©ê¹øãàÀñØñìâ��mÜßÖ�îgÜßñØâ��ÉÞgñ àáÞgî�ýÂçgñìâãÞL�xÙE�gÜS×ÀçfÙÊÛgçÒÙÊñ!×áý�ÙM�gÜGê¹øùàáñØñØâ��mÜ¹Öìñ¹Ñ�
£ÜSçgñØÜßîaÙM�gÜ@óQ�g×Òí/çgÜ Ù
æmçL:d: Ú·NkÞ'ÙÊÜ��ÉÖÊàÀø8R óAæONUT�àÀñQà ÙÊ×�×ÉøfýÂ×ÉÖ�îgÜßê¹âëñØâã×ÀÞ�ýÂçfñØâã×ÀÞeÑUöD�gÜ!óAæON]�màÀñ©ü�ÜßÜ¹Þ*ñE�g×���Þ¢bÔÓ,�fÓ��AcmÙÊ×:àÀê��fâãÜ��ÀÜ
ü�ÜßÙØÙØÜ¹Ö*ê¹øãàÀñØñìâ��mê¹àáÙÊâë×ÉÞ¡Û�ÜßÖìýÂ×ÉÖìïxàÀÞfê¹Ü3ÙM�màÀÞ$ÙM�gÜq��×ÉÖØñOÙ�ê¹×ÀïðÛ�×ÉÞgÜßÞ/Ù*êßøùàÀñìñØâ��gÜ¹Ö¹ÑNkÞ ÙM�gâëñ�ñØÜ¹ê ÙÊâë×ÉÞ.��Ü
ügÖìâãÜ�¸fÚ�ÖØÜ4�ÒâëÜ���ÙM�gÜ7ÙM�fÜ¹×ÉÖOÚ�ü�Ü��gâãÞfî3ÙE�gÜ7ýÂçgñØâë×ÉÞ=àÀø;�À×ÉÖØâÔÙM�gï�àÀÞgî=âãøëøãçgñOÙÊÖØàáÙÊÜ�ÙM�gÜ7ýÂçgñìâã×ÉÞ=àÀÖìê��gâëÙØÜ¹êßÙØçgÖØÜßñ
ÙM�gàáÙD�]Ü:Ü¹ï*Ûgøë×ZÚÀÜ¹îeÑ

KðEd¿ ��?�ÈQÅ��ZÅ4ÁS2 ~ 0��+Å4ÁG2 0��+Åß2�" ÂB5�? � ~�q
öD�gÜSýÂçp:d:ßÚ�âãÞ'ÙÊÜ��ÉÖÊàáøBâëñ àxÞf×ÉÞ��køëâãÞgÜ¹àÀÖ�àÀÛgÛgÖì×'àÀê��aÙØ×�ê¹×ÉïSügâãÞgÜ:ï@çgøÔÙÊâëÛgøãÜHñØ×ÀçgÖØêßÜ¹ñ7×Àý©çgÞfê¹Ü¹ÖOÙ àÀâëÞaâãÞÒýÂ×ÉÖU�
ïðàáÙÊâë×ÉÞ�RÍÜáÑ®�gÑ���âãÞ3ÛmàáÙìÙÊÜßÖØÞ=ÖØÜ¹êß×,�ÉÞgâÔÙÊâë×ÉÞ=àÀÛgÛgøëâãêÌà ÙÊâã×ÀÞgñd�3���gÜ¹ÖìÜGÖìÜ¹ñØçføëÙÊñ�ýÂÖØ×Àï�ï@çgøÔÙÊâãÛføãÜ!êßøùàÀñìñØâ��mÜ¹Öìñ���âëøãø
ü�Ü!ê¹×Àï@ügâãÞfÜ¹î'T Ñ�öD�gÜHóAæON�âëñAàSñìÛ�Üßê¹â��gê!ÙkÚ�Û�Ü ×áý1ýÂçL:d: ÚxâëÞ/ÙØÜd�ÉÖØàÀøB���gâãê���êß×Éï@ügâëÞgÜ¹ñ�âãÞfýÂ×ÀÖØïðàáÙÊâë×ÉÞ�ýÂÖØ×Éï
ï@çgøÔÙÊâëÛgøãÜ*ñØ×ÉçfÖØê¹Üßñ�ü/Ú"Ù àe�/âëÞL� âãÞ'ÙÊ×aàÀê¹êß×ÉçgÞ'Ù*ñØçgü3�ìÜßêßÙØâ��ÉÜ3Ü4�ÀàáøãçmàáÙØâã×ÉÞ"×Àý�ÙM�gÜK��×ÉÖOÙM�¡×Àý�ÜÌàÀê��$×Àý�ÙM�fÜ
ñØ×ÀçgÖØêßÜ¹ñ¹ÑSN Ù�ÖØÜßøãâãÜßñA×ÉÞ3ÙM�gÜHêß×ÉÞgê¹ÜßÛfÙ�×ÀýUà�ýÂçL:�:ßÚ�ï*ÜÌàáñØçgÖìÜs���fâãê��q�]Ü:îgÜ¹ñìê¹Öìâãü�Ü:ÞfÜ é�ÙÌÑ

��á�â²áUâ ãyç_���1ê � åZïSò3çyäpåZò
öD�gÜ ýÂçL:�:ßÚxâãÞ'ÙÊÜ��ÉÖÊàÀø�ÖØÜßøãâëÜ¹ñ]×ÀÞ�ÙM�gÜ êß×ÉÞgêßÜ¹ÛfÙ�×ÀýBàSýÂçp:d:ßÚxïðÜ¹àÀñØçfÖØÜ)���gâëê���âãÞxÙØçgÖØÞ�âëñ&à��ÉÜßÞgÜ¹ÖØàÀøãâ�:ÌàáÙØâã×ÉÞ
×Àý�ÙM�gÜ�ê¹×ÉÞgêßÜ¹ÛfÙ�×Àý àHÛgÖì×ÉümàÀügâëøãâÔÙkÚ@ï*ÜÌàÀñìçgÖØÜáÑQó]×ÉÞgñØâëîgÜ¹Ö�àu�mÞgâëÙØÜ�çfÞgâ��ÀÜ¹ÖØñØàÀø�ñØÜ Ù

Y = {y1, . . . , yn}
àÀÞgî

øãÜ Ù
P (Y )

ü�Ü:ÙM�gÜGÛ�×���Ü¹Ö!ñìÜßÙ7×áý
Y
Ñ�æm×ÉÖ�×ÉçgÖ àáÛgÛgøãâëêÌàáÙØâã×ÉÞ

Y
âãñ�ÙM�gÜGñØÜßÙ!×Àý�êßøùàÀñìñØâ��gÜ¹ÖØñ�ÙÊ×ðü�Ü:ýÂçgñØÜßîeÑ

¡ þ`ü3¢�¢��£	�ý¤���4ü�ÿMý:×��ÉÜßÖ&ÙM�gÜHñØÜ Ù
X
âëñAÙM�gÜHñØÜ Ù�ýÂçgÞgêßÙØâã×ÉÞ

g : P (Y ) → [0, 1]
R[<fÑÔÓ~T

ÐÒÓ



ñØçfê���ÙM�gàáÙÌò
ÓÉÑ

g(∅) = 0, g(Y ) = 1

ÐÒÑ�N ý
A, B ⊂ P (Y )

àÀÞgî
A ⊂ B

�gÙE�gÜ¹Þ
g(A) ≤ g(B)

Ñ
l�ñìçmàÀøëøëÚ

g(A)
âãñ�âãÞ'ÙÊÜßÖØÛgÖìÜßÙÊÜßî=àÀñ]ÙM�fÜ7ê¹×ÉÞ'ÙÊÖìâãügçÒÙÊâã×ÀÞ�×Àý ÙM�gÜ!ñØçgügñìÜßÙ

A
��âÔÙM�gâëÞxÙM�fÜ ñØÜ Ù

Y
ÑS7ÒçL�ÉÜßÞg×qb �Ac

âãÞ'ÙØÖØ×�îgçgê¹Üßî�ÙM�gÜ êß×ÉÞgêßÜ¹ÛfÙ�×Àý
λ

�8ýÂçL:d: Ú�ïðÜ¹àÀñØçfÖØÜ¹ñ{���fâãê��3ñØÛ�Ü¹êßâ��mÜßñAÙM�gÜ7âëïðÛ�×ÉÖìÙÊàÀÞgêßÜ!×Àý ÙM�fÜ7çgÞgâã×ÀÞ�×Àý
îgâëñJ�ì×ÉâëÞ/ÙAñØçgügñìÜßÙØñ

A
àÀÞgî

B
Ñ�ÙE�gÜ7ýÂçL:d: Ú�ïðÜ¹àÀñØçfÖØÜH×ÀýBÙM�gÜHçgÞgâë×ÉÞ3âãñD�Éâ��ÉÜßÞ�ü'Ú

gλ(A ∪ B) = gλ(A) + gλ(B) + λgλ(A)gλ(B) , λ > −1
R[<fÑåÐ,T

ýÂ×ÉÖ�àÀøëø
A, B ⊂ Y

��âëÙM�
A ∩ B = ∅

Ñ
ÝHâ��ÉÜßÞ�ÙE�gÜ�ýÂçL:d: Ú îgÜßÞgñØâÔÙÊâãÜßñ

g1
λ, g

2
λ, ..., g

n
λ

ýÂ×ÉÖHà�ñØÜßÙ:×Àý
n
ê¹øãàÀñØñìâ��mÜßÖØñ³��Ü�êÌàÀÞ��mÞgî

λ
ü'Ú ñì×Éø���âãÞp�

ÙM�fÜ:Üßí/çmàáÙÊâë×ÉÞ
λ + 1 =

n∏

i=1

(
1 + λgi

) R[<ÒÑåä�T
r�ÜßýÂÜ¹Ö7ÙØ×=÷�ÛgÛ�Ü¹Þgîgâ é�÷
ÙÊ×=ñØÜßÜv�f×~� RÍ÷SÑ®��T!âëñ7×ÉüfÙ àáâãÞgÜßîeÑ�÷!ÛgÛ�Ü¹ÞgîfâÔé�÷ RJ���fâãê���âãñHà�ÙÊçfÙØ×ÉÖØâãàÀø T�àÀøãñì×
ê¹×ÀÞ/ÙÊàÀâãÞfñ�à�îgÜ Ù àÀâëøãÜßî�øãâãñOÙ&×ÀýBÙM�gÜHÛgÖì×ÉÛ�Ü¹ÖìÙØâãÜßñ�×áýCÙE�gÜ7ýÂçL:d: Ú�ïðÜ¹àÀñØçfÖØÜ¹ñßÑ

��á�â²áfà �¦¥yå�õj¥)íDæQç)å¤ó¾ã�ç§�8�1ê ¨eèCó�å�©²äpïª�¬«~õ�ã£¨>
öD�gÜ�óQ�g×�í/çgÜßÙ©ýÂçL:�:ßÚ�âëÞ'ÙÊÜd�ÀÖÊàÀøkR óAæONUTCâëñUÙM�fÜ&âãÞ'ÙÊÜ��ÉÖÊàÀøÒ×Àý�à7ïðÜ¹àÀñØçgÖØàÀügøëÜ]ýÂçgÞgê ÙÊâã×ÀÞ

h : Y → [0, 1]
��âÔÙM�

ÖØÜßñØÛ�Ü¹ê Ù�ÙÊ×Hà!ýÂçL:�:ßÚ@ï*ÜÌàáñØçgÖìÜ
gλ

Ñ8æ�×ÀÖU×ÉçgÖUîgÜ¹êßâãñØâë×ÉÞSýÂçgñìâã×ÉÞ�àáÛgÛgøãâëêÌàáÙØâã×ÉÞ¤�
Y
âëñ�à!ñìÜßÙ©×Àý�ê¹øãàÀñØñìâ��mÜßÖØñ�àáÞgî

h(y)
âãñ8ÙE�gÜ�ñØ×Àý ÙQ×ÉçfÙØÛgçfÙQ×Àý�ÙM�gÜ�êßøùàÀñìñØâ��gÜ¹ÖyRÍâ ÑúÜáÑ��ÉÙE�gÜ�ê¹×ÉÞp�gîgÜ¹ÞgêßÜ!×ÉÖ©Ü4�ÒâëîgÜ¹Þfê¹Ü��ÉÖÊàÀîfÜ�×áý�ÙE�gÜ�ê¹øùàáñØñØâ��mÜ¹ÖMT

îgÜßÞg×ÀÙÊâëÞL��ÙE�màáÙ�àáÞ�âãÞgÛgçÒÙ@ñÊàáïðÛgøëÜðâëñGýÂÖì×Éï à�ÛmàÀÖìÙØâãêßçgøùàÀÖHêßøùàÀñìñ¹Ñ�NkÞl�ÉÜßÞgÜ¹ÖØàÀøf�
Y = {y1, . . . , yn}

âëñ
à�ñØÜ ÙG×áý�âëÞfýÂ×ÉÖìïxàáÙØâã×ÉÞ�ñØ×ÉçfÖØê¹Üßñ:àÀÞgî

h(yi)
âãñ ÙE�gÜ�ê¹×ÉÞ��mîgÜ¹Þfê¹Üv�ÉÖÊàÀîfÜ�×Àý]ñì×ÉçgÖìê¹Ü

i
ÙM�mà Ù:à3ÛgàÀÖìÙØâãê¹çføùàÀÖ

�'Ú�Û�×ÀÙE�gÜ¹ñìâãñ�âãñAÙØÖØçgÜáÑ
l�ÞgîfÜ¹Ö�ÙM�gâëñAýÂÖÊàÀï*Ü���×ÉÖE�'�fÙE�gÜGóAæON]âëñ&îgÜ��gÞgÜ¹î�àÀñ

Eg(h) =

∫

X

h ◦ g =
n∑

i=1

h(yi) [g (Ai) − g (Ai−1)]
R[<ÒÑúô#T

���gÜßÖØÜ
h(y1) ≥ h(y2) ≥ · · · ≥ h(yn)

àÀÞgî
h(yn+1) = 0

Ñs7�ÜßÙ
A
âãñ!àxñØÜßí�çfÜ¹ÞgêßÜ�×Àý©ÞgÜ¹ñOÙÊÜßî�ñìçgügñìÜßÙÊñ

ñìÙÊàÀÖìÙØâãÞL�=ýÂÖØ×Éï
A1 = {y1}

�8àÀÞfî ñØçgüfñØÜ¹í/çgÜßÞ'ÙÊøëÚ àÀîgîgâëÞL��âëÞ£ÜßøãÜ¹ï*Ü¹Þ'ÙØñ
y2, ..., yn

�U×ÉÞfÜ�àáÙSà=ÙØâãï*Ü�ÙØ×
�ÉÜ Ù

Ai = {y1, ... , yi} ⊆ Y
Ñ©æm×ÉÖQï*×ÉÖØÜ�îgÜßÙÊàÀâãøëñ©×ÉÞxÙM�fÜ7óAæON���ÛgÖØ×ÀÛ�ÜßÖìÙÊâëÜ¹ñ����gÜßçgÖØâëñìÙØâãê!âëÞ'ÙÊÜ¹ÖìÛgÖØÜ Ù àáÙØâã×ÉÞfñ

àÀÞgî=×ÀÙE�gÜ¹Ö&Ü égàáïðÛgøëÜ¹ñ��mñØÜ¹ÜH÷�ÛgÛ�ÜßÞgîgâ é3÷SÑ
NkÞ*ÙE�gâãñCýÂ×ÉÖØï ×Àý�ÙE�gÜ�óAæON

h(yi)
âãñ©à7ê¹ÖìâãñìÛ*ÖìÜÌàÀø��ÀàáøãçgÜ&àáÞgî�ÙM�gÜ�×ÉÖìîgÜ¹ÖìÜ¹î*ñØÜßÙ

h
âãñ8êß×ÉÞgñØâëîgÜ¹ÖìÜ¹î�ÙÊ×Hü�Ü

à*ÙkÚ�Û�Ü4�ÊÓSýÂçL:d: Ú�ñìÜßÙ¹ÑyN Ù!âãñ�ïð×ÉÞf×ÀÙÊ×ÉÞfâãêÌàáøãøëÚðîgÜßê¹ÖØÜ¹àÀñØâëÞL��âëÞ�ÙM�fÜSîg×ÉïðàÀâëÞ
[0, 1].


�gÜßÞaÙM�gÜGê¹øùàáñØñØâ��mÜ¹Öìñ
ÐÉÐ



àÀÖìÜ*êß×ÉÞgñOÙÊÖØçfêßÙÊÜßî£ümàáñØÜ¹î�×ÉÞ ÙkÚ�Û�Ü`�OÐ�øã×,�Àâãêe��ÙM�gÜßÞ�ÙE�gÜ�×ÉçfÙÊÛfçfÙ:×Àý�ÙE�gÜ�ê¹øãàÀñØñìâ��mÜßÖ
h(yi)

âãñHàÀÞ�âãÞ'ÙØÜ¹Ö��áàÀø
ÙkÚ�Û�Ü`�OÐ@ýÂçL:d: Ú3ñØÜ ÙÌÑ¥
£ÜHîgÜßÞg×ÀÙØÜHÙE�gÜ:Ü¹Þgî�� Û�×ÀâãÞ'ÙÊñ&×ÀýBÙM�fâãñ&âãÞ'ÙØÜ¹Ö��áàÀø1ñìÜßÙ�àÀñ

hil

àÀÞfî
hir

Ñ�öD�gÜGÜ é�ÙÊÜ¹ÞfîgÜ¹î
�ÉÜßÖØñìâã×ÉÞ�×áýeÙM�gÜ óAæON8âëñ�×ÉüÒÙ àÀâëÞgÜ¹îv���gÜ¹ÞxÙE�gÜ!âëÞ'ÙÊÜ¹ÖU�áàÀømÙkÚÒÛ�Ü4�hÐHýÂçL:�:ßÚðñØÜ ÙÊñAàáÖØÜ�ýÂçfñØÜ¹îðÙÊ×,�ÉÜ ÙM�gÜßÖ¹Ñ¥NkÞ*ÙM�gâëñ
êÌàáñØÜe�mÙE�gÜ7Ü é�ÙÊÜßÞgîgÜßî�óAæON]ü�Ü¹êß×Éï*Ü¹ñ�bÔÓ�c

∫

X

H ◦ g =

[
n∑

i=1

hil [g (Ai) − g (Ai−1)] ,

n∑

i=1

hir [g (Ai) − g (Ai−1)]

] R[<ÒÑõþ,T

KðEÊI +-,OÈ�5qÅ`Â ?�ÈCÂB0�,C?��®�AÁH,¯�u?�ÈQÅM�ZÅ�ÁG2 ~ 0��ZÅ4ÁS2
öD�gÜ*óAæON�ê¹àÀÞ ü�Ü@àÀÛgÛgøëâãÜ¹î�âãÞaîgâ��zÜßÖØÜßÞ/Ù)�AàÌÚ�ñ7ÙÊ×xÙE�gÜ@ï@çgøÔÙÊâ£�kêÌà ÙÊÜd�À×ÉÖìÚ3êßøùàÀñìñØâ��gêÌàáÙØâã×ÉÞ�ÛgÖØ×ÉüføãÜ¹ï=Ñ³
"Ü
ýÂ×�ê¹çgñ�×ÉÞ�ÙM�fÜGàáÛgÛgøãâëêÌàáÙØâã×ÉÞx×ÀýCÙE�gÜGóAæON�ýÂ×ÀÖ&îgÜ¹êßâãñØâë×ÉÞ�ýÂçgñØâë×ÉÞeÑ

��á�à{áUâ ¨,èCó�åkäLèyïª�£°åZé1ñUò3ñaí²è ã�ç)ò3ñaíSè
û!çgÖìâãÞL� ÙE�gÜ ÛgÖìÜ���âã×Éçfñ�ÚÉÜÌàáÖØñ3×Àý:×ÉçgÖ�ñOÙÊçgîfÚe�!êßøùàÀñìñØâ��gÜ¹Ö�àÀÖìê��gâëÙØÜ¹ê ÙÊçgÖìÜ¹ñF�]ÜßÖØÜ�îgÜ4�ÉÜ¹øë×ÉÛ�Ü¹î�ümàÀñØÜßî�×ÉÞ
àÀêß×ÉçgñìÙØâãêaîgàáÙ à ÙÊ×�êßøùàÀñìñØâÔý Ú�ÉÖì×ÉçgÞgî±�ÀÜd�gâëê¹øãÜßñ�âãÞ'ÙÊ× ÙE�gÜaýÂ×ÉçgÖxêÌàáÙØÜd�É×ÉÖìâãÜßñ¹Ñ öD�fÜ¹ñØÜ�êßøùàÀñìñØâ��gÜ¹ÖØñK��Ü¹ÖìÜ
Ü��áàÀøëçmàáÙØÜ¹î�çgñØâëÞL��ÙM�gÜ*øãÜ¹à��ÀÜ4� ×ÉÞgÜ4� ×ÉçfÙGàÀÞgî�ê¹Öì×ÉñØña���áàÀøëâãîmàáÙØâã×ÉÞ�ïðÜ ÙM�g×�îgñ¹ÑvNkÞ�ÜÌàÀê��"×Àý]ÙE�gÜ¹ñìÜðï*ÜßÙE�g×Òîfñ
Þ/çgï*Ü¹ÖØ×ÀçgñSêßøùàÀñìñØâ��gÜ¹Ö:îgÜ¹ñìâ;�ÉÞgñSÜ¹ï*Ü¹ÖE�ÀÜ¹îk�BÙM�gÜðÖØÜ¹ñìçgøëÙØñS×ÀýQ���gâãê�����Ü¹ÖìÜ�ê¹×Àï@ügâãÞfÜ¹î çgñìâãÞL��à�ïðà~�ì×ÉÖìâëÙkÚ
�É×áÙÊÜÀÑ¥
"ÜHÛgÖØ×ÉÛ�×ÉñìÜHÙØ×�çgñØÜHÙM�gÜGóAæON©ÙÊ×�ýÂçgñìÜHÙE�gÜH×ÉçfÙØÛgçfÙÊñ�×ÀýBÙM�fÜ¹ñØÜ:ê¹øãàÀñØñìâ��mÜßÖØñßÑ

7ÒâãÞfê¹Ü�ÙE�gÜ�Þf×ÉÞ����fâãÜ¹ÖØàÀÖØê��fâãêÌàáø�æO5k��ry�Aó �màÀñðü�ÜßÜ¹Þ ýÂ×ÉçfÞgî ÙÊ×£ü�Ü3ÙM�gÜ�ïð×ÉñOÙxÜ4�zÜßêßÙØâ��ÉÜ�ê¹øãàÀñØñìâ��mÜßÖ
àÀÖìê��gâëÙØÜ¹êßÙØçgÖØÜ�b ÓÉÓdc[�ÉÙM�gÜ�×ÉçÒÙÊÛgçfÙØñ©×Àý�ÙE�gâãñ�êßøùàÀñìñØâ��mÜ¹Ö©àÀÖìÜ&ýÂçgñØÜßîeÑ8÷!ñ©ï*Ü¹Þ'ÙÊâë×ÉÞgÜßî*âëÞðóQ�màÀÛfÙØÜ¹Ö�þ!ÙM�gÜ�Þg×ÉÞ3�
�gâëÜ¹ÖÊàáÖØê��gâëêÌàÀøUæ65¤�ar��&ó|êÌàÀÞ ü�Ü�âãï*ÛgøãÜßïðÜßÞ'ÙÊÜ¹î�çgñØâëÞL��ÙkÚ�Û�Ü`� Ó�×ÉÖ!ÙkÚ�Û�Ü4�OÐxýÂçL:�:ßÚ ñìÜßÙØñ¹Ñ�NkÞ ÙE�gÜ@ýÂ×ÉÖØï*Ü¹Ö
êÌàáñØÜe�]RÂ÷SÑÔÓÌô#T]âãñ&çfñØÜ¹îq���gâëøãÜ7âãÞ�ÙE�gÜHøùàáÙìÙÊÜ¹Ö]êÌàÀñìÜKR <fÑõþeT]âãñ&çgñìÜ¹î3ýÂ×ÉÖAýÂçgñØâë×ÉÞeÑ

æUâ;�ÀçgÖØÜw<fÑÔÓSñE�f×~��ñ àðügøë×Òê��3îgâãàe�ÉÖÊàáï�×Àý8ÙE�gâãñ�ýÂçgñØâë×ÉÞaàáÖØê��gâÔÙÊÜ¹ê ÙÊçgÖìÜÀÑ�öC×xâãøãøëçgñìÙØÖÊàáÙØÜ7ïð×ÀÖØÜ:ê¹øãÜ¹àÀÖØøÔÚ,�
ÙM�fÜ:çfñÊàe�ÉÜH×ÀýBÙM�fÜSóAæ]N�ýÂ×ÉÖAýÂçgñìâã×ÉÞ¤�p�]ÜHêß×ÉÞgñØâëîgÜ¹Ö�à�ñØâëïðÛgøëÜ ügâëÞmàÀÖìÚxê¹øãàÀñØñìâ��mê¹àáÙÊâë×ÉÞ�Ü éfàÀï*ÛgøãÜáÑ
( ¾CË¹ÁÍ¼�¸ ¼'"y��Á ¸ Åg»��±���ÂÅmËÌË¹ÁJ�CÇ/»áË
51ÜßÙ

X = {x1, x2, . . . , x11}
ü�Ü�ÙM�gÜ*ýÂÜÌàáÙØçgÖØÜ*ñØÜ Ù@Ü é�ÙØÖÊàÀê ÙÊÜ¹î"ýÂÖØ×ÉïpÙE�gÜxîmà Ù àfÑ�öD�fÜ�àÀÞ'ÙÊÜßê¹ÜßîgÜ¹Þ'ÙÊñ�âëÞ

ÜÌàáê��ð×Àý�ÙM�fÜ
l (l = 1, ..., 9)

ÖØçgøëÜ¹ñ��
F l

k (k = 1, . . . , 11)
RÂ×ÉÞgÜAýÂ×ÉÖ�Ü¹àÀê���ýÂÜÌàáÙØçgÖØÜ_T©àáÖØÜ�ïð×�îgÜßøãÜ¹î�àáñ©ÙkÚ�Û�Ü4�

Ó7ýÂçL:d: Ú�ñØÜ ÙÊñD��âëÙE�3ïðÜßï@ü�ÜßÖØñ��gâãÛ�ýÂçgÞfêßÙÊâë×ÉÞgñ�R[P�æmñ�T
µF l

k
(xk)

�màÀÞfî=ÙE�gÜ7ê¹×ÉÞfñØÜ¹í/çgÜßÞ'ÙÊñ
ql àáÖØÜ7ï*×ÒîgÜßøãÜßî

àÀñ êßÖØâëñØÛ Þ/çgï@ü�Ü¹Öìñ¹ÑSÝHâ��ÉÜ¹Þ�àáÞ Ü é�ÙÊÖØàÀêßÙØÜ¹î ýÂÜÌàáÙØçgÖØÜ��ÀÜ¹ê ÙÊ×ÉÖ
X ′ = [x′

1, ..., x
′
11]

�zÙM�gÜGÙkÚÒÛ�Ü4�ÊÓ*æ65¤�ar��&ó
ï*×ÒîgÜßøãñ�ÜÌàÀê��

x′
k

àÀñ�àSÙkÚ�Û�Ü4�ÊÓ ýÂçL:d: Ú�ñØÜ Ù
Xk

àÀÞgî�êß×ÉïðÛfçfÙÊÜßñAÙM�gÜ³�mÖìâãÞL�SîgÜd�ÉÖìÜ¹Ü
f l(x′)

ýÂ×ÉÖ�ÜÌàÀê��3ÖØçføãÜÀÑ
öD�gÜ�ÖìçgøãÜßñ�àÀÖØÜxÙE�gÜ¹Þ¡êß×Éï@ügâëÞgÜ¹î ÙE�gÖØ×Éçp�,�¡îgÜßýÂçL:�:¹â��mêÌàáÙØâã×ÉÞ ÙØ× ×ÉüfÙÊàÀâãÞ�àaêßÖØâëñØÛ¡×ÉçfÙØÛgçfÙ

y(x′)
Ñ�öD�gÜ

îgÜßê¹âãñìâã×ÉÞ�àáü�×ÉçÒÙ!ÙM�fÜ@ýÂÜÌàáÙØçgÖØÜ��ÀÜ¹ê ÙÊ×ÉÖ
X ′ îfÜ¹Û�Ü¹ÞgîgñH×ÉÞaÙE�gÜ@ñìâ;�ÉÞ ×Àý y(x′)

ÑsN ý
y(x′)

âëñ Û�×ÀñØâëÙØâ��ÀÜGÙM�fÜ¹Þ
x′ âãñ�ê¹øãàÀñØñìâ��mÜßî�àÀñ�à�ÙÊÖÊàáê��ÀÜ¹î	�ÉÜd�fâãê¹øëÜe��àÀÞgî=âëý

y(x′)
âãñ�ÞgÜ��'àáÙØâ��ÉÜ7ÙE�gÜ¹Þ

x′ âëñ�êßøùàÀñìñØâ��mÜ¹î�àÀñ�à����gÜßÜ¹øëÜ¹î
�ÉÜ��gâãêßøãÜáÑ

ÐÀä



æUâ;�ÀçgÖØÜu<ÒÑëÓÉòS�]øë×Òê��ðîgâùàA�ÉÖÊàÀï�ÖØÜßÛgÖØÜßñØÜßÞ/ÙÊàáÙÊâë×ÉÞ=×ÀýUêßøùàÀñìñØâ��mÜ¹ÖAýÂçgñìâã×ÉÞ3çgñìâãÞL��ÙM�fÜSóAæ]N Ñ
NkÞ�ÙM�gÜ�âãÞ'ÙØÜ¹Ö��áàÀø�ÙkÚ�Û�Ü`�OÐ�æ65¤�ar��&ó)��ÙE�gÜ ÖØçføãÜ ñìÙØÖØçgê ÙÊçgÖìÜ�âãñxÙE�gÜ ñÊàÀï*Ü�àÀñ�ÙE�màáÙ�×Àý:ÙM�fÜaÙkÚÒÛ�Ü4�ÊÓ

æ65¤�ar��&ó)�8üfçfÙ�ÙM�gÜ�àÀÞ'ÙÊÜßê¹Ü¹îfÜ¹Þ'ÙÊñ
F̃ l

k (k = 1, . . . , 11)
àÀÞgî¡ÙM�fÜ=ýÂÜ¹àáÙÊçgÖìÜ3ñØÜßÙØñxàáÖØÜ�ï*×ÒîgÜßøãÜßî�àáñ*âëÞ��

ÙÊÜßÖ��áàÀø©ÙkÚ�Û�Ü`�OÐ�ýÂçL:�:ßÚ ñìÜßÙØñ¹Ñ öD�gÜ�êß×ÉÞgñìÜ¹í/çgÜ¹Þ'Ù
ql âëñSñOÙÊâãøëø©ïð×�îgÜ¹øëÜ¹î£àÀñ�à�êßÖØâãñìÛ Þ/çgï@ü�Ü¹ÖßÑ�ÝHâ��ÉÜ¹Þ àÀÞ

Ü é�ÙØÖÊàÀê ÙÊÜ¹î�ýÂÜ¹àáÙÊçgÖìÜ0�ÉÜßêßÙÊ×ÀÖ
X ′ = [x′

1, ..., x
′
11]

�&ÙM�gÜ�æO5]7 ï*×�îgÜ¹øëñxÜÌàáê��
x′

k

àÀñ3àÀÞ�âãÞ'ÙØÜ¹Ö��áàÀø�ÙkÚ�Û�Ü`�
Ð ýÂçL:d: Ú ñØÜ Ù

X̃k

àÀÞgî_ê¹×ÀïðÛgçÒÙÊÜ¹î ÙM�fÜ$çfÛgÛ�ÜßÖ�àÀÞgî_øã×��]ÜßÖ��mÖØâëÞL��îgÜd�ÉÖìÜ¹Üßñd�
f

l
(x′)

àÀÞgî
f l(x′)

�@ýÂ×ÉÖ
ÜÌàáê���ÖØçgøëÜÀÑ�öD�gÜaÖØçføãÜ¹ñxàÀÖØÜ�ê¹×ÉïSügâãÞgÜßî ÙM�fÖØ×ÉçL�e� ÙkÚ�Û�ÜaÖìÜ¹îgçfêßÙÊâë×ÉÞ ÙØ× ×ÉüfÙÊàÀâãÞ à�ÙkÚ�Û�Ü`�kÖìÜ¹îgçgêßÜ¹î�ñØÜ Ù
[yl(x

′), yr(x
′)]
Ñ æUâëÞmàÀøãøÔÚ,� ÙM�gÜðÙkÚÒÛ�Ü4�hÐ�æ65¤�ar��&ó îgÜ ýÂçL:d:ßâ��mÜßñ@ÙM�gÜðÙkÚÒÛ�Ü4� ÖØÜßîgçgê¹Üßî¡ñØÜßÙSÙÊ×0�ÉÜ Ù�à�êßÖØâãñìÛ

×ÉçfÙØÛgçfÙ
y(x′) = [yl(x

′) + yr(x
′)] /2

Ñ8÷�ñAâãÞ*ÙM�gÜ ê¹àÀñØÜ�×Àý1ÙM�fÜ�ÙkÚ�Û�Ü`� Ó7æO5k��ry�Aó)��ÙE�gÜ!îgÜßê¹âëñØâã×ÀÞ�×ÉÞxÙE�gÜ
Ü é�ÙØÖÊàÀê ÙÊÜ¹î�ýÂÜÌà ÙÊçgÖìÜ��ÀÜ¹ê ÙÊ×ÉÖ

X ′ îgÜßÛ�ÜßÞgîgñ:×ÉÞ ÙM�gÜ�ñìâ;�ÉÞ�×Àý y(x′)
�k���gÜ¹ÖìÜðâÔý

y(x′)
âãñ7Û�×ÉñØâÔÙÊâ��ÉÜSÙE�gÜ¹Þ

x′

âãñ:ê¹øãàÀñØñìâ��mÜßî�àÀñSà�ÙÊÖØàÀê��ÀÜßî}�ÉÜd�fâãê¹øëÜe��àáÞgî âëý
y(x′)

âëñGÞfÜd�'àáÙØâ��ÀÜðÙM�fÜ¹Þ
x′ âëñSêßøùàÀñìñØâ��gÜ¹î àáñ@à	���gÜßÜ¹øëÜ¹î

�ÉÜ��gâãêßøãÜáÑ
ó]ÖØ×ÉñìñU�f�ÀàáøãâãîgàáÙÊâë×ÉÞ âãñHçgñìÜ¹î"ÙØ×=ÙØÜ¹ñOÙGÙE�gÜðêßøùàÀñìñØâ��mÜ¹ÖìñGàáÞgî£à3Þ/çgï@ü�Ü¹Ö:×Àý�îgÜ¹ñìâ;�ÉÞgñ:Ü¹ï*Ü¹Ö��ÉÜ¹ñHýÂ×ÉÖ7ÙM�fÜ

ÙkÚ�Û�Ü`� ÓxàÀÞgî�ÙM�gÜ�ÙkÚ�Û�Ü`�OÐ=êßøùàÀñìñØâ��mÜ¹Öìñ¹ÑxöD�fÜxÛmàÀÖØàÀï*ÜßÙÊÜßÖØñH×ÀýAàÀøãø�êßøùàÀñìñØâ��gÜ¹ÖØñ:àÀÖìÜð×ÀÛfÙÊâëïðâ�:¹Ü¹î çfñØâãÞp��ÙM�fÜ
ÙÊÖØàÀâãÞfâãÞL�ðîmàáÙ à�àáÞgî�à�ñìÙÊÜßÜ¹Û�Ü¹ñOÙGîfÜ¹ñØêßÜ¹Þ'ÙSàÀø;�É×ÀÖØâëÙE�gï=Ñ ÷�ý ÙØÜ¹Ö!ÙØÖÊàÀâëÞgâãÞL�p��ÙM�fÜ�Û�ÜßÖìýÂ×ÉÖìïxàÀÞfê¹Ü@×Àý©ÙE�gÜ

kth

ê¹øãàÀñØñìâ��mÜßÖ©âãñ©ê��màÀÖØàÀêßÙØÜ¹ÖØâ�:¹Üßîxü'Ú*âëÙÊñ�ýÍàÀøëñØÜ�àÀøãàÀÖØï ÖÊàáÙØÜ�RÍæÒ÷)r)T`�
pk

Ñ©Ý7â��ÀÜ¹Þxà:ÞgÜ4��âãÞfÛgçfÙ©ýÂÜÌàáÙØçgÖØÜ��ÉÜßêßÙØ×ÉÖ
X ′ = [x′

1, ..., x
′
11]

�mü�×ÀÙM�=ÙM�gÜHÙkÚ�Û�Ü`� ÓGàÀÞgî�ÙkÚ�Û�Ü4�hÐ*æ65¤��ry�&ó]ñ��ÉÜßÞgÜ¹ÖØàáÙÊÜßñ�×ÉçÒÙÊÛgçfÙØñ
y(X ′)

ýÂ×ÉÖ�ÜÌàÀê���×Àý
ÙM�fÜ¹âãÖ&êßøùàÀñìñØâ��mÜ¹Ö&îgÜßñØâ��ÉÞgñ¹Ñ

öD�gÜ�óAæONHêÌàÀÞ¡ü�Ü�çgñØÜßî�ÙÊ× ê¹×Àï@ügâãÞfÜ�àÀøãøQ×ÉçfÙØÛgçfÙØñ�×Àý�ÙM�gÜ�ÙkÚ�Û�Ü4� Ó=àÀÞfî ÙkÚÒÛ�Ü4�hÐaê¹øùàáñØñØâ��mÜ¹Öìñ���âëÙE�
Ðáô



æUâ;�ÉçfÖØÜu<fÑåÐÒò²�]øë×Òê��xîgâùàe�ÀÖÊàÀï�×ÀýBÙM�gÜHîgÜßê¹âãñìâã×ÉÞ3ñOÙÊÖÊà ÙÊÜd�áÚ�×ÀýBÙM�gÜ7ýÂçgñìÜ¹î=ê¹øùàáñØñØâ��mÜ¹ÖßÑ
ÖØÜßñØÛ�Ü¹ê ÙAÙÊ×SÙE�gÜ¹âëÖ]êß×ÉÖØÖìÜ¹ñØÛ�×ÉÞgîfâãÞL��æ�÷³r�ñ¹Ñ�öD�gÜ!Þ�çfïðÜßÖØâãê¹àÀø�×ÉçfÙÊÛfçfÙÊñ��

y(X ′)
�Ò×Àý1ÙM�gÜ!ê¹øùàáñØñØâ��mÜ¹ÖQîgÜßñØâ;�ÀÞgñ

àÀÖìÜðÙM�fÜðýÂçgÞgê ÙÊâë×ÉÞgñ
hk(X) (k = 1 , ... , n)

ýÂ×ÀÖSà¢�Àâ��ÉÜßÞ ñØÜ Ù@×ÀýAâãÞgÛgçÒÙGýÂÜ¹àáÙÊçgÖìÜG�ÀÜ¹êßÙØ×ÉÖØñ
X

��àÀÞgî"ÙM�gÜ
ýÂçL:�:ßÚ�îgÜßÞgñØâÔÙÊâëÜ¹ñ

gk ê¹×ÀÖØÖØÜßñØÛ�×ÉÞgî�ÙÊ×�ÙE�gÜ7Û�ÜßÖìýÂ×ÉÖìïxàáÞgê¹Ü7×ÀýBÜ¹àÀê���êßøùàÀñìñØâ��mÜ¹Ö&îgÜßñØâ��ÉÞeÑ¥N ýBÙM�gÜ7ÛgÖì×ÉümàÀüfâãøãâÔÙkÚ
×ÀýQê¹øãàÀñØñìâ��mê¹àáÙÊâë×ÉÞ Ü¹ÖìÖØ×ÉÖ!çgñØâëÞL��ÙÊÖÊàáâãÞgâëÞL��îmàáÙÊàxýÂ×ÉÖ îgÜßñØâ��ÉÞ

yk

âëñ
Q(yk)

�eÙM�fÜ¹Þ ÙM�gÜ�ýÂçL:�:ßÚ îfÜ¹ÞgñìâëÙkÚaýÂ×ÉÖ
ê¹øãàÀñØñìâ��mÜßÖ

yk

âãñ
gk = Q(yk)

öD�gÜ�×ÉçfÙØÛgçfÙÊñ©×Àý�ÙM�gÜ�âãÞfîgâ���âãîfçmàÀøfêßøùàÀñìñØâ��mÜ¹Ö©îgÜßñØâ;�ÀÞgñQàÀÖØÜ�ê¹×ÉïSügâãÞgÜßî�çgñØâëÞL�
ÙM�fÜ�óAæON�àÀñ âãÞlRÍ÷SÑÔÓÌô#T`�1àÀÞgî�àv�mÞmàÀø8×ÀçfÙÊÛgçÒÙ

y(X ′)
âãñ�×ÉüfÙ àáâãÞgÜßî0���gâãê�� âëñ!ÙM�gÖìÜ¹ñ��g×ÉøãîfÜ¹îaÙÊ×�ïðàe�áÜ�à

�mÞmàáøCîgÜßê¹âëñØâã×ÀÞaàÀñ�ÙÊ×G���fÜßÙM�fÜ¹Ö!ÙE�gÜSâëÞgÛgçfÙ�ýÂÜÌàáÙØçgÖØÜGñØÜ Ù
X ′ ê¹×ÉÖìÖØÜ¹ñìÛ�×ÀÞgîgñ!ÙØ×�àv���fÜ¹Ü¹øëÜ¹î ×ÉÖ�à*ÙØÖÊàÀê��áÜ¹î

�ÉÜ��gâãêßøãÜáÑ

��á�à{áfà ±�²Qópåkäpè)ïª�³°åZé¤ñaò�ñaí²è ãyçyò�ñaí²è
7ÒâëÞgê¹ÜD��Ü��gà��ÀÜ!àáê¹ê¹ÜßñØñQÙÊ×Hü�×áÙM�ðàÀê¹×ÉçfñìÙÊâëê�àÀÞgî*ñØÜßâãñØï*âãê&îgàáÙ àp�,��Ü�êÌàÀÞ�ýÂçgñØÜ�êßøùàÀñìñØâ��gÜ¹ÖØñ©ümàáñØÜ¹î*×ÉÞ*ÜÌàÀê��zÑ

"Üv�mÖìñìÙGÜ��áàÀøëçmàáÙÊÜ�ÙM�fÜðÛ�Ü¹ÖOýÂ×ÉÖØïðàÀÞgêßÜ*×áý]ÙM�fÜðêßøùàÀñìñØâ��gÜ¹ÖØñ:ümàÀñìÜ¹î ×ÀÞ àÀêß×ÉçgñìÙØâãê�îmàáÙÊà�àáÞgî£×ÉÞ"ñØÜßâãñØï*âãê
îmàáÙÊàGàáÞgîxçgñìÜ�ÙE�gÜ¹âëÖQâëÞgîgâ��ÒâëîgçmàÀøfÛ�ÜßÖìýÂ×ÉÖìïxàÀÞfê¹Ü¹ñQàÀñ©ÙM�fÜ

λ
� ýÂçL:�:ßÚ�ï*ÜÌàÀñìçgÖØÜßñ]âëÞ*ÙE�gÜ óAæ]N Ñ�öD�fÜ�×ÉçÒÙÊÛgçfÙØñ
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��Ü¹ÖØÜxÖØÜ¹êß×ÉÖØîfÜ¹îeÑ�7�âãÞgêßÜF��êßøùàÀñìñØâ��gÜ¹ÖSîfÜ¹ñØâ��ÉÞgñ���Ü¹ÖìÜxýÂçgñìÜ¹î ýÂ×ÉÖGÜÌàÀê��

l (l = 1, ..., 10)
�Uà=ÙÊ×áÙ àÀøQ×Àý��,�

Þg×ÉÞ3���gâëÜ¹ÖÊàáÖØê��gâëêÌàÀø�æ65¤�ar��&ó]ñ���Ü¹ÖìÜ�îgÜ¹ñìâ;�ÉÞgÜßî�ýÂ×ÉÖSÙM�fâãñSÜ éÒÛ�ÜßÖØâãï*Ü¹Þ'Ù¹Ñ"÷�Þ¡àÀø;�É×ÀÖØâëÙE�gï îgÜ Ù àÀâëøãâãÞp��ÙM�fÜ
ÛgÖì×ÒêßÜ¹îgçgÖìÜHâãñD�Éâ��ÉÜ¹Þ=ÞgÜ éÒÙ¹ò

ø ð ü>ä76 Ë`è äêé ÊÉÈ�Ë�È�Ë
ë éÉäÉì ÈUÇ å>ù
ù Ê3ç
ð ì ó
� å ð ü È öDù ë éÉä Ê ö ç>Ë ä Ë`è ä ñÂð ü>ä76 ÈUÇ å>ù5ùqé ÊÉÈ�Ë�È�Ë
ë éÉäÉì ó
8 ñ æ ñ ü>ä Ë`è äêé ÊÉÈUË�È�Ë
ë é�äHì ñÂð
Ë�ÈmÏ�� äÄæHä ðÎÇÉÈ ùÄü�ì ó
ÇÉÈÄÊ ù ÍDÏTÐ)Ï�� Ò5Ò:9�
G�IH
Ø�×`Õ$��áWàUØ5Ø�ÙJ�'Ù5×�� Õ>×VØDÙÂÚ
Û
ØÜÙWÛÞÝÄßHÝUà�á
â

ä,�



ã>ä5å3æHä ÈVç
ËÖË`è äêé ÊÉÈ�Ë�ÈUË
ë éÉäHì ÈUÇ.Ë`è äÎù îWË5è÷ÇÉÈ ùUü ÇÉÈUÊ.Ë äHì ËDñWð>òªó
ô8ìÄä Ë`è äêé ÊÉÈUË�È�Ë
ë é�äHì ÈUÇ.Ë`è ä Ê ä�ö�å ñWð8ñÂð>ò÷ÇÉÈ ùÄü�ì ÇÉÈUÊÖò ä ð ä Ê å ËDñ3ÈVð ý5ù3åHì5ì ñ�Ç�ñ ä Ê ü>äHì ñVò3ð ì

Ë�Èqû ä Ç3ç ìÄä3ü
ÇÉÈUÊÖÊ÷Í ÏTÐLK.%�%�K	� ã î������ ü>äHì ñVò3ð ì ÇÉÈUÊ ä5åHý è ù
â

ã>ä5åÄæÉä ÈVç>Ë.Ë`è äõé Ê�È�Ë�È�Ë
ë éÉäHì ÈUÇ.Ë`è ä Ê�îWË`èÎÇÉÈ ùÄü ÇÉÈÄÊ.Ë äHì ËDñÂðHò
ô8ìÄä Ë`è äêé ÊÉÈ�Ë�ÈUË
ë éÉäHì ÈUÇ.Ë`è ä Ê ä�ö�å ñÂð8ñÂðHòïÑíÇÉÈ ùÄü�ì ÇÉÈUÊ.Ë
Ê å ñÂð�ñÂð>òªó
ø ð8ñWËDñ å>ù ñVú ä Ë`è äõéÉå Ê å�ö�ä Ë ä Ê ì ÈUÇ.Ë`è ä Ë
ë éÉä î>ÏBÇ3ç>ú5ú5ëÖÊ3ç ù`ä îÂû åHì3ä3üÜý`ù3åHì
ì ñVÇ�ñ ä Êªó
ÇÉÈUÊÌðHÍDÏTÐ)Ï������ Ò5Ò�Ý��Éà>ÙWÛ à�Û�ÕmÝ3×VØ�ÝM��ß(�<9�
�
�
÷×� ß����
Ø
â�� é Ë8ñ ö ñVú ä Ë`è ä Ë
ë éÉä î>Ï�� ã î������Ìç ì ñÂðHòÌË
Ê å ñÂð8ñÂðHò é ÊÉÈ�Ë�ÈUË
ë éÉäHì ó
�HäHì Ë.Ë`è ä Ë
ë éÉä î>Ï�� ã î������Ìç ì ñÂðHòÌË`è ä Ë äÉì ËDñÂð>ò é Ê�È�Ë�È�Ë
ë éÉäHì ÇÉÈUÊ.Ë`è ä ð�ÈVð�î å3ü>åUé ËDñ æHä

È éÉä Ê å ËDñ3È�ð å>ùõö È üHä ó
� åÄæÉä Ë`è ä Ë äÉì ËDñÂð>ò ä Ê
ÊÉÈUÊ÷Ê å Ë äÖåHì

e1(r, n)
ó

�
� åÄæHä Ë`è äõö ñÂð8ñ ö ç ö ÈUÇ

e1(r, n)
Ç�ÈUÊ

n = 1, ..., 1000
åÉì

p1(r)
ó

� åÄæHä Ë`è ä È é ËDñ ö�å>ùõéÉå Ê åUö�ä Ë ä Ê ì.åHì
θ1(r)

ó
ø ð8ñWËDñ å>ù ñVú ä Ë`è äõéÉå Ê å�ö�ä Ë ä Ê ì ÈUÇ.Ë`è ä Ë
ë éÉä î( )� ã î����N�íû åHìÄä3ü ÈVð

θ1(r)
ó

ÇÉÈUÊ.#`ÍDÏTÐ)Ï������&%
Ò�Ý���à>ÙWÛ à�Û�ÕmÝ3×VØ8Ý���ß��	��
�
Ö×� ß����5Ø
â�� é Ë8ñ ö ñVú ä Ë`è ä Ë
ë éÉä î( )� ã î������Ìç ì ñÂðHòÌË
Ê å ñÂð8ñÂðHò é ÊÉÈ�Ë�ÈUË
ë éÉäHì ó
�HäHì Ë.Ë`è ä Ë
ë éÉä î( )� ã î������Ìç ì ñÂðHòÌË`è ä Ë äÉì ËDñÂð>ò é Ê�È�Ë�È�Ë
ë éÉäHì ÇÉÈUÊ.Ë`è ä ð�ÈVð�î å3ü>åUé ËDñ æHä

È éÉä Ê å ËDñ3È�ð å>ùõö È üHä ó
� åÄæÉä Ë`è ä Ë äÉì ËDñÂð>ò ä Ê
ÊÉÈUÊ÷Ê å Ë äÖåHì

e2(t, n)
ó

�
� åÄæHä Ë`è äõö ñÂð8ñ ö ç ö ÈUÇ

e2(r, n)
Ç�ÈUÊ

n = 1, ..., 1000
åÉì

p2(r)
ó

� åÄæHä Ë`è ä È é ËDñ ö�å>ùõéÉå Ê åUö�ä Ë ä Ê ì.åHì
θ2(r * ó

�
ô8ìÄä Ë`è äõö ñÂð�ñ ö ç ö ä Ê5Ê�ÈUÊ÷Ê å Ë äHì

p1(r)
å ð ü

p2(r)
åÉì Ë`è ä Ç3çHú5ú5ë ü>ä ð ì ñWËDñ äHìÌå ð ü

θ1(r *å ð ü
θ2(r * åÉì Ë`è äÎý`ù`åHì5ì ñVÇDñ ä Ê éÉå Ê å�ö�ä Ë ä Ê ì ÇÉÈUÊ

r = 1, ..., 9 +�3ç ì3ä Ë`è ä
r
ý`ù3åHì
ì ñVÇ�ñ ä Ê ì.å ð ü Ë äHì Ë ÈVðÖË`è ä

l
îWË`èïÇÉÈ ùUü +� åÄæÉä Ë`è ä.ä Ê
ÊÉÈUÊ÷Ê å Ë äÖåHì

pfe1(l)
å ð ü

pfe2(l)�
�HÈ ö
é ç
Ë ä Ë`è äqö�ä
å ð å ð ü ì Ë å ð üHå Ê ü÷ü>äÄæ ñ å ËDñ3ÈVðÜÈUÇ

pfe1(l)
å ð ü

pfe2(l)
ÇÉÈUÊ

l = 1, ..., 10 +
öD�gÜ�ÖìÜ¹ñØçføëÙÊñS×Àý&ÙM�gâëñ@Ü éÒÛ�Ü¹Öìâãï*Ü¹Þ'Ù@ê¹àÀÞ�ü�ÜðýÂ×ÉçgÞgî�âëÞ£ÙM�gÜxñØÜ¹êß×ÉÞgî¡ê¹×Àøãçgï*Þ âãÞ£öUàÀüføãÜ ^ ÑõÐÒÑ�9 ügñìÜ¹ÖU�ÉÜ
ÙM�gàáÙÌò

äfÓ



öCàÀügøãÜ ^ ÑúäfòAè�ñOÙÊâãïðàáÙØÜ:×áý8ÙM�gÜGïðÜ¹àÀÞaàáÞgî�ñOÙ àÀÞgîgàÀÖØî�îgÜ���âùà ÙÊâã×ÀÞgñ�×áý8ÙM�gÜHÙÊÜßñìÙØâãÞL�ðÜ¹ÖØÖì×ÉÖØñ�âãÞ=ÙM�gÜGê¹Öì×ÉñØña�
�áàÀøãâëîmàáÙØâã×ÉÞðÜ éÒÛ�ÜßÖØâëïðÜßÞ/Ù�çgñìâãÞL��ü�×ÀÙM�=àÀêß×ÉçgñOÙÊâãê:àÀÞfî�ñìÜ¹âãñìïðâëê îmàáÙÊà

g ¿É¼�¾CËßºiÁ ¿3½ ÅfºiÅ ( ¾CË¹Ç�½�¿��ÂÅmËÌËÌÁ �CÇ�»
���ÍÅgËÌËÌÁ �UÇ/» g %�Ç/» ÅfÎ�Ç /eÄ g %�Ç/»ZÅgÎ�Ç /1Ä
�AàÌÚÀÜ¹ñØâãàÀÞ �fÑõÐÀÐÀäfÓ �ÒÑ|�,�e� ^ �fÑúä'þáôgÓ �fÑ®�,�'Ð

��×ÉÞ3���gâëÜ¹ÖÊàáÖØê��gâëêÌàÀø�öQÚ�Û�Ü4� Ó �fÑëÓ¹ô/Ðe� �ÒÑ|�fÓiÐ �fÑÔÓ�<,� ^ �fÑÔÓ��,<
��×ÉÞ3���gâëÜ¹ÖÊàáÖØê��gâëêÌàÀø�öQÚ�Û�Ü4�OÐ �fÑëÓÌä ^ ä �ÒÑ|�fÓÀÓ �fÑÔÓ�<Àô/Ð �fÑÔÓZÐ

•
öD�fÜðÛ�Ü¹ÖOýÂ×ÉÖØïðàÀÞgêßÜð×Àý�ÙM�gÜG�AàÌÚÉÜßñØâãàÀÞ£êßøùàÀñìñØâ��gÜ¹ÖHâãñHí/çgâëÙØÜðügàÀîeÑKNkï*ÛgøãÜßïðÜßÞ'ÙÊâãÞp�3ÙE�gÜxóAæON àÀñGà
ýÂçgñìâã×ÉÞ=àÀø��É×ÉÖìâëÙM�fï�îfâãî3Þg×ÀÙ��gÜßøãÛ3âãï*ÛgÖØ×��ÀÜ7âëÙÊñ&Û�Ü¹ÖOýÂ×ÉÖØïðàÀÞgêßÜÀÑ

•
öD�fÜ¹ÖØÜ��]àÀñ7×ÉÞføëÚ�à�ñØøãâ��,�'Ù âëïðÛgÖì×��ÉÜ¹ï*Ü¹Þ'Ù7âëÞ Û�ÜßÖìýÂ×ÉÖìïxàáÞgê¹Ü����gÜ¹Þ�ÙM�gÜ�óAæON��]àÀñ7çgñìÜ¹î ÙÊ×�ýÂçfñØÜ
ÙE�gÜHê¹øùàáñØñØâ��mÜ¹Öìñd¯B�g×���Ü��ÀÜ¹Öd��ñØâëÞgê¹Ü7ÙM�fÜ��áàÀÖìâùàÀÞgêßÜ7×ÀýBÙM�gÜ:Ü¹ÖìÖØ×ÉÖ&ÖØàáÙÊÜH×ÀýCÙM�gÜHê¹øãàÀñØñìâ��mÜßÖØñ�âãñ�àáøãÖØÜ¹àÀîfÚ
ñì×ðøë×~�s�ÒÙM�gâëñ&âãñ�àÀÞ3Ü éÒÛ�Ü¹ê ÙÊÜ¹î�ÖØÜ¹ñìçgøëÙ¹Ñ

•

"Ü�ê¹×ÀÞgê¹øëçgîgÜ@ÙM�gàáÙ7ê¹øãàÀñØñìâ��mê¹àáÙÊâë×ÉÞaümàáñØÜ¹î�×ÉÞ ñìÜ¹âãñìïðâëê@îmàáÙÊà�àÀøã×ÀÞgÜ@îg×�Ü¹ñ7Þg×áÙ Ú�âãÜ¹øëî��É×�×ÒîaÛ�Ü¹Öa�
ýÂ×ÉÖìïxàáÞgê¹ÜáÑ�öD�gÜ�âãÞL�fÜ¹ÖØÜßÞ'ÙðçfÞgÖØÜßøãâùàáügâãøëâëÙkÚ�×Àý!ÙE�gÜ=îmàáÙ à��AàÀÞgî$ê¹×ÀÞgñØÜßí�çfÜ¹Þ'ÙÊøÔÚ�ÙE�gÜ=ýÂÜ¹àáÙÊçfÖØÜ¹ñ��]âëñ
ñìÜ��ÉÜßÖØÜáÑ

öD�gÜHñÊàáïðÜ Ü éÒÛ�ÜßÖØâãï*Ü¹Þ'ÙD�]àÀñ�ÖØÜßÛ�Ü¹àáÙÊÜßî3ýÂ×ÀÖ8�ìçgñìÙ&ÙE�gÜHàÀêß×ÉçgñìÙØâãê7îmà Ù à�àÀÞgî�Ó��SýÂçfñØÜ¹î=ê¹øãàÀñØñìâ��mÜßÖAîgÜßñØâ;�ÀÞgñ
��Ü¹ÖØÜ&ÖìÜ¹êß×ÉÖØîgÜßîeÑS7ÒâëÞgê¹Ü]ÙE�gÜ

l
� ÙE�@ýÂ×Éøãîw�AàÀñ�øëÜßý ÙU×ÉçfÙ�âëÞ@ÙM�gÜ

l
� ÙM�@ýÂçgñìÜ¹î�ê¹øãàÀñØñìâ��mÜßÖ8îgÜ¹ñìâ;�ÉÞ¤�ÀÙM�gÜ&êßøùàÀñìñØâ��mÜ¹Öìñ

ümàÀñìÜ¹î�×ÉÞ ÙM�fÜ�àÀê¹×ÉçfñìÙÊâëê�àÀÞgî�ñìÜ¹âãñìïðâëêSîmà Ù à�êÌàáÞ�ü�Ü@ýÂçgñìÜ¹î�àÀÞgî ÙÊÜßñìÙØÜ¹î�×ÉÞ ÙM�gÜ
l
� ÙM�aýÂ×ÉøëîeÑHöD�gÜ��mÖØñOÙ

ê¹×Àøãçgï*Þ ×Àý�öUàÀüføãÜ ^ Ñúä�ñE�g×���ñHÙM�gÜ�Û�Ü¹ÖìýÂ×ÀÖØïðàÀÞgê¹Ü�×áý�ÙE�gÜ�îgâ���Ü¹ÖìÜ¹Þ'Ù:ê¹øãàÀñØñìâ��mÜßÖ7îgÜ¹ñìâ;�ÉÞgñ7ýÂ×ÉÖ ÙE�gÜ�ê¹Öì×ÉñØña�
�áàÀøãâëîmàáÙØâã×ÉÞ�Ü éÒÛ�Ü¹ÖØâëïðÜßÞ'Ù�çgñØâëÞL� ×ÉÞgøÔÚ"ÙE�gÜ¦�
���¹ü`��¾¿���¼`�Ä¾f��OQ���gâãøëÜxÙM�gÜ�ñìÜ¹êß×ÉÞgî¡ê¹×Éøëçgï*Þ ×Àý�ÙM�gÜ�ñØàÀï*Ü
Ù àáügøãÜ*ñE�g×���ñSÙE�gÜxÖìÜ¹ñìçgøëÙØñS×ÀýAÙE�gâãñ:Ü éÒÛ�Ü¹Öìâãï*Ü¹Þ'ÙSýÂ×ÉÖGà=ýÂçfñØÜ¹î�êßøùàÀñìñØâ��mÜ¹ÖHÙM�mà ÙSâëñ:ÙE�gÜxêß×Éï@ügâëÞmàáÙÊâë×ÉÞ�×Àý
ê¹øãàÀñØñìâ��mÜßÖØñ�ümàÀñìÜ¹î=×ÉÞ=ü�×ÀÙE�=àÀê¹×ÉçfñìÙÊâëêHàÀÞgî=ñØÜßâãñØï*âãê!îmàáÙ àÒÑQ9 ügñìÜ¹ÖU�ÉÜHÙM�màáÙ¹ò

•
÷&êß×ÉçgñOÙÊâãê&îgàáÙ à7âãñ8àHï*×ÉÖìÜAÖØÜßøãâùàáügøãÜ�îmàáÙ à ñì×ÉçgÖìê¹Ü&ýÂ×ÉÖ8êßøùàÀñìñØâ��gêÌàáÙØâã×ÉÞ@ÙE�màÀÞ�àÀêß×ÉçgñìÙØâãê&Ûgøëçgñ�ñØÜßâãñìïðâëê
îmà Ù àfÑ

•
öD�fÜ�Û�Ü¹ÖìýÂ×ÀÖØïðàÀÞgê¹Ü3×Àý!ÙM�gÜ�ê¹øùàáñØñØâ��mÜ¹ÖìñðügàÀñØÜßî´×ÉÞ´àáê¹×ÉçgñOÙÊâëê�îmà Ù à��AàÀñðÖØÜßÛ�×ÉÖOÙÊÜßî´âãÞ�bÔÓÀÓdc�àÀÞgî
âëñ=ïSçgê��|ü�ÜßÙØÙØÜ¹Ö3ÙM�màáÞ�êßøùàÀñìñØâ��gÜ¹ÖØñ=ümàÀñìÜ¹î|×ÀÞ ñØÜßâãñìïðâëê�îgàáÙ à�ýÂ×ÉÖ=àÀøãø7×ÀÛ�ÜßÖÊàáÙØâãÞL�¡ï*×ÒîgÜßñ�àáÞgî
àÀø��É×ÉÖìâëÙM�fïðñßÑ

•
��Ü¹êÌàáçgñØÜH×Àý1ÙE�gÜ7øùàÀÖ��ÉÜ!îfâ���Ü¹ÖØÜßÞgê¹Ü7âëÞ�Û�Ü¹ÖìýÂ×ÀÖØïðàÀÞgê¹Ü!×Àý1ÙM�gÜ Ù���×��/âãÞgîgñ]×ÀýBê¹øùàáñØñØâ��mÜ¹Öìñd��ÙM�gÜ ýÂçgñìÜ¹î
êßøùàÀñìñØâ��gÜ¹ÖQîgâãî*Þg×ÀÙ�âãï*ÛgÖØ×��ÀÜ�Û�Ü¹ÖOýÂ×ÉÖØïðàÀÞgêßÜÀÑO
"Ü�êß×ÉÞgêßøãçgîgÜ�ÙM�mà Ù�çfñØâãÞp�SñØÜßâãñìïðâëê�îgàáÙ àHýÂ×ÉÖ�ïSçgøëÙØâ��
ê¹àáÙÊÜ��É×ÉÖìÚ�ê¹øùàáñØñØâ��mêÌà ÙÊâã×ÀÞ�âãñ{��×ÉÖØñìÜHÙE�màÀÞ��ìçgñìÙ�çgñìâãÞL�*àÀêß×ÉçgñOÙÊâãêHîmà Ù àfÑ

ä'Ð
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b(a!fhmocIa(wmhg7n4^JNij^0p�mhs®^0n�wy��^e�ij^0p�mhs®^0n�wy��wyg�^Bb(a!fhuda(wy^�wy_N^�ij^0pr��g7ps�a!nd|B^0��g!�«��ud��^0cG|Bf�a!���m � ^0p��`¡�k¯g!w_
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^0nN^0p~(q�mh��ud�^Bc'a(��a@��^�a(wudp^(��]"_d^0nMsvudfxwym{z}|�a�wy^0~!g7p�q\|Bf�a!���m � |�a(wmhg7n��«a!��|Bg7nd��mhcd^Bp^0c¤�¤wy_d^�ij^0pr��g7prz
s�a!nd|0^�g(�¬wy_N^�|Bf�a!���m � ^0p���kIa!�^Bc g7nE��^0mh��s�mo|�cIa(wya���a!��i¯g�g7p��5_N^0n |Bg7s®iIa!p^Bc\wyg�wy_d^�ij^0pr��g7ps�a!nd|B^
g!��wy_d^E|Bf�a!���m � ^0p�>kIa(�^0c´g7n�a!|0g!ud��wmh|\cIa(wyaN�lµ�_d^�i¯^Bp���g7p�s@a(nd|0^\~�a(mhnt��a!�>g7ndfoqGs@a(p~7monIa!f��5_N^0n
wy_N^`|0fha!���m � ^Bp�A��^0p�^`wy^0�rwy^Bc´monGwy_N^\a!cIa!i�wymob!^`s®g�cd^(��mhn'wy_d^`fo^�a�b7^Jz}g7nN^`g7uNw�^J�i¯^Bpmhs®^0n�w0�M�:uN�mhnN~
wy_N^ cdmx±¤^Bp^0n�w�|0fha!���m � ^Bp�cd^B�mo~7nd�®ud�mond~Gg7nNfoq��^Bmh��s�mo|�cda(w�a'a!fh��g'cdmoc¶ndg(w@��_dg��·a!n�q¶a(ididp^B|0mha!kdfh^
mhs®idp�g�b!^0s®^0n�w§mhn ij^0pr��g7ps�a!nd|B^!�5µ�_d^2i¯^Bp���g7p�s@a!nN|0^2a!|BwuIa!fhfxq\cd^ewy^0p�mhg7pa(wy^Bc��5_d^Bn4|0fha!���m � ^Bp��ud�mond~
g7ndfxqM�^Bmh�s®mh|®cIa(wya a!nNc'wy_Ng7�^`uN�mhnN~ g7ndfxq�a!|0g!ud��wmh|®cIa(w�aE��^Bp^@��uN�^0c¤��]'^@|0g!nd|0foudcd^!�Dwy_d^Bp^e��g7p^(�
wy_da(w5�^Bmh�s®mh|�cda(w�a�mh�5a�ijg�g!p�|�_dg7mh|B^���g7p�svudfxwymxz�|�a(w^0~7g!p�q®|0fha!���m � |0a(wymog7n\g!��~7pg7uNndc�b!^0_dmo|0fo^0�0�

¨����^Bmh��s�mo|®cda(w�a�a!p^�a�b(a!mhfha!kdfh^(�¸aEw}��g(z���w�a(~7^�|Bf�a!���m � |�a(wmhg7nMidp�g�|B^0���As�a�qMkj^>wy_d^®g7iNwmhs�a!f¹a!i�z
idp�g�a!|�_����5_N^0p^E��^ � p���w�|0f�a(��mx��qtwypa!| � ^Bcºa!nNc��5_d^B^0fh^Bc�b!^0_dmo|0fh^B��uN�mhnN~'��^0mh��s�mo|EcIa(w�a�a!ndc�wy_N^0n
|0fha!���mo��qG_d^�a�b�q�z�wypa!| � ^Bc	a!ndc�fomh~7_�w�zªwypa!| � ^Bc»¡�_d^�a�b�q�z��5_d^B^0fo^0cºa(ndc�fhmh~!_�wrz��5_d^B^0fo^0c:¥2uN�mhnN~'a(|0g7ud�rwymo|
cIa(wyaN�

]G^�ndg!w^�w_Ia(w ��£¤zL� � ���Ei¯^Bp���g7p�s�^Bc)kj^Bw�wy^Bp�w_Ia!n)w_d^ � a�q7^0��m�a!n)��g7p�a!fhf�w_d^�^e�i¯^Bpmos�^Bn�w�
|0g!ndcdud|ewy^0c¤��µ�_dmo���_dg��5��wy_da(w���£¤zL� � ���5a!p�^�k¯^ewwy^Bp��udmxwy^BcEwg>_Ia!ndcdfo^�udnd|B^0p�wya!mhn�wmh^0��mon`wy_d^�cda(w�aN�

¼7¼
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ÓÕÔ0Ö ×¯Ø�ÙYÚ¬Û®ÜEÝEÞ�Ù¸ßeÛAØ
µ�_d^���uN�0�BqAmhn�wy^B~7pya(f�mo��a�nNg7n�z}fomhnd^0a!pDa!ididp�g�a!|�_vwg°|0g7sAkdmhnd^©svudfxwymoidfh^��g!udp|B^0�¹g!�:udnN|0^0prw�a!monvmhn���g7ps�a�z
wymog7n'¡à^(�á~d�x�ImhnEiIa�wwy^Bpn�p^B|0g7~7nNmowymog7nEa!idiNfhmh|0a(wymog7nd�B���5_d^Bp^�p^0��udfow����pg7sÆsAudfowmhidfo^�|0fha!���m � ^Bp���5mhfof�kj^
|0g!svkdmhnN^0c:¥J��µ�_N^2��udnd|ewymog7n kj^0mond~@mon�w^0~7pa(wy^Bc idp�g�b�mocd^0��a@|0g!n � cd^Bnd|0^Ab(a!foud^���g7p§^0a!|�_�monN��g7ps�a(wmhg7n
�g!udp|B^A��g7p§a�iIa!prwymo|0udfha!p5_�q�ijg!wy_N^0�mo�0�Ya(ndc wy_N^Amhn�w^0~7pa!f¸mh��^Bb(a!fhuda(wy^Bc�g�b7^0p�wy_d^A�^Bw�g!�¹monN��g7ps�a(wmhg7n
�g!udp|B^0�0��µ�_d^���_dg�¦�ud^Bwv¡¢a(ndc�â�ud~7^0nNg�¥���uN�0�Bq�mon�w^0~7pa!f�mo�§a>�ij^0|Bm � |�w}q�i¯^�g!����ud�0�eq�mon�wy^0~!pya!f¤�5_Nmh|�_
|0g!svkdmhnN^0�5mhnN��g!ps�a(wymog7n���p�g7sÆsvudfxwymoidfh^§�g7udp�|0^B�§k�q\w�a � mond~>mhn�wyg>a(|0|0g!udn�w���udk�ã�^0|ewymxb7^A^eb(a!fhuIa�wymhg!n`g!�
wy_N^���g7prwy_�g!�¬^0a!|�_ g(��w_d^��g7udp�|0^B�0�

ÓÕÔyä å`Ý\æ«æ�ç è é5ê�ëDÝ`Ú�é5ë
µ�_d^°��ud�B�Bq@mhn�wy^B~7pya!fjp^Bfhmo^0��g!n`wy_d^°|Bg7nd|B^0iNw5g!�DaA��uN�0�Bq@s�^0a!�uNp^��5_dmo|�_\mhn@wudpn\mo��aA~7^Bnd^0pa!fhmo��a(wmhg7n
g!�«w_d^@|Bg7nd|B^0iNwAg!�5a�iNpg7kIa(kdmhfomow}q�s®^�a(�udp�^!����g7nd��mhcd^Bpva � ndmow^�udnNmob7^Bp�a!f���^Bw

X = {x1, . . . , xn}�5_dmo|�_�|0a!n�kj^�mhn�wy^Bpidp�^Bw^0c�mhn�a�n�uNsvk¯^Bp5g!����a�q��0�:^!�ì~d�

• X
mo�5a®��^Bw�g!��^e�i¯^Bp�w�ã�udcd~!s�^Bn�w�5|0g7nd|B^0p�nd^0c��5mowy_Ecd^B|0mo�mhg!n�s�a � mhnN~d�

• X
mo�«av��^Bw5g!�Da(w�wyp�mhkduNw^0�«g!p���^�a(wudp^B�0��í�a!|�_E^0fo^0s®^0n�w�g!�

X
mo�«ud��^0c\wyg�|0a!fh|Budf�a(w^°avcd^B~7p^B^°g!�

s®^0svkj^0p��_dmoi\��g7p5a!nEg7k�ã�^B|Bw
u ∈ U

�5mowy_Ep�^0�ij^0|ew§wg®a>|Bf�a!���
w ∈ Ω

�

• X
mh�2a���^Bw�g!�«|0f�a(��m � ^0p�g7uNwiduNw�0��µ�_dmh�2mh��cdmo±¯^0p�^0n�w2��p�g7sVwy_d^®idp�^Bb�mhg7uN�Amhn�w^0piNp^Bwya(wymog7nGmon

w_Ia(wAw_d^`|Bf�a!���m � ^0pvg7u�wyiduNw�v|�a(nlk¯^`p�^0idp�^0��^0n�wy^Bc¶a!�A|0g7n � cd^0nd|B^\fh^eb7^0fo�A��g7pAa!���g�|Bm�a(wmhnd~ a!n
g7k�ã�^0|Bw5�5mxwy_�a®ida!p�wmh|0uNf�a!p�|0f�a(��0�

¼!î



£Y^Bw
P (X)

k¯^�wy_N^�ijg���^Bp5�^Bw§g!�
X
�¹ï	ðJñ7ò�ò0ó®ô@õö�÷eñ�ø�õ�g�b!^0p5wy_d^���^Bw

X
mh�«wy_N^���^Bw5��udnd|ewymog7n

g : P (X) → [0, 1]
¡àïA�x��¥

�uN|�_�wy_da(w
�7�

g(∅) = 0, g(X) = 1

���5¨��
A, B ⊂ P (X)

a!ndc
A ⊂ B

�dw_d^0n
g(A) ≤ g(B)

�
ù§��uIa!fofoq

g(A)
mo��b�mh^e��^Bc)a(�@wy_d^ mhs®i¯g7prw�a!nN|0^�g7p@ijg���^Bp`g!��a!n	mondcdmob�mocduIa!f5�g!udp|B^�g7p@��udkd��^BwEg!�

�g!udp|B^0�
(A)

�5mxwy_dmon`wy_d^���^Bw
X
�

ï�ndg(wy_d^BpD��a�q2g(�Imhn�wy^Bpidp�^Bwmhnd~5��ud�0�eq�s�^0a!�uNp^0��mh�¸k�q�|0g7nd��mhcd^Bpmond~�w_d^©^B±¯^0|Bw¬g!�Nw_d^©|0g7n�wyp�mhkdu�wymhg!n
g!�¬a!n�^0fh^Bs�^Bn�w�wyg�a>uNndmhg7nEg7p���udkd��^Bw°g(�¬^Bfh^0s®^0n�w�0��µ�_d^�|0g7n�wyp�mhkdu�wymhg!n\g7p�a!cdcd^Bc�b(a!foud^�g!��^0fh^Bs�^Bn�w
Xi

mhn\udndmog7n
A
mh��cd^ � nd^0c�k�q

g(A ∪ Xi) − g(A)
�

ï�|0|Bg7pcdmond~�wg4â�uN~7^0ndgGúáû�üª��a���ud�B�Bq�s®^�a!��udp^
g (A ∪ B)

�¸�5_dmh|�_t��i¯^B|0m � ^0��wy_d^®mhs®i¯g!p�w�a(nd|0^�g!�
wy_N^�udndmhg!nvg!�jcdmh��ã�g7mhn�w¬�udkd��^Bw�

A
a(ndc

B
�7|0a!ndndg!w�kj^«|Bg7s�iNfh^Bw^0fxqva!��|0^Bp�w�a(mhnd^Bcv��pg7s&wy_d^�|Bg7s®i¯g7nN^0n�w

s®^�a!��udp^B�
g(A)

a(ndc
g(B)

����g7nd�^B¦�ud^0n�wyfxq7�(_d^¹mhn�wyp�g�cNud|0^Bc
λ
zI��ud�0�eq�s®^�a!��udp^B��¡àa!fh��g«|�a(fhfh^Bc§ý�â�uN~7^0ndg

s®^�a!��udp^B�rþr¥��5_dmo|�_��a(wymo����q�wy_d^�a!cdcNmowymog7nIa!f¯idpg!i¯^Bp�w}q7�dw_Ia(w0ÿ

gλ(A ∪ B) = gλ(A) + gλ(B) + λgλ(A)gλ(B) , λ > −1
¡àïA� �7¥

��g7p®a!fof
A, B ⊂ X

�5mow_
A ∩ B = ∅

��â�ud~!^0ndg���ud�0�eq�s®^�a(�udp�^0��a!p^Ew}q�idmh|0a!fhfxqlcd^0nNg!wy^Bc	a!�
gλ
�

_dg���^Bb7^Bp0���mhnN|0^@w_d^BqG_Ia�b7^`��g7udnNc��5mocd^0��idp^0a!c�ud�^\monla!idiNfhmh|0a(wymog7nd�@¡à^B�ij^0|0mha!fhfxqMwy_dg7��^`mhn�b!g7fob�mhnN~
��ud�B�BqEmhn�w^0~7pa!fh�y¥e�dmxw5_Ia!�5k¯^B|0g7s®^�|0g7s®s®g7n\idpya(|Bwymo|0^�wyg®cd^Bndg!wy^�w_d^0s;ã�ud�rw§a!�

g
�©¨}nEwy_Nmh�5p^Bi¯g7prw��

ga!ndc
gλ

a!p�^�ud�^Bc�mon�w^0p�|�_Ia!nd~7^0a!kdfxq7�
µ�_d^���g7fhfog��5mond~�a!p�^�mhs®i¯g!p�w�a(n�w«idpg7ij^0prwymo^0��g!�D��ud�0�eqEs�^0a!�uNp^0�Bÿ
�7�5¨��

λ = 0
�7wy_d^Bn®w_d^���ud�0�eq�s�^0a!�uNp^

gλ

kj^0|0g!s�^B��a�idp�g7kIa!kNmhfhmxw}q�s�^0a!�udp�^�mhn�wy_da(w
g (A ∪ B) =

g(A) + g(B)
��¨��

λ < 0
�Iwy_d^Bn

gλ

�_Ng��5���udk�z}a!cdcdmxwymxb�mxw}q`mon�wy_da(w
g (A ∪ B) < g(A) + g(B)a!nNc�mx�

λ > 0
�Nw_d^0n

gλ

�_dg��5���udij^0pLzLa!cNcdmowmob�mow}q@mhn`wy_da(w
g (A ∪ B) > g(A) + g(B)

�
����£Y^Bw

X
k¯^>a � ndmow^v�^ew�g!�©mhnN��g7p�s@a�wymhg!n���g7udp|B^0�

X = {x1, . . . , xn}
a!ndcMfh^ew

gi
λ = gλ({xi})

�
µ�_d^�b(a!fhud^B�

g1
λ, g

2
λ, ... , g

n
λ

a!p^�|�a!fofh^Bc�ðJñ!ò�ò0ó���õ��N÷����	�ªõ�÷�
¹a!ndc@p�^0idp�^0��^0n�w�w_d^�mos�ijg7p�wya!nd|B^�g!��wy_N^
mondcdmob�mocduIa!f¯mhnN��g7p�s@a�wymhg!n@�g!udp|B^0�0�

¼ ��£Y^Bw
Ai = {x1, ... , xi} ⊆ X

¡�ïA� ¼ ¥
������������������������! #"%$'&�(�(���)�*+�!����&+,	�

g1

λ
, g2

λ
, ... , gn

λ

�����.-����0/1����&���,�2�$3-4���056��5#*+����,4��7�89$'&;:;�<-�7�2=:�2�$>-4�;�?$'&;(�(���,	��-
g
 @��A;:��� B2=:

X C
¼ED



]'^2|0a!n�w_d^0n���g7psÅa®�^B¦�uN^0nd|B^�g!��nd^B��w^0c���^Bwy�
A1, ... , An

�:��w�a(p�wymond~>��pg7s
A1 = {x1}

�ja!ndc
��udkd�^B¦�ud^0n�wyfxq	a!cNcdmhnd~'mhn�^0fh^Bs�^Bn�wy�

x2, ... , xn

��g7nd^�a�w`aMwymhs®^G¡àndg!w^�w_Ia(w
An = X

a!ndc
A0 = ∅

¥J��µ�_N^vs�^0a!�uNp^
g(Ai)

mh��|�a!fo|0udfha(wy^Bc���p�g7sÆwy_d^���g7fhfog��5mhnd~>p^B|0udp��mxb7^A��g7p�svudfha��5_Nmh|�_
|0a!n�kj^�cd^Bpmob!^0c���pg7sË¡àïA� �7¥�¡��^0^Aâ�^B|Bwymog7n � �x��¥eÿ

g (Ai) = g (Ai−1 ∪ {xi}) = gi + g (Ai−1) + λgig (Ai−1)
��g7p

1 ≤ i ≤ n
¡�ïA� î ¥

�5_d^Bp^
g(A1) = g1 a(ndc g(An) = g(X)

�
î ��F�mob!^0nºwy_N^���ud�0�eqºcd^Bnd�mxwymh^B�@��g7p\at��^BwEg!����g7udp|B^0�

X
�5mow`mh�@mos�ijg7prw�a!n�w@wglcd^Bw^0p�s�mond^ wy_N^

s®^�a!��udp^B��g!�¯w_d^5^0fo^0s®^0n�wy��g!�jwy_d^5ijg���^Bp���^Bw
P (X)

�¬µ�_dmo�©mo�¹^0���^0n�wm�a!f:mhn>s�a!n�q�a!iNidfhmo|�a(wmhg7nd�
a!nNc���a(�`��^4^JNiNf�a!mon	nd^e�w��§|�a!n	kj^4cdg7nN^4k�q¶ud�mond~lwy_d^

λ
z���ud�B�Bqºs®^�a(�udp�^!�T£Y^ew

Ai =

{x1, ... , xi} ⊆ X
��ï�|0|0g!pcdmond~�wyg�¡àï2� î ¥���^�|�a!nE�5pmxwy^®¡à��^0^Aâ�^0|ewymog7n � � �!¥

g(An) =

n∑

j=1

gj + λ

n−1∑

j=1

n∑

k=j+1

gjgk + · · ·+ λn−1g1 · · · gn ¡àï2� D ¥

g(An) =

[
∏

xi∈A

(
1 + λgi

)
− 1

](
1

λ

)
, λ 6= 0

¡�ïA��G�¥

µ�_d^�b(a!foud^�g!�
λ
|�a!nEwy_d^Bn�kj^°��g7udnNc�k�qE�g!fob�mhnd~vw_d^�^0¦�uIa(wmhg7n

g(An) = g(X) = 1
¡àïA��H7¥

�Ipg!sV¡àï2��G7¥«a!ndcG¡àïA��H7¥J�Nwy_dmo��mh��^B¦�uNmob(a!fh^Bn�w�wg>�g7fxb�mond~vwy_N^���g!fhfhg��5mond~v^0¦�uIa�wymhg!nE��g!p
λ
ÿ

λ + 1 =

n∏

i=1

(
1 + λgi

) ¡àï2� û7¥

I�^0nd|B^!�¤mx�¬��^ � ndg��&wy_d^���ud�B�Bq�cd^0nd��mowmh^0�
gi, i = 1, · · · , n

�:��^v|0a!n |Bg7nd��wpud|ew�w_d^
λ
z���ud�0�eq

s®^�a!��udp^(�¹]G^ � p���w��g7fxb7^®¡�ïA�áû�¥���g7p
λ
�da!ndcEwy_d^Bn�|Bg7s�iNuNwy^�wy_N^

g(Ai) J ��uN�mhnN~ ¡�ïA� î ¥e�
D ���Ig7p5a � �^0c��^Bw§g!�¬cd^0nd��mowmh^0�

{gi} , 0 < gi < 1,
wy_d^Bp^�^e�mh�rwy��a®uNndmh¦�ud^

λ ∈ (−1,∞)
�5_N^0p^

λ 6= 0
�5_dmh|�_��ya(wmh� � ^0�A¡àï2� û�¥J�

GN��£Y^Bw
Ai

k¯^�cd^ � nN^0c´a!|0|Bg7pcNmhnd~�wygl¡�ïA� ¼ ¥e� �Ig7p2cN^0nd��mowymo^0�
{gi} , 0 < gi < 1,

��^`_Ia�b!^M¡à��^0^
â�^B|Bwmhg7n � � ¼ ¥

0 ≤ g(Ai) ≤ 1 ∀i
¡�ïA��K�¥

�5mxwy_E^0¦�uIa!fomow}q��5_d^0n
i = 0

a!ndc
i = n

�Imª�ì^!�x�
g(A0) = 0

a!ndc
g(An) = 1

�

¼ G



í¹��wmhs�a(wymond~�wy_d^�mhnNcdmob�mhcNuIa!f���uN�0�Bq´cd^Bnd�mxwymo^0�0�
{g1, g2, ... , gn}

��mh�®a!n´mhs®ijg7p�wya!n�w�idpg!kdfh^BsÕmhn�a!fhf
a!idiNfhmh|0a(wymog7nd�B�Aµ�_d^>kj^0_Ia�b�mhg7p�g(����ud�B�BqMmon�w^0~7pa!fh��¡àkjg!wy_4wy_N^@��_Ng�¦�ud^ewAa(ndc�w_d^�â�ud~7^Bndg�¥�mo��_d^�a�b�z
mhfxq�cd^0ij^0nNcd^0n�w�g7n¶w_d^�|�_dg7mo|0^�g(��wy_d^B�^���ud�B�BqºcN^0nd��mowymo^0�B�$¨}n	�g7s®^4a!iNidfhmo|�a(wmhg7nd�>mxw`mh��i¯g!��mokdfh^
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��g7p�s@a!nN|0^°g!�¸w_d^�mhndcNmob�mhcduda!f¯|Bf�a!���m � ^0p��0��£Ym�a!nN~v^Bw�a!f¢��úMG(ü�ud��^0c�av~7^0nN^Bwymo|�a!fh~!g7pmxwy_dsTwg�cd^Bw^0ps®mhnN^
wy_N^���uN�0�BqEcN^0nd��mowymo^0�«��p�g7s wpya!mondmhnd~�cda(w�aN�
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£Y^Bw

h
kj^�a�s�^0a!�udpa!kdfo^°��udnd|Bwmhg7n

h : X → [0, 1]
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µ�_d^A��_dg�¦�uN^Bw���ud�0�eqEmhn�wy^B~7pya!f¹¡ª�«�¬¨r¥«cd^ � nd^0c�k¯^Bfhg��$mo�«wy_d^�mon�w^0~7pa!fYg!�
h
�5mow_�p�^0��i¯^B|Bw�wyg®a>��uN�0�Bq

s®^�a!��udp^
gλ

�[Z§g(wy^vwy_da(w�mhn´¡�ïA�x�@L�¥e�
X
|Bg7udfhc4kj^>a\�^ew2g(��|Bf�a!���m]\I^0p�g7u�wyiduNw��a!ndc

h(x)
|Bg7udfhcMkj^

wy_N^A�g(��w�g7u�wyiduNw§g!��w_d^�|0f�a(��m]\I^0pA¡�w_d^A|Bg7n^\IcN^0nd|B^vg7p�^Bb�mhcd^Bnd|0^2~7pya(cd^2g(��wy_d^2|0fha!���m_\I^Bp�¥�cd^0ndg(wymhnN~
wy_da(w>a!nlmondiduNw��a!s®idfh^�mh�A��p�g7s a�ida!p�wmh|0uNf�a!p�|0fha!��B�'¨}nl~7^Bnd^0pa!fª�

X = {x1, . . . , xn}
mo��a��^ew�g!�

mhn���g7ps�a(wymog7nA��g7udp�|0^0��a!ndc
h(xi)

mo��wy_d^�|Bg7n^\IcN^0nd|B^�~7pa!cd^�g!�¯�g7uNp|0^
i
wy_da(w©a�iIa!p�wmh|Budf�a!p¬_�q�ijg!wy_N^0�mo�

mh�2wypuN^!�tï
λ
z���ud�B�BqGs�^0a!�udp�^\idpg�b�mhcN^0��wy_d^\mos�ijg7prw�a!nd|B^@g!�§^�a(|�_´��udkd��^Bw�g!���g7udp�|0^B�

X
��g7p2wy_dmo�

_�q�i¯g!w_d^0��mh��^Bb(a!fouIa(wymog7n��
µ�gMkj^0~7mon�����^\idpg�b�mhcd^Ea�cN^=\Indmxwymog7nlg!�§a ��ud�0�eqlmhn�w^0~7pa!fª�`F�mob!^0n´a�|0fha!��vg(�§��udnN|Bwymog7nd�

F ⊆

{h : X → R}
a(ndc�a>|Bf�a!���5g!����uN�0�BqEs®^�a(�udp�^0�

m ⊆ M
�¯av��udnN|Bwymog7nIa!f

I : F × m → R
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h
a!���g�|Bm�a(w^0c®�5mowy_®��ud�0�eq®cd^0nd��mow}q

gλ

��µ�_d^0n¤�
��^2|0a!nEcd^=\InN^Aav��ud�B�BqEmhn�w^0~7pa!fYa!�

h, g → I(h, g)
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a!~7~!p^0~7a(wymond~�mhnN��g!ps�a(wymog7n��

µ�_d^A�«�¬¨�g!�
h
g�b!^0p

X
�5mxwy_Ep^B�ij^0|ew§wg�a���ud�B�Bq\s®^�a!��udp^

gλ

mo��cd^=\InN^0c�a(�

Eg(h) =

∫

X

h ◦ g =
n∑

i=1

g(Ai) [h (xi) − h (xi+1)]
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�5_d^Bp^
h(x1) ≥ h(x2) ≥ · · · ≥ h(xn)

a(ndc
h(xn+1) = 0

�´â�^ew
A
mh�>a!�>cd^�\Ind^0c´mhn)¡�ïA� ¼ ¥ � m¢�á^(�

Ai = {x1, ... , xi} ⊆ X
�
g(An) = g(X)

�Ya!ndc
g(A0) = 0

�vµ�_d^@�«�¬¨§|0a!n'a!fh��g\k¯^>^e�idp�^0���^0cta!�
¡à��^0^Aâ�^0|ewymog7non�� î ¥

Eg(h) =

∫

X

h ◦ g =

n∑

i=1

h(xi) [g (Ai) − g (Ai−1)]
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¨���w_d^2��udnN|Bwymog7n
h
mh��p^0g!pcd^Bp^0c �ud|�_�w_Ia(w

h(x1) ≤ h(x2) ≤ · · · ≤ h(xn)
�Iwy_d^Bn wy_d^v�«�¬¨«_Ia(�§wy_N^

��g7fofhg��5mhnd~2��g7psË¡à�^B^vâ�^0|Bwmhg7non�� D ¥�ÿ

Eg(h) =

∫

X

h ◦ g =
n∑

i=1

g (X − {Ai−1}) [h (xi) − h (xi−1)]
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=

n∑

i=1

g (xi, xi+1, ..., xn) [h (xi) − h (xi−1)]
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wyg®a!nNg!wy_d^Bp0�
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�7�5µ�_d^2�«�¬¨�mh�5a�s®g7ndg!wg7ndmh|0a!fhfxq®mhnd|Bp^�a(�mhnN~v��udnd|Bwmhg7n\�5mxwy_Ep^B�ij^0|Bw�wyg

h(x)
úá��ü¢�

�����Ig7p5a!fof
h, g ∈ [0, 1]

�dw_d^�pya!nd~!^�g!�¬w_d^��«�¬¨�mo�

h qsrut ≤ Eg(h) ≤ h qwv�x ¡àï2�o��H!¥
�5_d^Bp^

h qsrut = min (h(x1), h(x2), . . . , h(xn))
a!ndc

h qwv�x =
s@a�

(h(x1), h(x2), . . . , h(xn))
�

µ�_d^v�«�¬¨�a(w�w�a!mond��mowy�5fog���^0p§k¯g!udndc��5_N^0n
gi

λ = 0
��g7p�a!fof

i
a!ndc�mow§a(w�w�a!mond�§mxwy�5udidij^0p§k¯g!udndc

�5_d^Bn
gi

λ = 1
��g7p5a!fhf

i
�

¼ �5¨��
h(xi) = c

��g7p5a!fhf
i
�d�5_d^Bp^

0 ≤ c ≤ 1
�dw_d^0n
∫

X

h ◦ g = c
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î �5¨��
h1(xi) ≤ h2(xi)

��g7p5a!fhf
i
�dw_d^0n

Eg(h1) =

∫

X

h1 ◦ g ≤

∫

X

h2 ◦ g = Eg(h2)
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D �5¨��
B ∈ X

�
C ∈ X

a!ndc
B ⊂ C

�dwy_d^Bn
∫

B

h ◦ g ≤

∫

C

h ◦ g
¡àï2� �+L�¥

GN�5¨���wy_d^
λ
z���ud�B�BqEs®^�a!��udp^

gλ

mh��a>idpg!kIa!kdmofhmow}q�s®^�a!��udp^(�Imª�ì^!� ∑
i g

i
λ = 1

a!ndc
λ = 0

�dwy_N^v�«�¬¨
kj^0|Bg7s�^B�>a���^Bmh~7_�wy^Bc¶a�b!^0pya(~7^!��¨}nlwy_d^E��i¯^B|0m�a(f«|�a!��^\�5_d^0p�^ a!fof�w_d^\��ud�0�eqlcd^0nN�mow}qGb!a(fhud^B�
a!p�^�^0¦�uIa!f¢�Nwy_d^2�«�¬¨�mh�5^0¦�udmxb(a!fh^Bn�w�wg�wy_d^2a!pmxwy_ds®^Bwmh|§s�^0a!n���µ�_dmh�5|Bg7pp�^0�ijg7ndcN��wg>w_d^�|�a!��^
�5_d^Bp^

gi
λ = 1/n.

H��5¨��
gj

λ = 0
��g7p���g7s�^

j
�dw_d^0n

Eg(h) =

∫

X

h ◦ g =
n∑

i=1,i6=j

h(xi) [g (Ai) − g (Ai−1)]
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X
a!|B|0g7p�cdmhnN~Ewg a\��i¯^B|0m_\d^0c

|0p�mow^0pmog7n����5_dmofh^�mond|0g7p�i¯g!pya(wmhnd~@w_d^®p^0fha(wymxb7^�mos�ijg7p�wya!nd|B^vg!��^�a!|�_'g!��w_d^>^0fh^Bs�^Bn�wy�0�®¨}nMwy_dmo���^0|Jz
wymog7n��¬��^\idp�^0�^Bn�w®w_d^E�«�¬¨���g7p2�g7s®^`�mos�iNfh^vý}wy^J�wykjg�g��7þ`a!ididfomh|0a(wymog7nd���gMa!�Awg���g7��w^0p�a�kj^Bw�wy^Bp
udndcN^0p�rw�a!nNcdmhnd~®g!�Dwy_d^�mon�w^0~7pa!fYa!nNc�~7a!mhnEmhnN�mh~!_�w«mhn�wyg��5_�qEmow«��g7p�����mhn�a!~!~7p^B~�a(wymog7n��

���%�9��� � ���^�����������W�B�������<�W�����
��g7nd��mhcd^Bp�wy_d^\^Jda(s�idfo^\g!�§idpg�cdud|ewymob�mxw}q��>mon�a���g7p!����_dg7i��´£Y^Bw

X = {x1, . . . , xn}
kj^EaM��^Bw®g!�

��g7p!�(^0p�B�³â�uNidi¯g!�^�wy_da(w\^�a(|�_"��g7p��!^0p
xi

��g7p!���
h(xi)

_dg7udp��\atcIa�q¶��p�g7s wy_d^4g7ij^0nNmhnd~t_Ng7udp0�
]"mow_dg7uNw@fhg7���@g!��~!^0nd^Bpya!fomow}q7�«w_d^ ��udnN|Bwymog7nºwy_da(w`cd^�\Ind^B�`wy_d^�n�udsAk¯^Bp`g!����g7p!��_dg7udp��@��g7p@^0a!|�_
��g7p!�(^0p�mh��g7pcd^Bp^Bc4�ud|�_Mwy_Ia�w

h(x1) ≤ h(x2) ≤ · · · ≤ h(xn)
�¯�5_d^0p�^v��g7p��!^Bp

x1
��g7p����°w_d^vfo^�a!�rw

a!s®g7udn�w5g!�Dwymos�^�a(ndc���g7p��!^0p
xn

��g7p!����wy_d^�s®g7��w � wy_�ud�B�I��g7p i ≥ 2
�
h(xi) − h(xi−1) ≥ 0

�
µ�_d^E��ud�0�eqls�^0a!�uNp^Emh��cd^�\Ind^Bcºa!�vw_d^En�uNsvk¯^Bp>g!��iNpg�cdud|Bw�>s@a!cN^\k�qGwy_d^\��g7p!�(^0p�®mhn�g7nN^

_dg7uNp0���5mxwy_Gw_d^®mhs®idfhmo|0mow�a!���uds�i�wymhg!n'wy_da(w2w_d^@iNpg�cdud|Bwmob�mow}qMg(�«wy_d^®��g!p!�!^Bp��p�^0s�a!mhnd��|Bg7nd��wya!n�w
wy_Npg7ud~!_dg7uNw�w_d^�cIa�q � _d^0nd|B^!� g(xi)

cd^0nNg!wy^B�5w_d^�n�udsvkj^0p�g!��idpg�cdud|ewy��s�a!cd^�k�q`��g7p!�(^0p
xi

mhn\g7nN^
_dg7uNp0�¯a!ndc

g
mo��a®s�^0a!�uNp^Ag(�¹idpg�cdud|ewymxb�mxw}q7�5ï<~7pg7uNi g!����g7p��!^Bp�

A ⊂ X
idp�g�cNud|0^B��wy_d^Aa!s®g7udn�w

g(A)
mhn4g!nd^�_dg7udpB�vï³idp�g�cduN|Bw�|�a(n�kj^�s�a!cd^v^Bmowy_N^0p�k�q4g7nd^v��g7p��!^0p�g7p�k�q�aE~!pg7udiMg!����g7p!�(^0p��0�
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I§^Bnd|0^(�¬wy_N^�n�udsvkj^0p�g!��iNpg�cdud|Bw�2iNpg�cdud|0^Bctk�q'��g7p�s®g7p^���g7p!�(^0p��A��g!p!��mhnd~�wyg7~!^Bwy_N^0p�mh��f�a!p�~7^0p
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Z§^J�w���^v��_dg��&wy_Ia(w�wy_N^>�«�¬¨�|�a(n�k¯^2ud�^Bc�wygU\Indc�wy_N^2wyg(w�a!f¸n�udsvkj^0p§g!��idpg�cdud|ewy�§idpg�cdud|B^0c
k�q�a!fhf�w_d^���g7p��!^Bp��mon�g!nd^���g7p��\cIa�q7�«µ�_d^���g!p!��mhnd~®_dg7uNp��g!�¹a!fof�wy_d^���g7p!�(^0p��a!p^2a!~7~!p^0~7a(wy^Bc�mon
wy_N^v��g7fhfog��5mond~���a�q7�A�¬mhp���w��¯wy_d^A�5_Ng7fh^�~7p�g7udi

X
�5mxwy_

n
��g7p!�(^0p����g7p!���

h(x1)
_Ng7udp�B�¨Z�^e�w��Ywy_N^

~7p�g7udi
X − {x1} = {x2, x3, . . . , xn}

��g7p����
h(x2) − h(x1)

_Ng7udp��a!�5wy_d^���g!p!�!^Bp
x1

mo��nNg@fhg!nd~7^0p
a(w���g7p!�:��µ�_d^Bn��¸wy_d^�~7p�g7udi

X − {x1, x2} = {x3, x4, . . . , xn}
��g7p����

h(x3) − h(x2)
_dg!udp�B��a(ndc

�g@g7n��5£¸a!��wfoq!�¯g7nN^���g7p!�(^0p
xn

��g7p!���§��g!p
h(xn) − h(xn−1)

_dg7udp��0�§â�mhnN|0^A~!pg7udi
A
idpg�cdud|B^0��w_d^

a!s®g7udn�w
g(A)

mhn\g7nN^�_Ng7udp0�dw_d^�wyg!wya!f¤n�udsAk¯^Bp�g(�¬idp�g�cNud|Bw��iNpg�cdud|0^Bc k�qEa!fof¯��g7p!�(^0p���mhnEg7nN^�cIa�q
|�a(n�kj^�^e�idp^B���^0c4a!�Bÿ

h(x1)g(X) + [h(x2) − h(x1)] g (X − {x1})

+ [h(x3) − h(x2)] g (X − {x1, x2}) + · · ·

+ [h(xn) − h(xn−1)] g ({xn})

=
n∑

i=1

[h (xi) − h (xi−1)] g ({xi, xi+1, . . . , xn})
�5_N^0p^

h(x0) = 0

=

n∑

i=1

[h (xi) − h (xi−1)] g (X − Ai−1)
�5_N^0p^

Ai = {x1, ... , xi}
a!ndc

A0 = {∅}

, Eg(h)
¡àï2� �!�7¥

µ�_dmo�°^eNa!s®idfh^A�_dg��5��wy_Ia�w®¡àï2� �7�!¥©\dw�°wy_d^vcN^=\Indmxwymog7n4g!�¹wy_N^®�«�¬¨5mhn´¡àï2�o� D ¥e�¤a!ndc4cd^Bs�g7nN��wypa(wy^B�
wy_N^2a(~7~7p^B~�a(wmhg7n\fog7~7mh|§k¯^B_dmhnNcEw_d^2�«�¬¨��

���%�9��ª � «`��¬�¬��s��������®��¯±°�²��^��³´�W���Wµ
��g7nd��mhcd^Bp�a�iIa!prwymo|0udfha!pfxqApa!p^�k¯g�g��3¶�wy_Ia(w©|Bg7s�^B��mon�w}��gAb!g7fhuNs�^B�0��µ�_d^©\Ip���w�a!ndc®�^0|Bg7ndc@b!g7fhuNs�^B�
a!p�^°cd^0nNg!wy^Bc�k�q

x1
a(ndc

x2
�Np�^0�ij^0|ewymxb7^0fxq7��µ�_d^°��ud�B�Bq@s�^0a!�udp�^°mh��cd^=\InN^0c�a!��w_d^�idpmo|0^§g!�¸wy_d^�w}��g

b7g!fhuds®^0�B��µ�_d^2idpmo|0^Ag(�¹wy_d^Y\Ip�rw°b7g7fouds®^2mo�§~7mxb7^Bn4k�q
g ({x1})

�jw_d^vidp�mh|B^2g!�¹w_d^A��^0|Bg7ndc4b7g7fouds®^
k�q

g ({x2})
a!ndc�wy_d^§idpmo|0^°g!�¤wy_d^°|Bg7s®idfh^ewy^��^Bw«k�q

g ({x1, x2})
�¹µ�_d^°|Bg7s�iNfh^Bw^���^Bw«mo��|Bg7nd�mocd^0p�^0c

wyg k¯^`s®g7p�^®b(a!fouIa!kdfo^®w_Ia!ntwy_N^`|0g7sAkdmhnIa�wymhg!n'g!��w_d^@w}��g�b7g7fouds®^0� � _d^Bnd|0^(�¹wy_dmo�2��ud�B�Bqts®^�a(�udp�^
kj^0|0g!s�^B�§a

λ−
��ud�0�eqEs�^0a!�udp�^��mhnN|0^

g ({x1, x2}) > g ({x1}) + g ({x2})
¡àï2� � ¼ ¥
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ïº|B^0p�wya!mhnAi¯^Bp�g!n®��^0fofh�
h (x1)

|0g7idmo^0��g(�jw_d^¸\Ip���w�b!g7fhuNs�^�a!ndc
h (x2)

|0g!idmh^B��g!�Iwy_N^«�^B|0g7ndc�b!g7fhuds®^!�
]"mow_dg7uNw¬fhg7���¬g!�:~!^0nd^Bpya!fomow}q���^�|0a!n>a!���uds®^�wy_da(w

h (x1) < h (x2)
��µ�_d^«n�udsvkj^0p¬g!�j|0g7s®idfh^ewy^©k¯g�g��

�^ewy�§¡àkjg!w_vb7g7fouds�^B��¥¬��g7fhc�mo�
h(x1)

��µ�_d^5n�udsvkj^0p¹g!�j|0g!idmh^B�¹g!�:wy_d^5�^B|0g7nNc>b!g7fhuNs�^���g7fhc���^0iIa!pa(wy^Bfoq
mh�

h(x2) − h(x1)
�¹µ�_d^�wyg(w�a!fYa(s�g7uNn�w«g!�¬s®g7nd^eq`wy_N^���^0fofh^0p�~!^Bwy�5mo�

h (x1) g ({x1, x2}) + [h (x2) − h (x1)] h (x2)
¡àï2� � î ¥

µ�_dmo�2^JNiNp^0���mog7ntmh�2a!fo�g��mhs®mhfha!p�wgt¡�ïA�x� D ¥�a!ndcGmo��a!ndg!w_d^0p2^eNa!s®idfh^>g!��|Bg7svkdmondmhnN~�s®^�a(�udpa!kdfh^
��udnd|ewymog7nd�«�5mow_�p�^0��i¯^B|Bw5wyg®cd^0nN�mowmh^B��ud�mond~�wy_d^2�«�¬¨��

���%�9�4¹ º��B¬����<»£¬���¼¸���B½��sµ¾��¯¿²ÁÀ6»b��������B½ÃÂp���s#�
ï&n�uds�^Bpmo|�a!f�^JNa!s�iNfh^�wy_Ia�w5cd^0s®g7nd�rwypya�wy^0�5wy_N^�|0a!fh|Budf�a�wymhg!nd�«g!�Dwy_d^A�«�¬¨��Imo��idp^B�^0n�w^0c�nd^J�w � mow�mo�
a!cIa(iNwy^Bc���p�g7sËú D ü¢�

µ�a!kdfo^YH�� ¼ ÿ©â�|0g!p^0�5��g7p«w_d^�iIa!p�wmh|BmhiIa!n�w
u
��pg7s wy_d^Ä\db!^�ã�uNcd~7^0�

ù§nNg7pcd^Bp^Bc ² pcN^0p^Bc
Å!udcd~!^

(xi)
â�|0g7p�^

(h (xi))
í¬�i¯^Bp�wmh�^

(g (xi))
Å!uNcd~7^

(x′
i)

â�|0g!p^
(h (x′

i))
í¬�ij^0p�wmh��^

(g (x′
i))� LN� D LN�áû � L��¡H LN� D

� LN��H LN� D î L���G LN��H
¼ LN� � LN� î D L���G LN��H
î LN��G LN��H � L�� D LN�áû
D LN��G LN��H ¼ L�� � LN� î

£Y^Bw�wy_d^��^ew
X = {x1, . . . , x5}

p^Bidp^B�^Bn�w�\db7^�ã�udcd~7^B��a�w�a®��i¯g7prwymond~>^Bb7^Bn�w���ï����uds®^�wy_Ia(w5w_d^
iIa!prwymo|0mhida!n�w

u
_Ia!��g7k�w�a!mond^0cvw_d^«�|Bg7p^B���_dg��5n>mhn�µ�a!kdfo^©H�� ¼ ��pg7s&wy_N^

n = 5
ã�udcd~!^0�0��í��ij^0prwy��pya(w^

wy_N^5ã�udcd~!^0� J ^e�ij^0p�wmh��^!��a(ndc�w_d^0mop�pya�wymhnN~7��a!p^Aa!fh��g@�_Ng��5n4mon�w_d^2wya!kdfh^(�5ïÑpya�wymhnN~�g!�«�vmhndcNmh|�a�wy^0�
wy_da(w�wy_d^�ã�udcN~7^�mh�5a!nE^e�ij^0prw��5_Nmhfh^�a�pa(wymond~�g!���0^0p�g>mhndcdmo|�a(w^0�5avwyg(w�a!fofoq�udn���ndg��5fh^Bcd~7^�a(kdfh^�ã�udcd~!^
¡ànda(wyudpa!fhfxq´aEã�udcd~!^��5mow_	aGpa(wymond~Gg!���B^0p�gt��g7uNfhcºndg(w`kj^ |0g!nd�mocd^0p�^0c	��g7p�a!~7~7p�^0~�a(wmhg7nI¥e��µ�_d^
^e�ij^0prwymh��^5g!�¯w_d^¬ã�udcd~7^B��|0a!n®k¯^�|Bg7nd�mocd^0p�^0c®wyg�k¯^�w_d^5cd^0nd��mowmh^0�

gλ

g(�¯w_d^
λ−
��ud�B�Bq>s®^�a!��udp^(��µ�_d^

ã�udcd~!^0� J �|0g!p^0��nd^B^0cMwyg\kj^>a!~7~7p�^0~�a�wy^0c4��g�a!�°wyg\cd^ewy^Bps®mhnd^Aw_d^¨\InIa(f��|Bg7p^v��g7p§wy_d^�iIa(p�wymo|0moiIa!n�w �_d^Bnd|0^(�:w_d^��|Bg7p^B�§kj^0|Bg7s�^°w_d^�b(a!fhud^B�5g!��w_d^���udnd|ewymhg!n
h
a!~7~7p�^0~�a�wy^0cEmonEw_d^2�«�¬¨��

F�mxb7^BnGwy_d^®��ud�0�eqGcN^0nd��mowymo^0�
gi
g!�«w_d^`�^ew

X
�
λ
_Ia(�2wyg�k¯^�|0g7s®iduNw^0clud��mhnd~t¡àï2� û�¥J��â�g7fob�mhnN~

wy_Nmh��^0¦�uIa�wymhg!n��5mxwy_\wy_d^�cd^Bnd�mxw}q\�^ew
[0.8, 0.5, 0.4, 0.7, 0.7]

�d��^�~!^Bw§a�udndmh¦�ud^�p�g�g!w
> −1

�5_Nmh|�_�mh�
λ = −0.9943

��Z�^e�w��dw_d^���ud�0�eqEs�^0a!�uNp^0�5g!�Dwy_N^�ijg���^Bp§��^Bw�|�a(n�kj^�cd^Bw^0ps®mhnN^0cEk�q\ud�mond~ ¡àïA� î ¥J�
µ�_d^�a!~7~7p�^0~�a�wy^���|0g7p�^�mo�`|0g!s�idu�wy^0c"ud��mhnd~lw_d^��«�¬¨®k�q�\Ip�rwEg7pcd^Bpmond~twy_d^4��|0g7p�^0��a!ndc	wy_N^

|0g!pp^B�ijg7ndcdmond~`cd^Bnd�mxwymo^0����ud|�_�wy_da(w�w_d^A��|0g7p�^0��a!p�^Amhn�cd^0|Bp^0a!�mond~`g7p�cd^0pB�£Æ¹pmog7p�wg`g7p�cd^0p�mhnd~d�:wy_N^

î �



�|Bg7p^B��a!p^Aa!���mh~7nN^0c4a!�
h(x1) = 0.5, h(x2) = 0.7, ... , h(x5) = 0.6

��£Y^ew
X ′

kj^Awy_N^Ag7p�cd^0p�^0c4�^ew
�g>wy_da(w

h(x′
1) ≥ h(x′

2) ≥ · · · ≥ h(x′
n)
�¹µ�_d^Bn��

[0.5, 0.7, 0.2, 0.6, 0.6] → [0.7, 0.6, 0.6, 0.5, 0.2]
¡à��|0g7p�^0��¥ ¡àï2� � D ¥

[0.8, 0.5, 0.4, 0.7, 0.7] → [0.5, 0.7, 0.7, 0.8, 0.4]
¡àcd^Bnd�mxwymo^0��¥ ¡àï2� �+G�¥

ï§��w^0pYg7p�cd^0p�mhnd~N��wy_d^¹��|0g7p�^0�Da!p^�a(��mo~7nd^Bc@¡��^B^¹µ¬a!kNfh^ÇH�� ¼ ¥¤a!�
h(x′

1) = 0.7, h(x′
2) = 0.6, · · · , h(x′

5) =

0.2
a!ndcEwy_d^�|Bg7pp�^0�ijg7ndcNmhnd~>cd^Bnd�mxwymh^B��a!p^

g (x′
1) = 0.5, g (x′

2) = 0.7 , ... , g (x′
5) = 0.4

�¹µ�_d^�nd^e�
a!p�pya!nd~!^0s®^0n�w¹g!�:wy_N^�ã�udcd~7^B��¡��^ew

X ′
¥¬a(|0|0g!pcdmond~°wyg°w_d^�p^Jz}g7p�cd^0p�mhnd~d�!mh�

X ′ = {x′
1, x

′
2, x

′
3, x

′
4, x

′
5} =

{x2, x4.x5, x1, x3}
��£Y^Bw

Ai = {x′
1, ... , x′

i}
� µ�_d^@��uN�0�BqGs�^0a!�uNp^0�2��g7pAa(fhf

Ai, i = 1, . . . , n
a!p�^

|0g!s�idu�wy^0c�p^B|0udp��mxb7^0fxqEa!|B|0g7p�cdmhnd~�wg ¡�ïA� î ¥e�:a(�0ÿ

g(A1) = 0.5

g(A2) = 0.7 + 0.5 − 0.9943(0.7)0.5 = 0.8520

g(A3) = 0.7 + 0.8520 − 0.9943(0.7)0.8520 = 0.9590

g(A4) = 0.8 + 0.9590 − 0.9943(0.8)0.9590 = 0.9962

g(A5) = 0.4 + 0.9962 − 0.9943(0.4)0.9962 = 1.0

¡àï2� ��H!¥

â�mond|0^
n = 5

�
g(A5) = g(X) = 1.0

�¹µ�_d^2�«�¬¨�|0a!n�ndg��$kj^�|Bg7s®iduNwy^BcEud�mond~�¡�ïA�x� ¼ ¥«a!�Bÿ

Eg(h) = (0.7 − 0.6)0.5

+(0.6 − 0.6)0.8520

+(0.6 − 0.5)0.9590

+(0.5 − 0.2)0.9962

+(0.2 − 0)1.0

= 0.64

¡àï2� �!û7¥

ï�|0|Bg7pcNmhnd~>wyg�wy_N^A�«��¨��dwy_d^�a!~7~!p^0~7a(wy^Bc���|0g7p�^�g!�¬ida!p�wmh|0moiIa!n�w
u
mh�

0.64
�

¨}ntwy_dmo�A^Jda(s�idfo^���^\|�a!nNndg!wvuN�^`wy_N^\a!pmxwy_ds®^Bwmh|®a�b7^Bpya!~7^`a!��a�wg�g7f���g7pAa!~7~7p�^0~�a(wmhg7n'g!��wy_N^
ã�udcd~!^0� J ��|0g7p�^0��k¯^B|�a!uN�^�wy_d^���udsÆg!�Dwy_d^�cd^Bnd�mxwymo^0� ∑5

i=1 g (xi) = 3.10 > 1
�¹¨}n�g7pcN^0p«wyg>|Bg7s�iNuNwy^

wy_N^���^0mo~7_�wy^Bc a�b7^Bpya!~!^!�I��^�_Ia�b!^�wg�ndg!ps�a!fhmo�0^§w_d^�cd^0nN�mowmh^B�5a!�

wi =
g (xi)∑5
i=1 g (xi)

¡àï2� ��K7¥
µ�_d^��|Bg7p^B�°a!ndc�wy_d^�ndg7p�s@a(fhmh�B^0c`��^0mo~7_�wy�§a!p^�~7mob!^0n�mhnEµ¬a(kdfh^bH�� ¼ ��µ�_N^2��^0mh~!_�w^0c a�b!^0pa!~7^Ag(�¬wy_N^
ã�udcd~!^0� J ��|0g7p�^0��|�a!n�ndg��$kj^�|0g7s®iduNw^0c�a!�

î �



µ�a!kdfo^YH�� ¼ ÿ©â�|0g7p�^0�5��g7p�iIa!prwymo|0mhida!n�w
u
��p�g7s w_d^Ä\db7^«ã�udcd~7^B��a!ndcEwy_d^Bmhp�|0g!pp^B�ijg7ndcdmond~���^Bmh~7_�w�

Å!udcd~7^
(xi)

â�|Bg7p^
(h (xi))

Z§g7p�s@a(fhmh�B^0c\í¬�ij^0p�wmh��^
(wi)� LN� D L�� ��G

� LN��H L��o�@G
¼ LN� � L��o� ¼
î LN��G LN� �7� D
D LN��G LN� �7� D

Wg(h) =
5∑

i=1

h (xi)wi = 0.5(0.26) + 0.7(0.16) + 0.2(0.13) + 0.6(0.225) + 0.6(0.225) = 0.538

¡àï2� ¼ L7¥
¨��Ywy_N^�ndg7p�s@a(fhmh�B^0c>��^Bmh~7_�w����^Bp^°wgAkj^°|0g7nN�mhcN^0p^Bc\a!��a

λ
zª��ud�0�eq@s®^�a(�udp�^!��w_d^0n

λ = 0
a(ndc\_d^0nN|0^

wy_N^A�«��¨�p^Bcdud|B^0�5wyg�wy_d^���^0mo~7_�wy^0c a�b7^0pa!~7^�¡à��^0^bÆ¹pg7ij^0prw}q}G�mhn���_Ia!iNw^0p5ïA� ¼ ¥J�
µ�_d^va(~7~7p^B~�a(w^0cEp^B�udfxw�g!��wy_d^2�«�¬¨�mh�5_dmh~!_d^0p�wy_da!n�w_Ia(w�g!��wy_d^���^Bmh~7_�w^0c�a�b!^0pya(~7^2kj^0|0a!ud��^Amow

w�a+�!^0�5mon�wg>a!|0|Bg7udn�w�wy_N^�mhnd|Bp^�a(�^0cÉÈ�ö�k ñIõ�g7p«mon`wy_dmo��|�a!��^°wy_d^�mond|0p�^�a!��^0cE^e�ij^0prwymh��^�g!�¸w}��g>g7p�s®g7p^
ã�udcd~!^0���5_dgva!~!p^0^5g7n�a�iIa!p�wmh|Budf�a!p¹��|0g7p�^!�¹µ�_dmo��_Ia!�©g�|B|0udp�p^0c�k¯^B|�a!uN�^�g!�¤w_d^§|Bg7s®iduNw�a�wymhg!n®g(�¤wy_N^
λ
z���ud�B�Bq\cd^Bnd�mxwymo^0����g7p�÷eñ^Êe÷�õ���÷�g!�Dwy_N^���^Bw§g!�Iã�udcd~7^B�

X
�

ÓÕÔÌË OQP\é�Í@ÝpV�é5Ø\Û å`Ý\æ«æ�ç ×jØ�Ù¸éWV�Ú¬êYX
£Y^Bw

h
kj^�a�s®^�a!��udpya!kNfh^���uNnd|Bwmhg7n

h : X → [0, 1]
�7g7nd^�wy_Ia(w�mh�¬g!pcd^Bp^0c���ud|�_>wy_Ia(w

h(x1) ≥ h(x2) ≥

· · · ≥ h(xn)
��£Y^Bw

Ai = {x1, ... , xi} ⊆ X
�5_d^Bp^

X = {x1, . . . , xn}
�Ia¨\Indmxwy^°��^Bw0�©µ�_N^

Ai J �«��g7psa��^0¦�ud^Bnd|0^§g!��nN^0��w^0c��^Bw�
A1, ... , An

���rw�a!prwymond~���pg7s
A1 = {x1}

��a!ndc>wy_d^Bn���udkd��^0¦�ud^0n�wfoq@a!cdcdmond~
^0fo^0s®^0n�wy�

x2

wyg
xn

��g7nd^�a(w�a�wmhs®^`wyg�~7^Bw
An = X

��a!�®s�^Bn�wmhg7nN^0c´^�a!p�fhmh^Bp�mhn´idpg!i¯^Bp�w}q ¼ mon
��_Ia!i�wy^0p®ïA� ���¶£¸^ew

gi = gλ({xi})
kj^\wy_d^E��ud�B�Bq´cd^0nN�mowmh^B�®g(��wy_N^���^Bw

X
�¶µ�_d^ â�ud~!^0ndg���ud�0�eq

mhn�w^0~7pa!f�¡ªâ��¬¨r¥��5mow_�p�^0��i¯^B|Bw�wyg®a>��uN�0�Bq`s�^0a!�udp�^
g
mh��~!mob7^Bn�k�qMúMK(ü¢ÿ

Fg(h) =
∫

X
h ◦ g = supα {t (α, g (Hα))}

¡àï2� ¼ ��¥
�5_d^Bp^

Hα

mh�«w_d^
α
z�|0uNw5g!�

h
a(ndc

t
mh�5a

t
z�ndg7ps��

µ�_d^
α
z�|0uNw¬g!�ja§��ud�B�Bq2�^ew

A
g7n

U
mo��wy_N^«�^ew

Aα = {u|u ∈ U, µA(u) ≥ α}
�5_d^Bp^

µA(u)
mo��w_d^

s®^0svkj^0p��_dmoi���udnd|ewymog7n@g!�
A
�¹¨}n`g7uNp�|�a(�^§w_d^

α
z}|BuNw�g(�

h
mh��wy_d^°��^Bw

Hα = {u|u ∈ X, h(u) ≥ α}
�

¨}n´â�ud~!^0ndg J ��g7p�mh~7monIa!f���g7p�svudf�a���wy_N^ t
z}ndg!ps ud�^Bcl�«a!�vw_d^`s®mhndmosvuds���¨}nlg!pcd^Bp2wyg4uN�^M¡�ïA� ¼ ��¥e�

wy_N^
t
z}ndg7p�s ��_dg7udfoc���g7fhfog��.w_d^�cdmo��wyp�mhkdu�wymob!^vf�a��<udndcN^0p�wy_d^���udidp�^0svuds g7ij^0pya�wyg7p�ú î ü¢�ví¬Na!s®idfh^B�

î�¼



�¬mo~7udp^�ï2�o�!ÿbÆ¹fog!w�g!�
h(x)

b7^0p��ud�
x
�¿Z�g!wy^�wy_da(w�wy_d^

α
z�|0uNw���_dg��5ntmhn4w_dmh�Ä\I~7uNp^>mh�°w_d^���^Bw

Ai

�
µ�_dmo��mo�5a!fh��gvwy_d^

h(xi)
th
z}|BuNw��¹µ�_N^2|Bg7n�wymhn�udg!ud�5|0udprb7^�mh�«��g7p«iNudpijg7�^B�§g(�¬mofhfhuN��wypa(wymog7n@g!ndfoq!�dmª�ì^!�x�dmow

a!|ewyuIa!fofoq�|0g7nN�mh�rwy�5g!��fhmond^0��|Bg7ndnd^B|Bwymond~®cdmh��|0p^ewy^�b(a!fhuN^0��g!�
h(xi)

��g7p
x = {x1, ..., xn}

�

g!���ud|�_
t
z}ndg!ps®�5a!p^�s®mhndmosvuds���iNpg�cdud|Bw0�Ik¯g!udndcd^Bc�cdmx±¤^Bp^Bnd|0^(�:a!ndc�cdpya!�rwymo|�idpg�cdud|ew��

â�mhnN|0^
X
mo�Ä\Indmow^!�

h
_Ia(�2a�w2s®g7�rw

n
cNmo±¯^0p^Bn�w

α
z}|0u�wy��pya!nN~7mhnd~`��p�g7s

H0 = X
wyg

Hheight(H)

�
µ�_d^Ef�a�wwy^Bpvg7ndfxqt|Bg7n�w�a!mond��wy_d^\^Bfh^0s®^0n�w�¡à��¥Aw_Ia(w>p^0a!|�_�wy_d^Es�a��mhsvuds fh^eb7^Bf«g!��wy_d^\��udnd|ewymog7n

h.â�mond|0^
h(x1) ≥ h(x2) ≥ · · · ≥ h(xn)

a!ndc
Aj = {x1, ..., xj} ⊆ X

�N^�a!|�_
Aj ⊆ X

mh�«w_d^
h(xj)

z}|0u�w
g!�

h � wy_�ud�0�D¡�ïA� ¼ ��¥«|�a(n�kj^�^e�idp�^0���^0c4a(�

Fg(h) =

∫

X

h ◦ g = max
j=1,...,n

{t (h(xj), g (Aj))}
¡àï2� ¼ �7¥

�5_dmo|�_�mo�©|Bg7s®iduNw�a�wymhg!nIa!fhfxq��mos�idfo^0p¬w_Ia!n ¡àï2� ¼ ��¥e�¬¨}n��¬mo~�ï2�o��w_d^
h(xi)

th
z�|0uNw�g!�

h
mo�©��_dg��5n��¹µ�_dmo�

mh�«w_d^��^ew
{x1, ... , xi}

�5_dmo|�_���^�_Ia�b7^�cd^=\InN^0c�wg>k¯^
Ai

�©¨}n�a!idiNfhmh|0a(wymog7nd��g!��w_d^2âN�¬¨©wyg>iIa(w�wy^0p�n
p^B|0g7~!ndmowmhg7n�wy_N^

t
z�ndg7ps³s®g7�rw�|Bg7s®s�g7nNfoqvuN�^0c@mh�¹wy_d^§s�mondmhsAuds � _d^0nN|0^!��wy_d^§s�g!��w©|0g7s®s®g7n���g7ps

g!�Dwy_d^2âN��¨�mh��~!mob7^BnEk�q
Fg(h) =

∫

X

h ◦ g =
∨

j

[h(xj) ∧ g (Aj)]
¡àï2� ¼7¼ ¥

�5_d^Bp^5wy_d^«b(a!foud^0��g!�
g(Ai)

a!p�^�cN^Bwy^Bps®mhnd^Bc>p^0|Budp��mob!^0foq�a!|0|Bg7pcdmond~�wyg�¡àï2� î ¥e�¹�¬mo~7udp�^«ïA� �°idpg�b�mhcd^B�
a�~7pya(id_dmh|0a!fdmon�w^0p�idp^ew�a(wmhg7n>g!�jwy_d^§âN��¨��7�5_dmh|�_�a(ww^0s®iNwy�¹wg�\dndc�w_d^5k¯^B��wÄÎ1d;�N÷�õ��N÷eñ�÷�kj^Bw}��^0^Bn@wy_N^
��udnd|ewymog7n�b(a!foud^�a!ndc'w_d^®mhs®i¯g7prw�a!nN|0^®a(wwpmokduNwy^(�`µ�_dmo�2mo���5_d^Bp^®wy_d^`âN�¬¨���udnNcIa!s®^0n�w�a!fofoq cdmo±¯^0p��
��pg!s w_d^��«��¨��¯]"_dmofh^�wy_d^v�«�¬¨5¦�uda!n�wymowya(wymxb7^Bfoq\��^0mh~!_�w��wy_N^2��udnd|ewymog7n�k�q�w_d^�ÏJñ�ôBÐ'mhn�wy_d^A��uN�0�Bq

î7î



�¬mo~7udp^�ïA� ��ÿ#F�pa!id_dmo|�a!f¯mhfhfoud��wpya(wmhg7n�g!�Dwy_d^�|�a(fh|0uNf�a(wmhg7n`g(��w_d^2âN�¬¨

s®^�a!��udp^(�7wy_d^�âN��¨�a(��g�|0mha(wy^B�¹^�a!|�_���udnN|Bwymog7nvb(a!fhuN^��5mow_vwy_d^�|Bg7pp�^0�ijg7ndcNmhnd~�mhs®ijg7p�wya!nd|0^�s�^0a!�uNp^!�
��g7nd��mhcd^Bp2wy_N^���g7p!�(^0prz�idpg�cdud|ewymxb�mxw}qGiNpg7kdfo^0sVmonlâ�^B|Bwymog7n î �áï2��µ�_d^\âN�¬¨B\InNcd�Awy_N^@kj^0��wA|0g7n�z

�^Bnd�uN��k¯^ew}��^B^0n4wy_d^2n�udsvkj^0p�g(����g!p!��_dg7udp��°a!ndc idpg�cdud|ewymob�mxw}q��5_N^0p^0a!��w_d^��«�¬¨�|Bg7s®iduNwy^B��wy_N^
mhs®idp�g�b!^0s®^0n�w�mhn�iNpg�cdud|Bwmob�mow}q���^0mh~!_�w^0c®k�qvwy_d^�n�udsAk¯^Bp¹g!�¤_Ng7udp�B����fh^0a!pfxq7�!w_d^��«�¬¨Ds@a+�!^0��s®g7p^
_d^Budpmo��wymo|��^Bnd�^�mhn\wy_Nmh��¦�uIa!n�wymxw�a(wmob!^���pa!s®^B��g7p!�:�

Z§^J�w0��|0g7nd��mhcd^Bp2w_d^`n�uds®^0pmo|�a!f©^eNa!s®idfo^@mhnlâ�^0|ewymhg!n î � �T�5_N^0p^�ã�udcd~7^B�v�|Bg7p^Bc´ida!p�wmh|0moiIa!n�wy�
a(w2aE�ijg7p�wmhnd~E^Bb!^0n�w��E�5^0|0a!fhf�w_Ia(w�iIa!prwymo|0mhida!n�w

u
_Ia!��g7kNwya!mhnd^Bc�w_d^>�|Bg7p^B�A�_Ng��5nGmhnMµ¬a(kdfh^�H�� ¼

��pg!s wy_N^
5
ã�uNcd~7^0� � cN^0nd��mowymo^0� gλ

g!�©wy_d^
λ−
��ud�0�eqMs�^0a!�uNp^®a!p^�~!mob7^BnMmhn�¡àï2� ��H!¥e�¸a!ndc4w_d^���ud�0�eq

s®^�a!��udp^B�\cd^0ndg(wy^ w_d^4^e�ij^0p�wmh��^�g!��wy_d^>ã�udcd~7^B�0�&µ�_d^4�|Bg7p^B�\g7kNwya!mhnd^Bc¶��g7p`ida!p�wmh|0moiIa!n�w
u
|0a!n

ndg��Tkj^®a!~7~7p�^0~�a�wy^0c'a!����g7fofhg��5�°ud��mhnd~\wy_N^`âN��¨§��g a!��wg�idp�g�cNud|0^®a¿\InIa!f¹��|0g7p�^!�®µ�_d^®�|0g!p^0�2a!p�^
a!~�a(mhn¶p�^0g7p�cd^0p�^0c"�gtw_Ia(w

h(x′
1) ≥ h(x′

2) ≥ · · · ≥ h(x′
n)
�5_d^Bp^

X ′ = {x′
1, x

′
2.x

′
3, x

′
4, x

′
5} =

{x2, x4.x5, x1, x3}
mh��wy_N^�p^Bg7pcN^0p^Bc`�^ew�g(��ã�udcd~7^B�«a!�©mhn�¡àï2� � D ¥e��a!ndc®wy_d^§|0g7p�p^0��i¯g!ndcdmhnN~Acd^Bnd�mxwymh^B�

a!p�^�a!fh��g®p�^0g7p�cd^0p�^0c�a!��mhn'¡�ïA� ��G�¥e��ù��mond~�wy_d^�cd^�\Indmxwymhg!n�g(�Dw_d^2âN�¬¨©mhn'¡àï2� ¼!¼ ¥«a!ndc\wy_N^�|Bg7s®iduNwy^Bc
b(a!fhuN^0��g!�Dwy_d^

g(Ai)
monG¡�ïA� ��H7¥���^Y\dndc�ÿ

î3D



Fg(h) = max [min (0.7, 0.5) , min (0.6, 0.8520) , · · ·

min (0.6, 0.9590) , min (0.5, 0.9962) , min (0.2, 1)]

= max [0.5, 0.6, 0.6, 0.5, 0.2]

= 0.6

]'^°�^B^°wy_Ia(w�wy_d^°a!~7~7p�^0~�a(w^0c`b(a!foud^�g!�Yw_d^°��|0g7p�^0�
Fg(h)

�Na!|0|Bg7pcdmond~Awgvwy_d^°�rw�a(w^0c`��ud�B�Bq@s�^0a!�udp�^
g
ud�mond~`wy_d^®â��¬¨§mo�

0.6
��µ�_d^®âN�¬¨�|0g!s�idu�wy^0�°w_d^�_dmo~7_d^B��w���|0g7p�^>w_Ia(w�s®g7�rw�ã�udcd~7^B��a!~7p�^0^0cMudijg7n

|0g!pp^B�ijg7ndcdmond~�wyg>wy_d^Bmhp�^JNij^0prwymo�^!�
¨}n�~!^0nd^Bpya!f¢�Nwy_d^2�«�¬¨©mh��uN�^0c��5_d^0nEwy_N^�iNpg7kdfo^0s ��pya!s®^B��g7p!��mhn�b7g!fob7^B�5¦�uda!n�wymowya(wymxb7^�s®^�a!��udp^B�

a!ndc�w_d^®âN�¬¨5mo��ud��^0cM�5_d^0nM¦�uIa!fomow�a�wymob!^2s®^�a(�udp�^0�®¡à^(�á~N�o�Y^JNij^0prwymo�^!��a!|0|Budpya!|eq7�Yw�a(fh^0n�w�^Bwy|�¥�cd^=\dnd^
wy_N^�mos�ijg7prw�a!nd|B^�a(w�wypmokduNw^!�¬ï§n®a!ididfomh|�a�wymhg!nA�5_d^0p�^§¦�uIa(n�wmowya(wymxb7^�s®^�a!��udp^B��a(p^«wy_N^�cN^0nd��mowymo^0�B��a(ndc
_d^Bnd|0^�wy_d^2�«�¬¨�mh��ud��^0c��Imo�5cd^0��|0pmok¯^Bc�mon�â�^0|ewymhg!nÑG�� ���

µ�_d^bF�^Bnd^0pa!fhmo�0^BcEâ�ud~7^Bndg®�Iud�0�eq`¨}n�wy^B~7pya!f¹¡�F�âN�¬¨r¥�mo��a!n\^e�w^0ndcd^Bc�b!^0p��mhg!n�g(�Dw_d^�âN�¬¨¹w_Ia(w�mo�
��g7p�s�^Bcv�5_d^0n®^�a!|�_

h(xi)
mh��ndg(w©a°p^�a(fNb(a!fhud^�mhn

[0, 1]
kduNw�mo�¹a°��ud�0�eqvn�udsvkj^0p��5mxwy_dmonvwy_d^�udnNmob7^Bp�a!f

�^ew
[0, 1]

a!ndc��«a!��idp�^0�^Bn�wy^0clk�q�ï�uN^0id_Ia(n��5mopmxq�a���udf¢��^ewAa(fª��ú{�0ü¢�@¨}n�wy_d^®|�a!��^�g(�«wy_d^®n�uds®^0pmo|�a!f
^eNa!s®idfo^§ã�ud��w2idp^B�^Bn�w^0c���mo�©wy_d^�ã�udcN~7^0��_Ia!c��|Bg7p^Bc�w_d^�ida!p�wmh|0moiIa!n�wy��¦�uIa(fhmowya(wymxb7^Bfoqt¡à^!�ì~d�x�¸~7g�g�c��
^e�|B^0fhfo^0n�wJ¥J�Iwy_d^Bn�wy_N^2��|0g7p�^0�§��g7udfoc�w_d^0s®�^Bfob!^0��k¯^���ud�0�eq7�«¨}n�wy_dmo�5|�a!��^�w_d^¨F�âN�¬¨©��g!udfhc�k¯^�ud��^0c
wyg®a!~!~7p^B~�a(wy^°w_d^�û!�|Bg7p^B�0�©µ�_d^�g7uNwiduNw�g!�Dwy_d^bF�âN�¬¨©mh�5avw}q�i¯^Jz�����ud�0�eq\�^ew��

î G
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Ù Ô0Ö Ú é«Ú�ß�Û°ê�Ù¸ßeÛ2Ø ÛY~ÃÜ�ÓÕÔ<y�Ý
]'^Y��ndg��$��p�g7sV¡�ïA� �7¥«a!ndcG¡àï2� ¼ ¥�wy_Ia(w���g!p5a

λ
z���ud�B�Bq\s®^�a(�udp�^

g (A1) = g ({x1}) = g1 ¡	n��o��¥

g (A2) = g ({x1, x2}) = g ({x1} ∪ {x2}) = g1 + g2 + λg1g2 ¡	n�� �!¥

g (A3) = g ({x1, x2, x3}) = g ({x1, x2} ∪ {x3}) = g (A2) + g3 + λg3g (A2)
¡	n�� ¼ ¥

�Ipg7sË¡4n��x��¥J�¸¡4n�� �7¥J�:a!ndc'¡4n�� ¼ ¥�a!ndcE^J�wpya!ijg7fha(wymond~vwyg
n
�d��^Ä\Indc

g (An) = g (An−1 ∪ {xn}) = gn + g (An−1) + λgng (An−1)
¡	n�� î ¥

Z§g(wy^�wy_Ia�w
g (An) = g (X) = 1

�Ia!nNc
g (A0) = ∅ = 0

¡�k�q\cd^=\dndmowmhg7n:¥ � wy_N^0p^e��g7p^(�d��^�|0a!n��rw�a(w^�mhn
~7^Bnd^0pa!f�wy_Ia�w

g (Ai) = g (Ai−1 ∪ {xi}) = gi + g (Ai−1) + λgig (Ai−1)
��g7p

1 ≤ i ≤ n
¡4n�� D ¥

î H



Ù Ôyä Ú é«Ú�ß�Û°ê�Ù¸ßeÛ2Ø ÛY~ÃÜ�ÓÕÔ�ÞßÝ
í¹¦�nl¡4n§� �7¥�|0a!n�k¯^°�5p�moww^0n�a!�

g (A2) =
2∑

j=1

gj + λg1g2 ¡	n���G7¥
à�udfxwymoidfoq�mhnN~�a!ndc�cdmob�mocdmhnd~Ak�q

λ
a!ndcEwy_d^Bn a!cNcdmhnd~>a(ndc���udkNwpya!|ewymhnN~

1
��^�~7^Bw

g (A2) =

(
1

λ

)[
1 + λg1 + λg2 + λ2g1g2 − 1

] ¡	n��¡H!¥

=

(
1

λ

)[(
1 + λg1

) (
1 + λg2

)
− 1
] ¡	n�� û7¥

=

(
1

λ

)[ 2∏

i=1

(
1 + λgi

)
− 1

] ¡	n���K7¥
â�mos�mof�a!p�foq7�7��g!p

g (A3)
�N�udkd�rwymxwyuNwmhnd~�¡4n§��K�¥«mon�¡4n�� ¼ ¥e�d��^��^B^�w_Ia(w

g (A3) =

(
1

λ

)[ 2∏

i=1

(
1 + λgi

)
− 1

]
+ g3 + λg3

((
1

λ

)[ 2∏

i=1

(
1 + λgi

)
− 1

]) ¡4n§�o�@L7¥

=

((
1

λ

)[ 2∏

i=1

(
1 + λgi

)
− 1

])
(
1 + λg3

)
+ g3 ¡4n§�o�7��¥

=

(
1

λ

)[ 3∏

i=1

(
1 + λgi

)
]
−

(
1

λ

)(
1 + λg3

)
+ g3 ¡4n§�o���!¥

=

(
1

λ

)[ 3∏

i=1

(
1 + λgi

)
− 1

] ¡4n§�o� ¼ ¥
�Ig7p

n = k
�N��^Aa(��uNs�^�wy_da(w

g (Ak) =

(
1

λ

)[ k∏

i=1

(
1 + λgi

)
− 1

] ¡4n§�o� î ¥
Z§g����d��g7p

n = k + 1
�N��^�_Ia�b7^@¡¢a!|B|0g7p�cdmhnd~vwg�¡	n�� D ¥¥

g (Ak+1) = gk+1 + g (Ak) + λgk+1g (Ak)
¡4n§�o� D ¥

î û



=

(
1

λ

)[ k∏

i=1

(
1 + λgi

)
− 1

]
+ gk+1 + λgk+1

((
1

λ

)[ k∏

i=1

(
1 + λgi

)
− 1

]) ¡4n§�o�@G7¥

=

((
1

λ

)[ k∏

i=1

(
1 + λgi

)
− 1

])
(
1 + λgk+1

)
+ gk+1 ¡4n§�o��H!¥

=

(
1

λ

)[k+1∏

i=1

(
1 + λgi

)
− 1

]
−

(
1

λ

)(
1 + λgk+1

)
+ gk+1 ¡4n§�o��û7¥

=

(
1

λ

)[k+1∏

i=1

(
1 + λgi

)
− 1

] ¡4n§�o�@K7¥
�Ipg7sË¡4n���K�¥��D¡	n��o� î ¥e�¸¡	n��x�@K�¥«a!ndcEwy_N^�mondcdud|ewymog7n\_�q�ijg!w_d^0��mh�0�I��^�|0g7nd|BfhudcN^�w_Ia(w

g (An) =

[
n∏

i=1

(
1 + λgi

)
− 1

](
1

λ

)
, λ 6= 0

¡	n�� �+L�¥

Ù Ô�N Ú é«Ú�ß�Û°ê�Ù¸ßeÛ2Ø ÛY~ÃÜ�ÓÕÔ�áßÝ
�Ipg7sVw_d^`cd^�\Indmowmhg7n'g!��wy_N^@��ud�0�eqts®^�a!��udp^4¡à�^B^M¡àï2�o��¥¥2a(ndc�¡àï2�¡H7¥J�¬��^\_Ia�b7^

0 < gi < 1
a!ndc

g(X) = g(An) = 1
���:p�g7sV¡�ïA� î ¥e����^�~7^Bw

g(Ai−1) =
g(Ai) − gi

(1 + λgi)

¡4n§� ����¥
]"_d^Bn

i = n
�D¡4n�� ����¥�kj^0|Bg7s®^0�

g(An−1) =
1 − gn

(1 + λgn)

¡4n§� �7�!¥
â�mond|0^

λ > −1
�
0 < g(An−1) < 1

a!nNc�|Bg7nd�^B¦�ud^0n�wyfxq
0 < g(An−2) < 1

úìk�q>�uNkd��wmowyu�wymhnN~
i = n−1mhn�wgM¡4n�� ����¥}üª��â�mhs®mhfha!pfxq7�

0 < g(Ai) < 1 ∀i
��í¹¦�uda!fhmxw}q mo��g7kNwya!mhnN^0c �5_d^Bn

i = 1
�¯mª�ì^!�x�

g(An) = 1ú k�q'¡�ïA��H>¥Lü¢�

Ù Ô<y Ú é«Ú�ß�Û°ê�Ù¸ßeÛ2Ø ÛY~ÃÜ�ÓÕÔ0Ö¸yUÝ
í¬�iIa!ndct¡àïA�x� ¼ ¥���g!p

k − 1
a!ndc

k
a(�5��g!fhfhg��5�Bÿ

î K



Eg(h) = · · · + g (Ak−1) [h (xk−1) − h (xk)] + g (Ak) [h (xk) − h (xk+1)] + · · ·
¡	n�� � ¼ ¥

��g7fofh^0|ew�wy^Bps®�«�5mowy_
h(xk)

a!�«wy_d^�|Bg7s�s®g7n\�àa!|ewyg7pB�Nwyg>g7kNwya!mhn

Eg(h) = · · · + h (xk−1) g (Ak−1) + h (xk) [g (Ak) − g (Ak−1)] + h (xk+1) [−g (Ak)] · · ·
¡4n§� � î ¥

�5_dmo|�_��5_d^Bn ��uds�s®^0cEfo^�a!cd�«wg�¡àïA�x� î ¥J�

Ù ÔÌË Ú é«Ú�ß�Û°ê�Ù¸ßeÛ2Ø�ëÅÛY~ÃÜ�ÓÕÔ0Ö�ËbÝTê2ØEÜ Ü�ÓÕÔ0Ö©ÞßÝ
£Y^Bw

Z = {z1, . . . , zn}
��ud|�_'w_Ia(w

z1 = xn, z2 = xn−1, ... , zn = x1

��n�^B|�a!uN�^
h(x1) ≤ h(x2) ≤

· · · ≤ h(xn)
�Dmow���g7fofhg��5�°wy_Ia�w

h(z1) ≥ h(z2) ≥ · · · ≥ h(zn)
�@µ�_dmo�2g7nN^ez�wg(z}g!nd^>|0g7p�p^0��i¯g!ndcd^0nN|0^

kj^Bw}��^0^0n
X
a!ndc

Z
|�a!n�kj^��ij^0|0m]\I^0cEk�q`w_d^�p^0fha(wymog7n

xi = zn−i+1

����^Bidf�a!|Bmhnd~
x
k�q

z
mhn�¡�ïA�x�@G�¥e�

��^Y\InNc

Eg(h) =

n∑

i=1

g ({zn−i+1, zn−i, ... , z1}) [h (zn−i+1) − h (zn−i+2)]
¡4n§� � D ¥

£Y^Bw�wymhnN~
j ≡ n − i + 1

�Ia!ndc
Bj ≡ {z1, ... , zj}

�D¡4n§� � D ¥�|�a!n�k¯^�^J�idp^B��^BcMa!�0ÿ

Eg(h) =

n∑

j=1

g ({zj, zj−1, ... , z1}) [h (zj) − h (zj+1)]
¡4n§� ��G7¥

=
n∑

j=1

g (Bj) [h (zj) − h (zj+1)]
¡4n§� ��H!¥

�5_dmo|�_�mh�5mhn�^eNa!|ewyfxq�w_d^���g7psÅg!�5¡àïA�x� ¼ ¥J�«µ�_dmo�§idp�g�b7^0�§wy_Ia(wv¡àï2�o�âG�¥5mo��a®��g7p�sÆwy_Ia(w§mh�5^B¦�uNmob(a!fh^Bn�w
wygEwy_N^@�«��¨�mhn�¡�ïA�x� ¼ ¥e�®�¬monIa!fofoqt¡àïA�x�@G�¥�mo��^0¦�udmob(a!fo^0n�w�wygG¡àï2�o� D ¥�k¯^B|�a!uN�^

X = {x1, x2, . . . , xn}a!ndc
Ai = {x1, x2, . . . , xi}

a!nNc���gd�
g (X − {Ai−1}) = g (xi, xi+1, ..., xn)
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h(xi)
��g7p5a!n�q

i
�Nmª�ì^!�

∂Eg(h)

∂h(xi)
= g(Ai) − g(Ai−1)

¡¢���o��¥
ù§��mhnd~�¡�ïA� î ¥�wyg®^e�iIa!nNc

g(Ai)
�¸¡ª���x��¥«|�a!n�kj^�^J�idp^B��^Bc4a!�

∂Eg(h)

∂h(xi)
= gi + λgig(Ai−1) = gi (1 + λg (Ai−1))

¡ª��� �7¥
n�^B|�a!ud��^

gi > 0
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0 ≤ g (Ai) ≤ 1

a!ndc
λ ≥ −1,

wy_d^�^JNiNp^0���mog7n
gi (1 + λg (Ai−1)) ≥ 0
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�

RÅÔyä æ.Ú�ÛY{4é«Ú�Ù:ç ä
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gi = 1
��g7p2a!fof

i = 1, 2, ... , n,
w_d^0n

g(Ai) = 1
��g7pAa(fhf

i = 1, 2, ... , n
¡���p�g7s ¡àï2�¡H!¥2a!ndc

¡àï2� î ¥¥ � wy_d^Bp^B��g!p^!�Iw_d^��«�¬¨�kj^0|Bg7s®^0�2¡àud��mhnd~�¡�ïA�x� î ¥¥

Eg(h) =
n∑

i=1

h (xi) [g (Ai) − g (Ai−1)] = h (x1)
¡¢��� ¼ ¥

�mond|0^
g(A0) = 0

��n�^0|0a!ud�^
h(x1) ≥ h(x2) ≥ · · · ≥ h(xn)

�Imxw«��g7fhfog��5��wy_Ia�w

h(x1) =
s@a�

(h(x1), h(x2), . . . , h(xn))
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]"_d^Bn
gi = 0

��g7p�a!fhf
i
�dwy_d^Bn��

g(An) = 1, g(Ai) = 0
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i 6= n
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Eg(h) =

n∑

i=1

h (xi) [g (Ai) − g (Ai−1)] = h (xn)
¡¢��� D ¥

n�^B|�a!ud��^
h(x1) ≥ h(x2) ≥ · · · ≥ h(xn)

�Imow«��g!fhfhg��5��w_Ia(w

h(xn) = min (h(x1), h(x2), . . . , h(xn))
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0 ≤ gi ≤ 1
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g(An) = 1
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0 ≤ g(Ai) ≤ 1
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i
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s�a��mhsvuds b(a!fhuN^�g!�
h(x1)

mo��g7kNw�a(mhnd^Bc�g!ndfoq��5_d^0nGa!fhf¬w_d^>cd^0nN�mow}q b!a(fhud^B�2a(p^>g7nd^(�Dmon�a!fhf�g(wy_d^Bp
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Eg(h) ≤ x qwv�x ��â�mos�mof�a!p�foq!� x qsrut ≤ Eg
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g(An) = 1,
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h(xn+1) ≡ 0

�d��^�_Ia�b!^

Eg(h) =
n∑

i=1

g (Ai) [h (xi) − h (xi+1)] = g (An) h (xn) = h (xn) = c
¡ª����H7¥

�mond|0^�a!fof¯w_d^�g!wy_d^Bp�wy^0p�s��«b(a!nNmh�_�kj^0|�a(ud�^�wy_d^
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h2
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∫

X

h1 ◦ g = Eg(h1) =
n∑

i=1

h1 (xi) [g (Ai) − g (Ai−1)] = h1 (x1) a1 + h1 (x2) a2 + · · ·+ h1 (xn) an

≤ h2 (x1) a1 + h2 (x2) a2 + · · ·+ h2 (xn) an =
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h2 ◦ g
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X
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B = {x1, ... , xl} ⊂ X
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C = {x1, ... , xm}
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l < m ≤ n
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∫

C

h ◦ g =

m∑

i=1

g (Ai) [h (xi) − h (xi+1)]
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l∑
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g (Ai) [h (xi) − h (xi+1)] +
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g (Ai) [h (xi) − h (xi+1)]
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B
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h ◦ g
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g(Ai) ≥ 0
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j=1

gj

] ¡¢���o�7��¥
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�5_dmo|�_tmh��a���^0mo~7_�wy^Bcla�b7^0pa!~7^(��¨}n'wy_d^®�ij^0|Bm_\I|�|�a!��^��5_d^Bntwy_d^®cd^0nN�mowmh^B�Aa!fof¹^0¦�uIa!f

1/n
��¡¢���o���7¥

�mos�iNfhm_\d^0����udprwy_d^Bp«wygdÿ
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g(Aj) = gj + g(Aj−1) + λgjg(Aj−1) = g(Aj−1)
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Eg(h) =
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