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Recursive Method for Computation of Cumulants: Part I

Matrix Formulation for Third-Order Diagonal-Slice Cumulants

Abstract

Recursive third-order diagonal-slice cumulant computations for both stationary and non-stationary
systems are derived that are based on a state-space model. The connection between stationary and
non-stationary cumulant computations is also considered; it depends upon the assumption of a stable
system. An ARMA model is given as an example which shows computational aspects of the methods.
Results are also verified by analysis of AR and MA models. Simulations are included.

1. Introduction

Cumulants have made it possible to identify non-minimum phase and non-causal systems. An overview of
cumulant applications can be found in [1]. How to compute cumulants effectively is the problem that we

address. In this report, we present a method for computing third-order cumulants recursively.

In this report, we concern ourselves with a single-input/single-output system expressed in state-space
format, as
z(k +1) = S=(k) + rw(k) (1)

Measurement y(k) is related to (k) by means of the measurement equation
y(k) = b7 2 (k) + v(k) (2)

where z(k) is the state vector with n elements. We assume that the model represented in Eqs.(1) and (2)
is time-invariant, and additionally, v(k) and w(k) are white random signals that are mutually independent.

Without loss of generality we assume that
E{x(k)} =0. 3)



In practice, if E{x} # 0 then we must first transform ®(k) to a zero mean vector, by using the known mean;
ie., we let

z(k) = =(k) - E{z(k)}

In the following sections of this report, we discuss the computation of 3rd-order cumulants. The 3rd-order

cumulants of a system output are defined as
c(k;m,s) = E{y(k)y(k + m)y(k + 5)} (4)

In many cases, one sets m = s (eg. [2],[3],{4]). We will use c(k; m) to represent this kind of diagonal slice

1-D cumulant, i.e.,

c(k;m) = E{y(k)y*(k + m)} (5)

2. Cumulant Computations for Stationary Systems
In this section, we assume that our system is stationary, and that

E{v®(k)} = o2

E{w’(k)} =0}
and
E{w(k)w(m)w(s)} = { Tw k= m'= s
0 otherwise
In the stationary case, c(k;m) does not depend on £, i.e.,
ofk; m) — c(m) = E{y(E)y*(k +m)} (©)

We now proceed to evaluate ¢(m) for the state-variable model in (1) and (2).

A. Recursive Formulas

From Egs.(6) and (2), we have

o(m) = E{y(k)y’*(k+m)}
= E{[hTz(k) + v(k)][hT z(k + m) + v(k + m)]*}
=  E{[hTz(k) + v(k)][hT =(k + m)hTz(k + m) + v?(k + m) + 2hT z(k + m)v(k + m)]}
= E{hTz(k)[hTz(k + m)]? + AT z(k)v?(k + m) + 2hT 2(k)hT =(k + m)v(k + m)
+o(k)[RT 2(k + m))? + v(k)v?(k + m) + 2v(k)RT 2(k + m)v(k + m)} (7



Applying the stationarity assumptions about v(k) and w(k), as well as the fact that m, = 0, to Eq.(7), we
find

e(m) = E{hTz(k)[AT2(k + m)]’} + o2hTm, + 2hT E{z(k)hT 2(k + m)v(k + m)}
+E{v(k)[hT z(k + m)]*} + E{v(k)v*(k + m)} + 2026(m)hTm,
E{hTz(k)[AT 2(k + m))*} + E{v(k)v?(k + m)} (8)

Observe that

E(3 hias(B (i + m)}’}

i=1

= KT ) hE{zi(k)z(k + m)z" (k + m)}h (9)

=1

E{hTz(k)[ATz(k + m)]’}

Since z(k) is stationary, we can also represent Eq.(9) as (useful, later, when m < 0)
E(hTz(k)hT=(k +m)’} = E{(hT2(t)hT=(k - m)}
= AT hiB{zi(k — m)=z(k)=T (k)}h (10)

i=1
For notational convenience, we define the state cumulant matrix C§(m), as

Ci(m) = E{zi(k)z(k+m)zT(k+m)}
= E{zi(k - m)z(k)="(B)}; (11)
consequently, Eq.(8) can be written as
n
e(m) = AT Y~ h,Ci(m)h + E{v(k)v*(k + m)} (12)
=1
Next, we show how to compute C¥(m) recursively with respect to m. For convenience, we divide the
computation into two cases: m > 0 and m < 0.
Case 1. m > 0. We begin with the equation
C3(m) = E{zi(k)z(k + m)zT (k + m)}
Considering Eq.(1), we obtain:
Ci¥(m+1) = E{zik)z(k+m+1)2T(k+m+1)}
=  E{zi(k)[@z(k+ m) + rw(k + m)][F=(k + m) + rw(k + m)]T}
= E{zi(k)®z(k+m)zT(k + m)é7}
+BE{zi(k)x(k + m)w(k + m)}rT
+rE{zi(E)w(k + m)zT (k + m)}&T
+rE{z;(k)w(k + m)w(k + m)}rT
= SE{zi(k)z(k + m)zT (k + m)}®T +rrTm. 0l

3
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hence,

Ci(0) E{[]z1 #ijz; (k) + riw(k))[@2(k) + rw(k)][Bz(k) + rw(k)]T}
i1 $ii B E{z;(k)z(k)zT (k)}8T + Y7, 6i; 8 E{z;(k)z(k)w(k)}rT
+ Lo Sir E{z(k)w(k)z(k)}8T + 17, éijr E{z;(k)w(k)w(k)}rT
+r:BE{w(k)z(k)2T (k)}&7 + i@ E{w(k)z(k)w(k)}rT

+rir E{w(k)w(k)2T (k)}$T + rivorr?

j=1 $i P E{zj(k)z(k)=T ()} 87

+rivurr?
Let
D; = riverr’;
then,
n
ci(0)= E ¢.‘j§C}’(0)§T + D;
i=t
ie. ) _
1(0)
Ci(0)=[¢u® ¢n® - ¢ind] . & +D;
| C50) |
Setting ¢ € {1,2,...,n} in Eq.(21) and collecting the results, we have the n? x n matrix equation
3(0) $108 $1aF - b1a8 | [ CIO) ] [ D, |
c3(0) $2.P $228 - 2P c30) | p D,
. = . . . . ¢+ .
R C:(O) J L ¢n,l§ ¢n,2§ ¢n,n¢ 4L C:(O) i L D, i

Eq.(22) is a special form of the linear equation,
A4, XB,+A:XB,=C

which can be easily solved [5] for C7(0), { =1,2,..-,n.

(19)

(20)

(21)

(22)

(23)

For a stable system, Eq.(22) can be solved in a more straight forward way. Actually, when the system is

assumed to be stable, the eigenvalues of matrix & are all inside the unit circle; also, the eigenvalues of the

n? x n? matrix, # ® $, the Kronecker product of the matrix &, are all inside the unit circle(see [8]). Noticing



that } -
61,F G129 - 1P

0219 22@ - P3P
. ) i =PQP

R ¢n,1¢ ¢n,2§ ¢n.n¢ B
and letting C7(0) denote the jth iterative result, we rewrite Eq.(22) as

[ ci(oy+ ] [ 3oy | [ D, ]

20y +? 3(0y D

2(') PP 2? Y o7 4+ .2 (22)
| 30y | | cz(0y | | D, |

Then, since both & and & ® & have their eigenvalues inside the unit circle, with any initial guess C7(0)°,
we can solve Eq.(22') iteratively and be guaranteed that

C;(0) = C} (0¥
for j > N where N is a sufficiently large number.
Note: In the stationary case, the assumption E{z(0)} = 0 is not necessary. Since
E{z(k)} = E{=(k + 1)}
from Eq.(1), we find
E{z(k)} = #E{z(k)},

which leads to the conclusion
E{=(k)} =0.

3. Cumulant Computations for Non-Stationary Systems

All the analyses in Section 2 are based on the assumptions that the system and input signal are stationary.
In this section, we analyze the non-stationary case.
The system model is still in the form of Egs.(1) and (2). Now, however, v(k) and w(k) are assumed to
be non-stationary white, with
E{v*(k)} = a3(k)
E{w*(k)} = o} (k)

and

w k p— —e
E{w(k)w(m)w(s)}:{ Z (k) k=m=s

otherwise

6
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Analogous to Eq.(12), we have

c(k;m) = KT zﬂ: hiC7 (k;m)h + ¢y (k; m) (24)
i=1
where
co(k;m) = E{v(k)v*(k + m)} (25)
and
Ci(k;m) = E{z;(k)z(k + m)zT (k + m)} (26)

Note that if measurement noise v(k) is Gaussian, then C,(k;m) = 0. As in the stationary case, the main
problem is to find a recursive representation for Cj(k;m). Because of the non-stationary nature of z(k),

recursions can be with respect to variables k or m.

A. Computing C7(k + 1;m) in Terms of C{(k;m)

Considering the equations

zi(k +1) =) dijz;(k) + riw(k)

j=1
and
z(k +m + 1) = S2(k + m) + rw(k + m),

it follows that .
zi(k + Da(k +m+ DT (k+m+1) =) dijz; (k) + riw(k)]
i=1

[Bz(k + m)2T (k + m)®T + Sz(k + m)rTw(k + m)
+rw(k + m)zT (k + m)®T + rrTw?(k + m)]

= Yo diszi(k)@(k +m)zT(k + m)®T
+ E;—'=l dijz;(k)Bz(k + m)yrTw(k + m)
+ 372, diizi(k)yrw(k + m)27 (k + m)87
+ 5y iz (kyrrT w?(k +m)
+riw(k)Bz(k + m)zT (k + m)ST
+riw(k)Pz(k + m)rT w(k + m)
+ryw(k)rw(k + m)zT (k + m)&T
+rw(k)rrTw?(k + m);



hence,

Ci(k+1;m) = Y0, ¢i;BE{zj(k)z(k +m)zT (k + m)}dT
+ 51 9 8E{z;(k)z(k + m)w(k + m)}rT
+ 37 dir E{es(kyw(k + m)aT (k + m)} 8T
+ ie1 Bij E{zj(k)w?(k + m)}rrT
+r;BE{w(k)z(k + m)zT (k + m)}&7
+ri B E{w(k)z(k + m)w(k + m)}eT
+rir E{w(k)w(k + m)zT (k + m)} &7
+r; E{w(k)w?(k + m)}rsT

(27)

The first term on the right-hand side of Eq.(27) can be expressed as

Zn: $i; B E{z;(k)2(k + m)zT (k + m)}&T = i $i; BCF (k; m)BT
i=1 i=1

We let all the other terms on the right-hand side of Eq.(27) equal @;(k;m); i.e.,

Oi(k;m) = Y5, b BE{z;(k)z(k + m)w(k + m)}»eT
+ X7y i5r E{zj(Fyw(k + m)zT (k + m)} 87
+ X1 64 B{zj(k)w?(k + m)}rrT
+r; @ E{w(k)z(k + m)zT (k + m)}#7 (28)
+ri B E{w(k)z(k + m)w(k + m)}rT
+rir E{w(k)w(k + m)2T (k + m)} 8T
+r E{w(k)w?(k + m)}reT

Consequently,

Cilk+1;m)= inﬁ.—,@C}’(k;m)ﬁT + O;(k;m) (29)
j=t

In Eq.(29) k£ > 0 when m > 0 and k¥ < —m when m < 0, because the argument of z(k + m + 1) must be
> 0, or else we assume z(k+m+1)=0.

In order to obtain a simplified @;(k; m), we analyze it by considering three cases.
Case 1. m > 0: From the assumptions for the system model, it is obvious that the all terms on the

right-hand side of Eq.(28) vanish except the fourth term, so that
O;(k;m) = rivw (k)™ rr? (™) (30)

In deriving Eq.(30), we have expressed z(k + m) as a function of z(k).

Case 2. m =0 : In this case, only the last term in Eq.(28) is non-zero, so that

O;(k;0) = rivu(k)rrT (31)

3



Case 3. m < 0 : This is the most complex of the three cases. Observe that

1
z(k) = 8~"z(k+m)+ > Flrw(k - i)

i=—m

so that z;(k), the jth element of vector z(k) is

[=(k));
(B2 (k +m)); + [Tio_, & rw(k - i));
([B™);2(k +m) + i, [#)rw(k - i)

zj(k)

where [A]; indicates the jth row of matrix A. Note that z(k + m) is independent of w(k + m) and w(k), so
all the terms vanish except the 3rd term of Eq.(28) which is

n
3rd term = Z 6i; [Py (k + m)reT
i=1

i.e., in this case:

@;(k;m) = yo(k + m)(z ¢i; 8~ r)reT (32)
j=1

From Eq.(29), we observe that we must know the initial matrix C}(0; m) before the recursive computa-
tions can begin. It is extremely difficult for us to know cumulant values before we obtain a measurement of
y(k) or z(k), since there is no observed values for y(k) and =(k) , when k < 0. Fortunately, we have the

following result.

Proposition 1. If the system represented in Egs.(1) and (2) is asymplotically stable, then, for large k,

C?%(k;m) is independent of initial conditions C(0; m).

Proof: By the assumption of system stability, we know that
lim &* =0
k=00

In practice, we can always consider
=0

when kB > N, where N is a sufficiently large number. By Eq.(29) (see Appendix A for a derivation of
Eq.(33)),

Ci(m) = Yja,6i8C;(k - 1;m)PT + Ou(k — 1;m)
= z:;"x=1 2;z=1 o E?.:l Bijs Piria " Pinorin &* C';". (0; m)(gk)T (33)
+0;(k —1;m) + Z;-:=l ¢, PO;, (k- 2; m)@r 4+

- k-
+ Z:i::t Z?z:l Tt Z;"n-n =1 9651 Pirin - ¢fn-:iu-x§k 19}'1:-:(0: m)(& l)T

9



When k is very large, then $* = 0; hence, (®*)i; = 0. Because
n n n
@)= D $iibisia- bianaii
1=1ja=1 jaci=1
then,

n
1st term in Eq.(33) = z (®*)ij " C; (0;m)=0
ja=1

All the other terms in Eq.(33) are independent of C7(0; m); therefore, the proposition is proved.

B. Computing Cf(k;m + 1) in Terms of CF(k;m)

As in the stationary case, we divide the computations into two cases:

Case 1. m > 0. The recursive formula is similar to Eq.(13), i.e.,
Ci(k;m+1) = $CF(k;m)d7 (34)

As mentioned above, £ > 0.

Case 2. m < 0. Let ' = &+ m, then
C3(k;m) = C3(K' — m;m) = E{z;(K — m)z(k")2T (k')} (35)
and, similar to the derivation of Eq.(15), the recursive formula is
n
Ci) —(m-1);m-1)= z&,}Cf(k’ — m;m),
i=1

ie.,

Ci(k+1,m-1)= i:éﬁcf(k; m) (36)
j=1

If C§(k;m) is given, we can recursively compute the values of C7(k + 1;m — 1) by Eq.(36). Again, k > —m
is the constraint of this case.

If & is non-singular, then from Eq.(29), Eq.(36) can be reexpressed as
C%#(k;m — 1) = $~(CF (k;m) — O;(k; m)][#~1]T (37)

where @;(k;m) is given by Eq.(32). Whereas Eq.(36) is doubly recursive, Eq.(37) is only recursive in m.
The price paid to use Eq.(37) is computation of $~1.
Note: When the variable k is very large, C7(k; m) reduces to the results in the stationary case; i.e.,

Eq.(34) reduces to Eq.(13) and Eq.(36) reduces to Eq.(15), because C§(k;m) no longer depends on k.

10



4. Examples

In Sections 2 and 3 we developed recursive formulas for cumulant computations. In this section we give
some examples for stationary systems. Specifically, we illustrate the computation of C3(m) for the following
ARMA model [6):

y(t) +ary(t = 1)+ - +apy(t — p) = byw(t — 1) + baw(t = 2) + - - - + byw(t — p) + v(t). (38)

AR and MA models are also analyzed.

A. ARMA Model Example

The ARMA model, in Eq.(38), can be represented in state-variable canonical form, as in Eqs.(1) and (2)[7],

where _ .
0 1 0 0
0 0 1 0
&= :
0 0 0 1
| —ap, =61 —Gp_; -ay |
o - b -
0 bp-1
r=|:|,andh= :
0 bs
[ 1] | b

From Eqs.(13) and (15), we find that, for m > 0

?(m + 1) = $C(m)37T (39)
whereas, for m < 0
3 . .
Ci(m—1)= Cip(m) when i < p; (40)
- Y f=18p-j+1Cj(m) wheni=p
For the ARMA model, Eq.(22) simplifies to
Ccto) | [ o & 0 - 0 0 c%(0)
£(0) 0 0 & .- 0 0 C%(0) 0
o= : ' P S
C:_y(0) 0 0 0 - 0 & cz_,(0) 0
C;(0) | | —ap® -0, 1P —ap2® - —a® -—ad || C;(0) | | S

11



where

0 00
S=v
0 .00
=3 0 1 -
Consequently, for i < p,
Ci(0) = #Cip, (02" (41)
and
Ci(0) =-3% e in®Ci(0)87 +5

P i T {1 (42)
=-Yr  ad'C;(0)(F)T +5

Comparing Eq.(42) with Eq.(22), we now to need solve a lower-order linear equation, since the unknown
variables are reduced from p® to p?. The following numerical iterative method can be used to solve Eq.(42),
if & has all its eigenvalues inside the unit circle. Let C7(0)” be the nth iterative result; then we propose to

solve Eq.(42) by the following recursive formula,

Cz(0)*+! - ad CIOM(E)T +S

=1

S — &[a, CZ(0)" + $[a2C5(0)" + B[ - - [3,-1C5(0)" + $an, C5(0)"3"] - - |87 |87 )87

The right-hand side of this equation can easily be computed as it is another iterative form. Convergence of
this procedure is obtained when n > N, where N is a large enough number, because & is a matrix with all
its eigenvalues inside the unit circle. In this procedure we only have nth order matrix computations, because
C7(0) is an n x n matrix.

In this example, ¢(m), given in Eq.(12), can be expressed as

b?
P by
o(m)={b by_y --- by 1D bpoisaCi(m) [ ~ " |+ E{u(k)*(k +m)) (43)
=1
- bl -l

B. MA Model Analysis
The MA model is a special case of the ARMA model, when a; =0,i=1,2,---,p, and
0 of

where I,_; is a (p — 1) x (p — 1) identity matrix. The purpose of this example is to demonstrate that
our formulas for calculation of ¢(m) reduce to those given in [4], which were obtained by using the impulse

response of the MA model.

12



For representation convenience, we assume S; to be a p x p matrix whose elements are all zero except

the #ith element, [Si)i; = 7. Additionally, we define S; =0 when i <0,0ri >p. Wheni<p

T
0 I,_ 0 I,_

Si.1= =1 s, p-t ;
0o o7 0o of

then, from Eqs. (41) and (42), the initial matrices become

C;(00) = S=S§
C5-1(0) = Sp-1 (44)
ci(0) = S
Using Eq.(44), the computation of Cj(m) is easy. For the case m > 0, from Eq.(39),
Ci(m)=Si_m (45)
For the case of m < 0, from Eq.(40), we have
Ci(m) = Sitim| = Si—m (46)

Combining Eqs.(45) and (46), we have a common result suitable for both m < 0 and m > 0, namely,

Ci(m) = Si_m (47)
Inserting Eq.(47) into Eq.(43), we obtain
b |
4 bp—1 .
c(m) = Z bp_itr[ by bpoy - b }Si—m . + E{v(k)v’(k + m)} (48)
i=1 :
- bl -
ie.,
"‘”'“(P-P-m)
cm)y=vw D,  bimbi+ E{v(k)v*(k+m)} (49)

izmaz(l,-m)

which is the same as Eq.(3.26) in {4], when, as assumed in [4], v(k) = 0.

13



C. AR Model Analysis

For an AR model, the coefficients of Eq.(38) have ; =1 and §; =0 for i = 2,3,...,p, in which case

m)=[0 - 0 11C5m) | | +E(kpw?k+m) (%)

Considering m < 0, from Eqs.(40) and (43’), we know

¢(-1) -~ E{v(k)v?(k — 1)} [C;(-l)]pp =[Coo1(=2)pp = -+ = [CT(-P))pp
c(-2) = E{u(k)v*(k~2)} = [CF(=2))p =(C3(~P)lpp
o(-3)-E {”(k)"z(k -3)} = [C:(-a)]pp = [Cg("P)]w (50)

c(—p) — E{v(k)v?(k — p)}

Consequently,

[Co(=P)lps

o(=p—1) = E{v(k)v*(k —p-1)}

[C:(-P = Dlpp

= =1 0p-i11[C5 (P))pp

= —=YF_;8p-js16(—J)

+ 2721 Gp—j 1 E{v(k)v?(k - 7)}

[Co(—p—2)]pp

= =Y (== 1) (51)
+ 301 dpejrr E{u(k)v?(k = j — 1)}

o(~p = 2) = E{v(k)v’(k —p-2)}

o(—p—i) - E{o(k)’(k—p—i)} = -3  apjpe(—-j—i+1)
+ E;":l ap-jr1 E{v(k)v?(k - j — i+ 1)}

which is similar to Eq.(3.38) in [4). When v(k) = 0, then it exactly matches Eq.(3.38) in [4]

5. Algorithms and Simulations

In this section, we review the results in the previous sections. Numerical algorithms are proposed and some

simulations are presented to demonstrate the algorithms. For covenience, only stable systems are considered.

14



A. Stationary Systems

Algorithm 1. (Stationary System)

Step 1. Guess initial matrices C7(0)° and compute Eq.(22'). Then C?(0) = C¥(0) for j > N.
Step 2. For m > 0, C{(m) can be computed from Eq.(13).

Step 3. For m < 0, C{(m) can be computed from Eq.(15), i.e.,

[ Ci(m-1) | [ C5(m) |
;(n.’ - =P Q Inxn C;fm) (52)
| Ci(m-1) | | Ch(m) |

Step 4. The output cumulant can be computed from Eq.(12), in which all terms are either known or have
been computed in Steps 1 to 3.

As an example, we chose a system for which

0 1 0
d=10 0 1
0.1279 —0.88666 1.4358

0 1
h=|0)]|,andr=| 13 |;
1 14

Input w(k) is exponentially distributed white noise, with 62 = 1 and v, = 2. Measurement noise v(k) is
Gaussian and white, with ¢2 = 1 and E{v(k)v?(k + m)} = 0. The eigenvalues of & are 0.2 and 0.6176 +
10.5076, which are all inside the unit circle. The output cumulant ¢(m), m = —4, -3, -- -, 3,4 was computed
by Algorithm 1. Results are summarized in Table 1. ¢(m) values obtained via Algorithm 1 compare very
well with sampled values, which were obtained for data of 3 lengths(512, 1024 and 4096 samples), averaged

over 100 realizations.

B. Non-Stationary Systems

The non-stationary case is more complex than the stationary case.
Algorithm 2. (Non-Stationary, Iteration with Time for a Fixed Lag)
Step 1. Guess the value of C§(0,m), i=1,2,---,p.
Step 2. Compute C7(k, m) using Eq.(29)

i=1,2,...,p.
Step 3. Compute c(k; m) using Eq.(24)
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Table 1 ¢(m) Comparisons. Algorithm 1 versus Sampled Values

c(m) using

sample sample sample

m | Algorithm 1. 512 1024 4096

-4 -2.6466 -2.5536 £ 0.9902 | -2.7198 + 0.7174 | -2.6040 + 0.3598
-3 -1.7910 -1.7131 £ 0.8385 | -1.8370 = 0.7016 | -7.7850 + 0.3279
-2 0.6820 0.6423 £ 0.7365 | 0.6547 + 0.5943 | 0.6542 + 0.2616
-1 4.1421 3.8984 & 1.1910 | 4.1186 % 1.0333 | 4.0876 = 0.3838
0 7.0553 6.5715 & 1.7841 | 6.9342 + 1.4808 | 7.0041 = 0.5807
1 2.6461 2.3734 £ 1.2299 | 2.5941 £ 1.1032 | 2.5892 & 0.3304
2 0.4084 0.2157 + 0.8704 | 0.3507 + 0.6287 | 0.3733 + 0.3303
3 0.6393 0.5709 + 0.8611 | 0.6044 + 0.5713 | 0.6090 £ 0.3106
4 1.0175 0.9267 £ 0.7666 | 1.0570 £ 0.6402 | 1.0123 * 0.2919

Algorithm 3. (Non-Stationary, Iteration with Lag for a Fixed Time)
Step 1. Take C§(k, m) from Step 2 of Algorithm 2.
Step 2. For m > 0, compute C{(k, m+1) using Eq.(34). For m < 0 compute C7(k+1,m~1) or C{(k,m-1)
using Eqs.(36) or (37).
Step 3. Compute c(k; m) using Eq.(24).

Combining Algorithms 2 and 3, we obtain the following computational strategy. First, using Algorithm
2, we obtain C7(k,0) . Then we can compute C7(k, m) using Algorithm 3, for any value of m. In Step 2
of Algorithm 3 when C7(k, —m) is needed we recommend use of Eq.(36); i.e., compute C7(k+1,m —1) by
using C{ (k,m). This avoids having to compute the inverse of matrix #. Unfortunately, Eq.(36) cannot be
used for k > —m. Of course, if matrix & is non-singular, we can use Eq.(37) to obtain the results. The same
constraint £ > —m, also affects Eq.(37).

We illustrate these algorithms for the following first-order system,
z(k + 1) = 0.75z(k) + w(k)

y(k) = z(k) + v(k)
The statistics of w(k) are assumed variable with time, i.e.,
o2 (k) = (1 4 2090355 (0.1k))?

and
(k) = (1 + 2e~%9%%%44n(0.1k))3

Additionally, v(k) is assumed to be stationary white noise, with 62(k) = 1 and E{v(k)v?(k+m)} = 0.
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Using Algorithm 2 we obtained the results of c(k, 0) shown in Figure 1, which illustrates that initial matrix
7(0,0) is not important when k is large. Regardless of whether the initial value of C7(0,0) is large or
small, convergence occurs after several steps of computation. The solid curve corresponds to C(0,0) = —100
and the dashed curve corresponds to C(0,0) = 100. Observe that, even though the initial condition are quite
different, the two curves converge within 10 steps. Figure 1 demonstrates the truth of Proposition 1.
Using Algorithm 3, we easily obtain c(k,m) for m € {--- —1,0,1,.-}. Some results are shown in
Figures 2 to 4, in which, the initial conditions are taken as C(0,0) = 100 (the same initial condition as
the dashed curve in Fig. 1). Figure 2 shows c(k; m) where m = 0,1,2,3,4. Figure 3 depicts ¢(k, m) where

m =0,—1,-2,-3, —4. The two results are combined as a 3-D graph in Figure 4.

C. A Practical Example

We take a ninth-order air gun system from Section 7.5 of [9) as an example for the comparison of the cumulant
computation method in this report with the traditional impulse response cumulant computation method.
Figure 5 shows the impulse response of the system. Cumulant computation using the impulse response

method requires infinite (or a very large number of) samples, as the formula for this computation is

o(m) = 7 3 h(i)h%(i + m),

i=0
where h(i) is the impule response of the system. In the following simulation, a zero mean exponential white
noise v(t) with 4, = 0.2 is used as the system input. Figure 6 is the third-order cumulant waveform computed
from 1000 impulse response samples. Using the method provided in this report, we obtain the cumulant
easily; it is depicted in Figure 7. The difference between these two computation results is shown in Figure
8. It is extremely small. )

From this example we see that with the method provided in this report we can accurately compute the

cumulant without having to use a large number number of impulse response samples.

6. Conclusions

A recursive approach for computation of third-order diagonal-slice cumulant has been developed. All the
analyses are based on a state-space model. The special case of a stationary system is discussed. Recursive
formulas for the non-stationary system are also derived. An ARMA model is considered as a special example.
The analyses of AR and MA models have verified the recursive formulas. Computational algorithms have

been given and simulation examples for both stationary and non-stationary systems have been presented.
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Appendix A. Derivation of Eq.(33)

From Eq.(29), we know,

Ci(k;m) = i ¢:; 8C; (k- 1; m)®T + O;(k — 1;m) (A1)

i=t
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and

C?(k;m) 2;::1 ¢,'j‘§E;’=1 ¢51}'3§C;,(k -2 m)¢T]¢T
+ 37 2, 615,80, (k - 2,m)87 + O;(k — 1;m)
Thie1 Tiyet 465185255 B CF, (k — 2, m)(8%)T

+ 37 21 665, 80j,(k — 2,m)PT + O;(k — 1;m)

In the same way, we can express C7(k;m) in terms of C{(k — 3;m), as

Ci(kim) = 37 o) X0o1 Ljvet $iii 841iabiais® °C, (k — 3;m)(8°)7

+ 2;‘1 =1 E?,:l ¢‘i1 ¢j1j2§2@j3(k -3; m)(ﬁ’)’f
+ 30 21 945,805, (k - 2,m)8T + Ok — 1;m)

Eq.(33) is obtained by continuing this derivation.

19



1500

100

0 80

60

C(0,0)=-100 (Solid Curve)
C(0,0)=100 (Dashed Curve)

50

20 30

10

1500

1000
500

oF:
500
1000

time (k)

time (k)

100

Figure 2. ¢,(k;0) — —¢,(k;4), C(0,0)

Figure 1. ¢,(k;0) for nonstationary system with different C(0,0)

20

1500

time (k)

Figure 4. Output cumulants ¢, (k: —4) — —cy(k; 4)

100

Figure 3. c,(k;0) — —¢,(k: —4), C(0,0)



SPOII3L OM) UIM)aq UIIIYIP ], g ainBi g 130daa sipy ut poryaut ayy £q pandwiod syrenuny ‘L a8y

(w) 3 (w) 8o
- ﬂl
or 24 0 o or 09- 08- Sr. 1 cv 0z 0 0T or 09 ow. 00 Yo
\\1 - qco
11
I 170~
<2 I 4o
4¢ - qro
- 470
1¥
[ |
T ! {vo
A . R N . 9 s . . S0
¢01x
poyIaw asuodsas asuodsa aspduy Aq paindwod sywenumy) g 3an81g weysAs unS Jte uw Jo ssuodsar sspndu] ‘¢ aandlg
(w) 8y (%) sum
0
or 0z 0 0t o 09~ 08- Q:n..o. 00t 8 3 o.h 3 a.w 9. cm cN o.~ o0

o

o

0
0
14V
90
L 80

q¢0 . 11
" . L . s . Tl

—_ " N . $0

21



Recursive Method for Computation of Cumulants: Part II

Kronecker Product Formulation for Third- and Fourth-Order Diagonal-Slice Cumulants

Abstract

Recursive formulas for third- and fourth-order diagonal-slice cumulant computations of a state-
variable model are developed. The computation formulas can be used for both stationary and non-
stationary systems. By using Kronecker products, elegant formulas are obtained. Some examples and

simulations are given.

1. Introduction

In part I of this report we have derived a number of formulas for recursive cumulant computations; however,
the representation of the results are complex. In this part, the Kronecker product is used and more compact
formulas are obtained.

Our system is assumed to be a SISO (Single Input Single Output) state-variable model
2(k + 1) = Pz(k) + rw(k) 1)

y(k) = hT2(k) + v(k) (2)

where w(k) and v(k) are zero mean white noises and w(k) is uncorrelated with v(k). For simplicity z(0) = 0
is assumed. When 2(0) # 0, a simple transformation of variables can be used to remove the mean.

In this report, we obtain formulas to generate third- and fourth-order diagonal-slice cumulants from a
given state-variable model. The third- and fourth-order cumulants for a zero mean random variable are
defined as (we take the definition from [3]),

c(z1, 22, 23) = E{z12223} (3)

c(z1,22,23,23) = E{z\z22324} — E{z122} E{z324}

(4)
—E{zlza}E{32z‘4} _— E{z;z‘;}E{zzza}
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For the state-variable model, since w(k) and v(k) are zero mean and z(0) = 0, y(k) is a zero mean

random process (r.p.). The third- and fourth-order cumulants can be defined as

cay(k; m1, ma) = E{y(k)y(k + m1 )y(k + ma)} (5)

and
cay(k;my,ma,ma) = E{y(k)y(k + my)y(k + ma)y(k + mg)}
~E{y(k)y(k + m)} E{y(k + ma)y(k + m3)}
—E{y(k)y(k + m2)}E{y(k + my)y(k + m3)}
—E{y(k)y(k + ms)} E{y(k + m1)y(k + ms)}

In many estimation problems only 1-D diagonal-slice cumulants are used [1). For this reason, only 1-D

(6)

diagonal-slice cumulants are discussed in this report. To obtain such cumulants, we let m = m; = my and
m = my = mz = mg for the third- and fourth-order cumulants, respectively.

We derive recursive formulas for the third-order cumulant in Section 2. In Section 3, we develop similar
formulas for fourth-order cumulants. The definitions of the cumulants in Eqs.(3), (4), (5) and (6) only
involve scalar functions; however, vector functions are involved in this report; hence, third- and fourth-order
cumulants are defined for such functions in Sections 2 and 3. Based on these definitions, we show how to
compute cumulants for multi-input multi-output (MIMO) state-variable models in Section 4. Some examples
and simulations are presented in Section 5. Most of the detailed derivations appear in appendices.

Before deriving our results, we list some useful properties of Kronecker products [2].

AB®CD=(A®C)(B®D). ()
(A®B)®@C=A®(B®C). (8)
(A+B)®(C+D)=A®C+A®D+B®C+B®D. (9)
(A®B)T = AT @ B”. (10)

Additionally, if the eigenvalues of A and B are inside the unit circle, the eigenvalues of A® B are also inside

the unit circle.
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2. Third-Order Cumulant Computations

We use the state-variable model to determine the cumulant of output y(k). From Eq.(2) we have

cay(k;m) = E{y(k)y*(k +m)}
= E{[T2(k) + v(B))[RTz(k + m) + v(k + m)]?}
= E{hTz(k)hTz(k + m)hTz(k + m)}
+2E{hTz(k)hTz(k + m)v(k + m)}

. (11)
+E{h" 2(k)v3(k + m)}
+E{v(k)hT2(k + m)hT z(k + m))
+2E{v(k)hT 2(k + m)v(k + m)}
+E{v(k)v?(k + m)}
Let
Ca(k; m) = E{a(k) @ 2(k + m)aT (k + m)) (12)
which is an n? x n matrix; and
o5 (k) = E{v*(k)} (13)
Lemma 1. The third-order cumulant of output y(k) can be represented as
cay(k; m) = [k @ k)T Ca:(k; m)h + E{v(k)v?(k + m)} (14)

The proof of this lemma is given in Appendix A. Since the statistics of v(k) are assumed to be known, it is

obvious that the key problem for computing c3,(k; m) is computing C3.(k;m).

2.1. Recursive Computation Formulas

Proposition 1. (Recursive with Lag m). Ca.(k;m) can be computed recursively with respect to lag m

as follows:
Csc(k;m+1) = [I® #]Cs.(k;m)&T, m>0 (15)
Cs:(k;m—1) = [#® I|C3.(k—1;m), m<O0 (16)
Proof: (a) When m >0,
Ca(k;m+1) = E{z(k)@z(k+m+1)zT(k+m+1)}
= E{z(k) ® B2(k + m)zT (k + m)&T)
+E{z(k) ® $2(k + m)rTw(k 4+ m)}
+E{z(k) ® rw(k + m)zT (k + m)®7}
+E{z(k) ® rw(k + m)rTw(k + m)}
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For m > 0, w(k + m) is uncorrelated with (k) and z(k 4+ m). Additionally, w(k) and z(k) are zero mean;
hence,

Caz(k;m + 1) = [I ® #]Cs.(k; m)8T

Note that to obtain this result we have used the following:

E{z(k) ® $z(k + m)zT (k + m)®7)}
= E{Iz(k) ® Pz(k + m)zT(k + m)®T}
= [I® P)E{z(k)® z(k +m)xT (k +m)}ST
The last line follows from Eq.(7). This type of expansion is used repeatedly in all the derivations below and

in the appendices.
(b) When m <0,

Cs:(k;m—1) = E{z(k-1+1)®z(k—-1+m)zT(k—1+m)}
= E{®z(k—-1)®z(k-1+m)zT(k—1+m)}
+E{rw(k - 1)@ z(k — 1 + m)2T (k — 1+ m)}
= [#@I|Ca:(k—1;m)

This completes the proof of Proposition 1. Q.E.D.

Proposition 2. ( Recursive with time k) . Caz(k + 1;m) can be computed recursively with respect to

time k, as
Caz(k + 1;m) = [# @ B|Cac(k; m)@” + I(k;m) a7)
where
e (SIS S,

Proof : See Appendix B.
In the above two propositions, the formulas are recursive. Observe that these formulas require the initial

condition matrix C3z(0; m). Fortunately, we have the following:

Proposition 3. For an asymptoticaly stable system, the value of Ca:(k; m) is independent of initial condi-

tion matiz C3y(0; m) for large k.

Proof: The proof follows directly from Eq.(17) in Proposition 2. Since the system is asymptotically stable,

for a large enough k,
=0

By Eq.(7) we have
(® © #)* = [&* ® #*]
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8o,

[Fed)fF=0
for a large enough k. Then, from Eq.(17) we can represent Cs.(k;m) as
Cac(k;m) = [@®#)*Car(0;m)[@")
+ Tizol® ® #1*~I(i; m)[#* |

When k is large enough the first term in the equation vanishes and the second term does not depend upon

C3:(0; m); hence, C3;(k; m) is independent of C3-(0; m). Q.E.D.

2.2. Some Comments

In the stationary case (i.e. stationary input and stationary system), the recursive formulas simplify. In
this case all the variables in Propositions 1 and 2 are independent of temporal variable k. The recursive
formulas in Proposition 1 remain the same, except that variable & has no meaning. We let C3;(m) denote
the stationary cumulant of state-vector  and I'(m) be the stationary version of I'(k; m). Then, initial

matrix C'3:(0) can be obtained by solving the equation,

C3:(0) = (& ® $]C5:(0)8” + I'(0) (19)

The computation of C3z(k;m — 1) when m < 0 by Eq.(16) requires the existence of C3.(k — 1;m). We
can only compute c3y(k; m), when m < 0, for all m > —£k, if the starting initial condition is C3:(0;0). We
assume that y(k) exists in the domain [0, 00) and is zero for k < 0. If we need to compute ca,(k; m) for

m < —k then, by the definition of the cumulant, we have to compute
csy(k; m) = E{y(k)y’ (k + m))}.

In this equation if k+m < 0, y(k+m) is set equal to zero. The computation of the negative lags of Cay(k;m)

will be along sloped lines. Equation (16) provides a way to compute Cs,(1, -1), Caz(2,—2), -+, Cac(n, —n), - -

from initial condition C3:(0,0). Combining the formulas in Propositions 1 and 2, we can compute all the
C3sz(k;m) when k>0,m>0,and, k> 0,m> —k.
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D
Figure 1. Illustration of Cumulant Computations

Figure 1 gives an illustration of the cumulant-computation directions. All the values of C3 (k;m + 1)
along a horizontal direction can be computed from Eq.(15). Equation (16) makes it possible to compute
along the negative diagonal direction. Values along the vertical direction (i.e., k) can be computed from
Eq.(17). The initial value is assumed to be Cs.(0;0).

3. Fourth-Order Cumulant Computations

In this section, we develop fourth-order recursive diagonal-slice cumulant computation formulas. From
Eq.(6), we see that

cay(k;m) = E{y(k)y® (k + m)} — 3E{y(k)y(k + m)} E{y*(k + m)} (20)
By using Eq.(2), we have

(AT z(k) + v(k)) (AT z(k + m) + v(k + m)]®

= hT2(k)[KT2(k + m)P® + 3hT z(k)[hz(k + m))2v(k + m)
+3hT 2(k)AT 2(k + m)v2(k + m) + hT 2(k)v3(k + m)
+[RT 2(k + m)]Pu(k) + 3[AT z(k + m))2v(k + m)v(k)
+3[hT 2(k + m)]v?(k + m)v(k) + v3(k 4+ m)v(k)

y(k)y>(k +m)

We recall that v(k) and w(k) are assumed to be zero mean white noises and are uncorrelated. In addition,

we assume w(k) is fourth-order uncorrelated; i.e. ,

E{w(k)w(k -+ tl)w(lc + tz)w(k + ts)} = 74.,,(k)6(t1, i3, ts),
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where §(t1,2,13) is the Kronecker delta function; it equals zero except when ¢, = ¢, = tg, in which case it

equals unity. Continuing, we have

E{y(k)P(k+m)} = E{hTz(k)hTz(k +m)]3)
+3E{hT z(k)hT 2(k + m)} E{v?(k + m)}
+3E{v(k + m)v(k)} E{[hT 2(k + m))?}
+E{v3(k + m)v(k)}

(21)

Additionally,

E{y(k)y(k + m)}E{$*(k+m)} = E{hTz(k)hTz(k + m)}E{[ATz(k + m)}?}
+E{hT2(B)hT z(k + m)} E{v*(k + m)}
+E{v(k)v(k + m)} E{[hTz(k + m))?}
+E{v(k)v(k + m)} E{v?(k + m)}

(22)

Combining Eqs.(20), (21) and (22) together, we obtain

culkim) = E{hTa(R)ATa(k + m)P)
+E{v3(k + m)v(k)}
—3E{hT2(k)hT2(k + m)} E{[hT z(k + m)]?)
—3E{v(k)v(k + m)} E{v?(k + m)}

(23)

The combination of the second and the fourth terms in Eq.(23) equals the fourth-order cumulant of the

observation noise, i.e.,

cay(k;m) = E{v*(k + m)v(k)} — 3E{v(k)v(k + m)} E{v?(k + m)}, (24)

which is assumed to be known. The problem before us is to compute the first and third terms in Eq.(23).

3.1. Representation of the Cumulant of the System’s State Vector
The first term in Eq.(23) can be expressed as (see Appendix C)

E{hTa(k)[hT 2(k + m)}°}

25
= [h@ATE{z(k)2T (k + m) ® z(k + m)2T (k 4+ m)}[h ® h) @)

The third-term in Eq.(23) can be expressed in three different ways, as (see Appendix D)

E{hTz(k)ATz(k + m)}E{[ATz(k + m))?}

[h ® BT E{z(k)=T (k + m)} ® E{z(k + m)zT (k + m)}[h ® h) (26.a)
[k ® |7 [E{z(k) ® z(k + m)}][E{=z(k + m) @ z(k + m)}]T[h ® h] (26.5)
= [h@h]TE{[z(k) ® I[E{2T (k + m) ® z(k + m)}][I @ =7 (k + m)]}{h ® h] (26.c)
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Using these results, we now define Cy.(k; m) as

Caz(k;m) = E{z(k)2T(k +m)® 2z(k + m)zT (k + m)}
—-E{z(k)2T(k + m)} ® E{z(k + m)zT (k + m)}
—[E{=(k) ® 2(k + m)})(E{z(k + m) ® z(k + m)}]T
—E{[=(k) ® NN[E{z" (k + m) ® =(k + m)}JI ® 27 (k + m)]}

(27)

which is an n? x n? matrix.
Lemma 2. Each element of matriz C4.(k;m) is a cumulant representation.

The proof of Lemma 2 is given in Appendix E. It apparently requires all three different ways of representing

the third term in Eq.(23) to obtain a legitimate fourth-order cumulant matrix for state vector, =(t).

Lemma 3. The fourth-order cumulant of the system oulpul can be represented as
cay(k;m) = [h ® )T Cyz(k; m)[h @ h] + cqy(k; m) (28)
Proof:Combining Eqs.(23) and (24), we have

cag(k;m) = E{hTz(k)[hT2(k + m)]3}
—3E{hT2(k)hTz(k + m)} E{(hT =(k + m))?} (29)
+c4v (k; m)

Using Eqs.(26) and (27), we have
cay(k;m) = [ @ h]TCyz(k; m)[h @ h] + cqy (k; m)

which is Eq.(28). Q.E.D.
The key computation is C4;(k; m).

3.2. Recursive Computation Formulas

Proposition 4. (Recursive with Lag m ). Cy.(k;m+ 1) can be compuied recursively with respect to lag
m as follows:

Ciz(k;m+1) = [I@F|Cu:(k;m)[ @ F|T, m>0 (30)
Ciz(k;m—1)=[FQI|Csz(k-1;m), m<O (31)

The proof of Proposition 4, which is given in Appendix F, expands C4.(k;m+1) and C4.(k;m —1) and
uses Kronecker product identities to simplify the expanded results.
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Proposition 5. (Recursive with Time k). Ciz(k + 1;m) can be computed recursively with respect to
time k, as

Caz(k + 1;m) = [# @ F|Caz(k; m)(® ® T + O(k; m) (32)
where @(k;m) is an n® x n? matriz, defined as

cau(B)I @ B [rrT @ rrT)[#T @ BT m>0 (33)

Oksm) = { caw(k + m)[® @ I [rr? @ rrT] m<0

and
caw(k) = E{w'(k)} - 3[E{w?(k)}])?

The proof of Proposition 5 is along the lines of the proof of Proposition 4; it is given in Appendix G.

Our recursive formulas require an initial condition. As in the case of our third-order cumulant, we have:

Proposition 6. For an asymptoticaly stable system, the value of Cso(k;m) is independent of initial condi-

tion matriz C4-(0; m) for large k.

The proof of Proposition 6 is so similar to the proof of Proposition 3, its details are omitted.

3.3. Stationary Case
In the stationary case our recursive formulas are greatly simplified. In this situation we have
Cyz(k +1;m) = Cyz(k;m)

and

Ok + 1;m) = O(k;m)

which means that C4.(k; m) and @(k; m) do not depend on k; hence, we will use C4;(m) and &(m) to

represent C4-(k;m) and @(k;m) in the stationary case. Analogous to Proposition 4, we have:
Proposition 7. In the stationary case, C4z(m) can be computed recursively by the following formulas:
Cu(m+1)=[I0#Cu(M[PFB)T, m>0 (34)

Caz(m=1)=[# @ I]Cy(m), m<O (35)

The initial matriz C4-(0) can be computed from the discrete Lyapunov equation

C4:(0) = [# © B]C4-(0)[# @ #|T + O(0) (36)
where
o0 = 64w(0)[f1‘T ® rrT] (37)
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4. Multi-Input Multi-Output Case

In previous sections we assumed the system was a single-input single-output (SISO) model. Using the
definitions of the matrix third- and fourth-order cumulants in Eqs.(12) and (27) respectively, it is easy to
extend the recursive formulas to the multi-input multi-output (MIMO) case.

Now our system model is
z(k + 1) = $x(k) + Rw(k) (38)
y(k) = Hz(k) + Dv(k) (39)

in which w(k), v(k) and y(k) are vectors all with different dimensions. Analogous to the definitions of
Cac(k;m) in Eq.(12) and of Cs.(k;m) in Eq.(27), we can define the cumulant matrices of vectors w(k) ,
v(k) and y(k) by Csu(k;m), Csu(k;m), Cau(k; m), Cuy(k;m), Csy(k; m) and Cyy(k; m), respectively. We
assume w(k) and v(k) are independent (with time) white noises, so the cumulants of w(k) and v(k) can be
expressed, a8 Caw(k), Caw(k), Csu(k) and Cyp(k).

The third-order output cumulant is
Csy(k; m) = E{y(k) ® y(k + m)y” (k + m)}
Using a derivation similar to the one for Lemma 1, we find:
Lemma 4. Third order ouiput cumulant mairiz, Cay(k;m), can be represented as:
Csy(k;m) = [H ® H|C3.(k;m)HT + [D ® D)Cs,(k)DT (40)

For a MIMO system, the formulas that are recursive with lag are no different than those for a SISO

system,; i.e., Proposition 1 still holds in the MIMO case. Proposition 2 must be modified slightly, to:

Proposition 8. For a MIMO system, Csz(k + 1;m) can be computed recursively with respect to time k,
from

Csslk + 1;m) = [ ® F]Ca:(k; m)&T + L(k;m) (41)
where roor
F(kim) = { [ ® #|"[R® R)C3u(k)RT[ET]™ whenm >0 w
[#® I]"™[R® R]Csu(k+m)RT whenm <0
The fourth-order output cumulant matrix of a MIMO system is
Cay(k;m) = E{y(k)y” (k +m) @ y(k +m)y” (k + m)}
—E{y(k)y" (k + m)} ® E{y(k + m)y™ (k + m)} (43)

—[E{y(k) ® y(k + m))[E{y(k + m) @ y(k + m)}}T
—E{[y(k) ® N[E{y" (k + m) ® y(k + m)}}[I ® vT (k + m)]}
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Lemma 5. The fourth-order oulput cumulant mairiz Cay(k; m) of a MIMO system can be represented as
Cay(k;m) = [H @ H|Cyz(k;m)[H ® HIT + [D ® D|C4(k)[D ® D|T (44)
In the MIMO case Proposition 4 still holds. Proposition 5 changes slightly, to:

Proposition 9. Cy(k + 1;m) can be computed recursively with respect to time, as

Cyc(k + 1;m) = [# @ S]Cyz(k; m)(® @ BT + O(k; m) (45)
where
m Tiem miT
O(k;m) = { [T ® #]"[R® R]C.4u(k)[R® R|T[®™ @ ™7 when m >0 8)
[# @ I"™[R® R|C4u(k +m)[R® R)T when m <0

Propositions 3 and 6 still hold in the MIMO case.

The lemmas and propositions in this section can be proved by following the proofs of their counterparts

in the SISO case, with minor changes of notations and symbols.

5. Examples and Simulations

An air gun is a source of seismic energy for a marine environment. The IR (i.e., “signature” ) of a real
air gun is depicted in Figure 2. In the follwing simulations, a zero mean exponential white noise v(t) with
variance ry, = 0.01, third-order cumulant <43, = 0.0002 and fourth-order cumulant ¥4, = 0.0002 is used as
the system input. Its correlation is depicted in Figure 3. In order to compute the third- and fourth-order 1-D
cumulants of the system output, we first obtained a state space realization for it using Kung’s approximate
realization technique [4]. A 10th-order model fit the IR almost perfectly. The 10th-order model was used in
Eqgs.(15), (16) and (14), with v(k) = 0, to obtain the third-order 1-D cumulant depicted in Figure 4. Note
that in the stationary case, Eqs.(15) and (16) simplify to

Cs:(m + 1) = [I ® $]Ca.(m)#T, when m > 0 47)

Ca(m—1) = [#® I]Cs.(m), when m <0 (48)

In comparison, the third-order cumulant of the system was computed by the impulse response method;
results are plotted in Figure 5. The formula
Qo
c3y(m) = Y30 3 h(i)h?(i + m) (49)
i=0
was used in which A(s) is the impulse response of the wavelet. In Eq.(49) infinite samples of the impulse
response are needed. In the computation of Figure 5, 1000 sample points were used. The difference of the

results of the two methods is shown in Figure 5. Observe that the difference is very small.
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Computation of the fourth-order cumulants of this 10th-order system are presented in Figures 7 to 9.

Using Eqs.(34), (35) and (28), with v(k) = 0, the fourth-order cumulant is shown in Figure 7. Figure 8

depicts the fourth order cumulants computed by

cay(m) = Yaw ) h()A%(i + m) (50)

§=0
In the computation of Figure 8, 1000 sample points were used. The difference between the two methods in
the computation of the fourth-order cumulants is shown in Figure 9.

Similar computations were performed for second- through tenth- order air gun models. Two observation
appear to be common for all of the results: (1) positive-lag values of the cumulant have a higher frequency
content than do negative-lag values, and (2) the cumulant is much more sensitive to model order than is
the correlation. The correlation plot reached a “steady state” as a function of model order for a much lower

order than did the cumulant.

Conclusions

Recursive diagonal-slice cumulant computations for a state-variable model have been discussed in this report.
1-D cumulant computation formulas for both third- and fourth-order formulas have been developed. Our
formulas were developed for a SISO system; however simple modifications make them suitable for MIMO
systems. Kronecker product make these results very compact, even though derivations of the results are
quite tedious. The tediousness of the derivation is to be expected, because we are computing third- and

fourth-order statistics.
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Appendix A. Proof of Lemmma 1
Proof: We begin with Eq.(11). Let

plk;m) = 2E{hTz(k)hTz(k + m)u(k + m)}
+E{hT2(k)v?(k + m)}
+E{v(k)hTz(k + m)RT z(k + m)} (A1)
+2E{v(k)hT z(k + m)v(k + m)}
+E{v(k)v?(k + m)}
so that
Csy(k;m) = E{hT2(k)hT2(k + m)hTz(k + m)} + p(k; m)

Since v(k) is uncorrelated with z(k), and, E{v(k)} = 0 and E{=(k)} = 0, the first four terms in Eq.(A.1)
vanish; hence,

p(k; m) = E{v(k)v?(k + m)} (A2)

By the definition of a Kronecker product for scalars a and b, it is true that
a®b=ab;

hence,
E{hTz(k)hTz(k + m)hTz(k + m)}
= E{(W2(k)] ® [T 2(k + )27 (k + m)h]}
= E{[hT ® hT)[z(k) ® z(k + m)=T (k + m)}h}
= [(h®h|TE{z(k)® z(k+ m)zT(k +m)}h
In going from the second to the third line of Eq.(A.3), we used Eq.(7). Using the definition of C3.(k;m) in
Eq.(12), we have

(A.3)

cay(k; m) = [b ® h]T Csc(k; m)h + p(k; m) (4.9)

where p(k; m) is given in Eq.(A.2). Eq.(A.4) matches Eq.(14); hence Lemma 1 is proved.
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Appendix B. Proof of Proposition 2
Proof : We expand C3-(k + 1;m), as follows:

Caz(k+1;m) = E{[®z(k)+ ruw(k)] ® [B=(k + m) + rw(k + m))[@z(k + m) + rw(k + m))T}

= E{®z(k) @ Bz(k + m)zT(k + m)®T}
+E{®z(k) ® $x(k + m)rTw(k + m)}
+E{$z(k) ® rw(k + m)zT(k + m)&T}
+E{®z(k) ® rw(k + m)rTw(k + m)} (B.1)
+E{rw(k) ® ®z(k + m)zT (k + m)&8T}
+E{rw(k) ® $z(k + m)rTw(k + m)}
+E{rw(k) ® rw(k + m)zT(k + m)®T)
+E{rw(k) ® rw(k + m)rTw(k + m)}

To analyze this equation, we considered the cases m > 0,m = 0 and m < 0 seperately. The first term in

Eq.(B.1) remains in all three cases, so that
Caz(k + 1;m) = [# @ B|Ca(k; m)&T + I'(k; m) : (B.2)

In the following analyses of I'(k; m), we use the facts that E{x(k)} = 0, E{w(k)} = 0, w(k) is white,

and, z(k) is uncorrelated with w(s) if k£ < s.

When m > 0:
I(k;m) = E{rw(k) ® $2(k + m)zT (k+ m)87}
= E{rw(k) ® " rw(k)[P"r]Tw(k)} (B.3)
= Yo(k)[r® ™ reT(#™)7)
= (k)T ® B™[r ® reT)(B7)™
When m = 0:
L(k;m) = E{rw(k)® rw(k + m)rTw(k + m)} (B.4)
= yo(k)r ®rrT]
When m < 0:

I(k;m) = E{®z(k) @ rw(k +m)rTw(k + m)}
= E{® "rw(k + m)® rw(k + m)rTw(k + m)} (B.5)
= Ylk+m)@ @I -"lrorrT)
Combining Eqs.(B.2) - (B.5), we obtain Egs.(17) and (18); hence, Proposition 2 is proved.
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Appendix C. Derivation of Eq.(25)

Because a ® b = ab for scalar a and b,

(W z(k)h" 2(k + m)][RT 2(k + m)AT z(k + m)]

(AT z(k)2T (k + m)h] @ [AT z(k + m)2T (k + m)h]

= [AT @ AT)[z(k)2T (k + m) ® z(k + m)zT (k + m)][h ® h)
= [h® hT[z(k)=T (k + m) ® z(k + m)zT (k + m)][h @ h)

l.e.

E{hT2(k)[hT2(k + m)]®} = [k ® h|T E{2(k)2 (k + m) ® z(k + m)zT (k + m)}[h ® h)

which is Eq.(25).

Appendix D. Derivation of Eq.(26)

E{hT2(k)hT2(k + m)}E{hT z(k + m)hT z(k + m)}
= E{hT2(k)2T(k+ m)h} ® E{hT2(k + m)2T (k + m)h}
= hTE{z(k)2zT(k + m)}h ® hT E{2(k + m)2T (k + m)}h
= [h@hJT[E{=(k)=T (k+ m)} ® E{z(k + m)2T(k + m)}][h & h]
which is Eq.(26.a).
E{hT 2(k)hT z(k + m)} E{hT 2(k + m)AT 2(k + m)}
= E{hT2(k) ® hTz(k + m)}E{hT2(k + m) ® hT z(k + m)}
= [T @ AT)E(=(k) ® 2(k + m)} E{zT (k + m) ® z(k + m)}[h ® h]
which is Eq.(26.b). Finally,
E{hT2(E)hT 2(k + m)} E{hT 2(k + m)AT 2(k + m)}
= E{hTz(k) ® E{hTz(k + m)zT(k + m)h} @ zT(k + m)h}
= E{hT2(k)1® [A" IE{2(k + m)=T (k + m)}Th] ® 12T (k + m)h}
= E{hT=z(k) ® ATI|[1® E{2(k + m)2T(k + m)} ® 1][Th ® =T (k + m)h]}
= E{[hT @ hT][=(k) ® IIE{z(k + m)=T (k + m)}{I ® =T (k + m)][h ® h]}
= [bT @ AT)E{[z(k) ® IE{2(k + m)2T (k + m)}{I ® 2T (k + m)]} [ ® h]

which is Eq.(26.c)

Appendix E. Proof of Lemma 2

In this appendix, we denote an n x n matrix A with element a;; as A = [a;;]nxn
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From the definition of a Kronecker product, we know that the Kronecker product of A =
B= [bla]nxn is

C=A®B= [c"],,:x,,z
where ¢y = a;jb;, and p=(i—1)n+land ¢ = (j — 1)n + s.
Exactly like the construction of Eq.(E.1), we have

A =lapglnixns = E{z(k)zT(k +m)} ® E{a(k + m)zT (k + m)}
= [E{zi(k)z;(k + m)} E{zi(k + m)z,(k + m)}]naxns
and
E = [epglnaxn: = E{z(k)2T(k + m) ® z(k + m)zT (k + m)}
(B{zi(k)z;(k + m)z(k + m)z, (k + m)}asxns
in which p= (i ~ 1)n 4+ and ¢ = (j — 1)n + 5. The symbol “=" is used as “define to equal”.
Making use of Eq.(7) we also have

D = [dpglnaxns = E{[z(k) ® I|E{=T(k + m) ® 2(k + m)}[I @ 2T (k + m)]}
= [E{zi(k)E{z;j(k + m)xi(k + m)}z,(k + m)}asxns
= [E{zi(k)z,(k + m)} E{z;(k + m)zi(k + m)}]aaxna
where p=(i—1)n+jandg=(I-1)n+s.
Next, let
B' = Bplnaxa = E{z(k) ® 2(k + m)}
[B{zi(k)z1(k + m)}]nax:

in which, p=(i—1)n+1 and
B" = [b]1xn? E{=T(k + m) @ 2T (k + m)}

[E{z;(k)z.(k + m)}1xn

where ¢ = (j = 1)n + 5. Then

B = [bpglasxn» = B'B”
[E{zi(k)zi(k + m)}E{z;(k + m)z,(k + m)}naxn>

From Eq.(27) and Eqs.(E.2), (E.3), (E.4), and (E.7), we have the pgth element of C4.(k;m), as

(Cac(k;m)lpy = epg —apg — bpg —dp,
= E{zi(k)z;j(k+m)zi(k + m)z,(k + m)}
—E{zi(k)z;(k + m)}E{zi(k + m)z,(k + m)}
—E{zi(k)z,(k + m)}E{z;(k + m)z:(k + m)}
—E{zi(k)zi(k + m)} E{z;(k + m)z,(k + m)}

[ai]nxn and

(E.1)

(E.2)

(E.3)

(E.4)

(E.5)

(E.6)

(E7)

(E.8)

The right-hand side of Eq.(E.8) is in the proper form of a fourth-order cumulant representation, as defined

in Eq.(4); hence, Lemma 2 is proved.
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Appendix F. Proof of Proposition 4

Proof: First, we derive Eq.(30). To begin, we expand some of the elements in the representation of

Caz(k; m + 1), using Eq.(27):

z(k)zT(k + m + 1) = z(k)zT (k + m)$7 + z(k)rTw(k + m)

sk+m+1)2T(k+m+1) = Sz(k+m)zT(k+ m)sT
+@z(k + m)rTw(k + m)
+rw(k 4+ m)zT (k + m)&T
+w?(k + m)re?

z(k)@z(k+m+1) = =z(k)® Pz(k+m)
+2(k) ® rw(k + m)
= [ #[=(k) ® 2(k+m)]
+2(k) @ rw(k + m)

zk+m+1)@z(k+m+1) = Sz(k+m)Q Fz(k+m)
+&z(k + m) @ rw(k + m)
+rw(k + m) @ $z(k + m)
+wi(k+m)r@r

zl(k+m+1)@z(k+m+1) = zT(k+m)dT @ Bz(k +m)
+2T(k + m)®T @ rw(k +m)
+rTw(k + m) @ Sx(k + m)
+w?k+mrT @r
Combining Egs.(F.1) and (F.2) together, we obtain

z(k)zT(k+m+1)@z(k+m+1)zT(k+m+1)
z(k)2T (k + m)®T @ Sz(k + m)zT (k + m)$T
+z(k)rTw(k + m) ® Pz(k + m)zT (k + m)dT
+z(k)2T (k + m)$T ® Sx(k + m)rTw(k + m)
+z(k)rT w(k + m) @ Fz(k + m)rTw(k 4+ m)
+2(k)2T (k + m)®T ® rw(k + m)zT(k + m)®7T
+2(k)rTw(k + m) @ rw(k + m)zT (k + m)&T
+2(k)2T (k + m)®T ® w?(k + m)rrT
+z(k)rTw(k + m) ® w?(k + m)rrT
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Because E{w(k)} =0, E{z(k)} = 0 and, when m > 0 w(k + m) is uncorrelated with 2(k + m) and =z(k),
we have:

E{z(k)zT(k+m+1) @ z(k + m+ 1)zT(k + m + 1)}

E{z(k)2T (k + m)®T ® Sz2(k + m)=T(k + m)&7T}

+E{z(k)rTw(k + m) ® #z(k + m)rTw(k + m)} (F.7)
+E{z(k)rTw(k + m) ® rw(k + m)zT (k + m)#T}

+E{z(k)zT (k + m)&T ® wi(k + m)rrT}

Using Kronecker product properties, we have

E{z(k)zT(k+m+1) @ 2(k + m + 1)2T(k + m + 1)
= E{I @ #lf2(k)z (k + m) ® 2(k + m)2T (k + m)|[# ® 2|7}
+E{[2(k) ® Fz(k + m)][rT w(k + m) ® rTw(k + m))}
+E{[2(k) ® I[rTw(k + m) @ ru(k + m)][I ® =7 (k + m)#7]}
+E{z(k)2T (k + m)87} ® E{w?(k + m)rrT} (F-8)
= IO B)E((z(k)e(k +m) ® o(k + m)aT(k + m)]}[# © B
+E{[z(k) @ Bz(k + m))[rTw(k + m) ® rTw(k + m)]}
+E{[z(k) ® I][r" w(k + m) ® rw(k +m)][I ® 2T (k + m)®T]}
+E{z(k)zT (k + m)@T} ® E{wi(k + m)rrT}
By the definition of Eq.(27), we have

Cu(b;m+1) = E{z(k)zT(k+m+1)@z(k+m+1)zT(k+m+1)}
-E{z(k)2T(k +m+1)} ® E{=(k+ m+ 1)zT(k + m + 1)}
—(E{=(k) ® z(k +m + DH[E{2(k + m + 1) ® z(k + m + 1)}]T
—E{[z(k) @ I)[E{zT(k+ m+ 1)@ z(k + m+ D} [I @ 2T (k + m +1)]}

(F.9)

and Eq.(F.8) is the first term of Eq.(F.9). Proceeding in a similar manner we can determine the other three
terms of Cyz(k;m+1).
From Eq.(F.1) we have

E{z(k)2zT(k + m + 1)} = E{z(k)zT (k + m)®7} (F.10)
and, from Eq.(F.2) we obtain

E{z(k +m+ 1)2T(k + m+ 1)} = SE{z(k + m)zT (k + m)}#T + E{w?(k + m)r+T} (F.11)

39



Consequently, the second term of Eq.(F.9) is

E{z(k)zT(k + m +1)} @ E{z(k + m+ 1)zT(k + m + 1)}
= E{z(k)zT(k + m)}®7 @ SE{z(k + m)2T (k + m)}s7
+E{z(k)2T (k + m)®” } ® E{w?(k + m)r+7T}
= [T @ P)E{=z(k)xT(k + m)} ® E{z(k + m)zT(k + m)}][# ® #]T
+E{z(k)zT (k + m)®”} ® E{w?(k + m)rrT}
From Eq.(F.3) we get

E{z(k)® z(k+m+ 1)} = (I ® B|[E{=(k) ® z(k + m)}]
From Eq.(F.4) we find that
E{z(k+m+1)@z(k+m +1)} = [# @ F)[E{z(k + m) ® z(k + m)}] + E{w’(k + m)r @ r}
Consequently, the third term of Eq.(F.1) is

(E{=z(k) @ 2(k+ m+ D} [E{z(k +m + 1) @ z(k + m + 1)}]T
= [I®2)[E{z(k) ® z(k + m)}][E{=(k + m) ® z(k + m)}]T[# @ &7
+[I ® FIE{z(k) ® z(k + m)}]E{w?(k + m)rT @ rT}
From Eq.(F.5), we see that

E{zT(k+m+1)@z(k+m+1)} = &S[E{zT(k+m)Q@z(k+m)}]&T
+E{w?(k + m)rT @ r}
Because E{zT(k+ m + 1) ® z(k + m + 1)} is a deterministic matrix function, we have

E{[=(k) @ IN[E{zT (k+m + 1) ® 2(k + m + D)}J[I @ 2T (k + m+ 1)]}
= E{[=(k)® NE{zT(k +m +1) ® z(k + m + 1)}][I ® 2T (k + m)®”]}
= E{[=(k) ® NB[E{2T (k + m) @ z(k + m)}|#7 [I ® =T (k + m)&7]}
+E{[=(k) ® N E{w?(k + m)rT ® r}{I ® 27 (k + m)&7]}
By the properties of the Kronecker product, we have

[z(k)o ¢ = [z(k)®I|[10 %)
= [z(k) @)
= [=z(k)® #1]
= [I@&#)[z(k)e1I]

and
STI@2T(k+m)dT] = [#7 @ 1[I ® 2T (k + m)&T]

= [#7 @ zT(k + m)&7)
= [I$T @ 2T (k + m)®7)
= [I®zT(k+m))se s|T
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(F.13)

(F.14)

(F.15)

(F.16)

(F.17)

(F.18)

(F.19)



Inserting Eqs.(F.18) and (F.19) into Eq.(17), the fourth term of Eq.(F.9) becomes

E{[z(k) ® NN[E{2" (k + m+ 1) ® 2(k + m + 1)}][I ® 2T (k + m + 1)]}
= [IQ@®E{[2(k) @ O(E{2T (k + m) @ z(k + m)})[I ® 2T (k + m)]}[# © &|T (F.20)
+E{[z(k) ® NE{w?(k + m)rT @ r}{I ® 27 (k + m)&T]}

Finally, substituting Egs.(F.8), (F.12), (F.15) and (F.20) into Eq.(F.9), we have

Cas(kim+1) = [I@ BJE{[z(k)zT(k +m) @ z(k + m)2T (k + m)|}[# ® &]T
—[I ® BI[E{z(k)=T (k + m)} ® E{z(k + m)zT (k + m)}][& ® &]T
{1 @ FE{=(k) @ 2(k + m)[E{2(k +m) © 2(k + m)}T[# @ &7
—[T @ FIE{[=(k) @ T)[E{=" (k + m) ® =(k + m)})I ® =7 (k + m))}[# ©® &]T
= [IQ® &|Cy(k;m)[® @ F)T
(F.21)
Next, we derive Eq.(31), which is easier to do than deriving Eq.(30). Noticing that

Cu(kim—1) = E{ak-1+1)2T(k—14+m)@=z(k—1+m)2T(k-1+m)}
—E{z(k—1+1)2T(k — 1+ m)} ® E{z(k — 1 4+ m)zT(k — 1 + m)}
~[B{z(k - 1+1) @ 2(k — 1 + m)}J[E{z(k — 1 + m) @ =(k — 1 + m)}]T

—E{[z(k-14+1)Q I|[E{zT(k -1+ m)®=z(k -1+ m)}|[I® 2T (k- 1 + m)]}
(F.22)

and by making use of
zk—1+1)=dz(k—1)+rw(k-1)

we have

Ciz(k;m—1) = E{®z(k—1zT(k—-14+m)Q@z(k—1+m)zT(k—1+m)}
: +E{rw(k — 1)aT (k- 14+ m) ® =(k — 1+ m)zT (k — 1 + m)}
~E{Pz(k — 1)aT(k -1+ m)}® E{z(k - 1+ m)zT(k — 1+ m)}
—E{rw(k—1)zT(k-1+m)}® E{z(k - 1+ m)zT (k- 1+ m)}
—[B{®2(k —1) @ z(k - 1 + m)}][E{z(k =1+ m) @ z(k — 1 + m)}]T
—[E{rw(k - 1)® 2(k — 1 + m)})[E{z(k — 1+ m) @ z(k— 1 + m)}]T
—E{[Pz(k—1)QNE{zT(k—1+m)@z(k-1+m)}JI® =T (k- 1+m)]}

—E{frwk-1)QNE{zT(k—1+m)®z(k—1+m)}J[I®2T(k—-1+m)]}
(F.23)

For m < 0, w(k — 1) is uncorrelated with ®(k — 1 + m); hence, using Kronecker product properties, it is
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straightforward to show, that

Cuz(k;m—1) = [I@FE{=z(k—-1)2T(k-1+m)@z(k—1+m)xT(k—-1+m)}
— 1 @ #|E{z(k - 1)2T(k - 1+ m)} ® E{z(k - 1 + m)aT(k — 1+ m)}
—[I® BJ[E{z(k - 1) @ z(k —~ 1 + m)}][E{=(k — 1 + m) ® z(k — 1 + m)}|T
—[I® B)E{[=(k — 1) @ I[E{=T (k- 1+ m) @ z(k — 1 + m)}][I ® =T (k — 1 + m)]}
= [I®@F)C4:(k—1;m)

(F.24)
which completes the proof of Proposition 4.
Appendix G. Proof of Proposition 5
Proof: As we did in Appendix F, we begin by listing some of the equations that will be used later:
z(k+1)zT(k+m+1) = &z(k)2T(k+m)sT
+&z(k)yrTw(k + m) G.1)
+rw(k)zT (k + m)®T
+rrTw(k)w(k + m)
zk+1)@2(k+m+1) = [&® F)[z(k)® 2(k+ m))
+[P® @ I[z(k) @ rw(k + m)] G2)
+[I ® Ffrw(k) ® =(k + m)] '
+w(k)wk+mir@r
Since
Ci(k+1;m) = E{z(k+1)zT(k+m+1)@z(k+m+1)zT(k+m+ 1)}
-E{z(k +1)zT(k+m+1)} @ E{z(k + m + 1)2T(k + m + 1)} G3)

~[B{z(k+ 1)@ z(k+ m+ 1)}][E{z(k + m+ 1)@ z(k + m + 1)}]T
~E{[z(k+ 1)@ IN[E{zT(k + m+ 1)@ z(k + m + 1)}][I ® 2T (k + m + 1)]}

our approach is to expand the four terms of Eq.(G.3) and make the result match Eq.(32).
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Making use of Eqs.(G.1) and (F.2), the first term in Eq.(G.3) becomes

E{z(k+ 1)2T(k+m+ 1)@ 2(k+ m+1)2T(k + m + 1)}

= [#® F|[E{=(k)=T(k + m) @ 2(k + maT(k + m)}][& ® E7
+[# @ E)[E{=(k)2T (k + m) ® 2(k + m)rTw(k + m)})[& ® 1T
+# @ N[E{=(k)2T (k + m) ® rw(k + m)z7T (k + m)}][# © &]T
+[® ® I[E{z(k)2T (k + m) ® w(k + m)rrT}][# ® I|T
+# ® F|[E{a(k)rTu(k + m) @ 2(k + m)2T (k + m)}][T © 27
+® @ F|[E{z(k)rTw(k + m) @ (k + m)rTw(k + m)}]
+H® ® NN[E{z(k)rTw(k + m) @ rw(k + m)2T (k + m)}][I @ ST
+[® @ IN[E{z(k)rT w(k + m) ® w?(k + m)rrT)] (G.4)
+{I © F[E{rw(k)zT (k + m) @ 2(k + m)zT (k + m)}][# ® &]7
+HI ® S)[E{rw(k)zT (k + m) ® 2(k + m)rTw(k + m)}|[& @ I]T
+HE{rw(k)2T (k + m) @ rw(k + m)aT (k + m)}][# ® €]T
+[E{rw(k)zT (k + m) @ w?(k + m)rrT}][# @ I]T
+I ® F|[E{w(k)w(k + m)rrT @ z(k + m)2T(k + m)}][I ® €7
+(I ® B|[E{w(k)w(k + m)rrT @ z(k + m)rTw(k + m)}]
+[E{w(k)w(k + m)rrT ® rw(k + m)zT (k + m)}][I ® &]T
+HE{w(k)w(k + m)rrT @ w?(k + m)reT})

We shall analyze Eq.(G.4) separately for m > 0, m = 0 and m < 0. Also, we keep in mind that
E{w(k)} = 0 and E{2(k)} = 0. When m > 0, w(k+m) is uncorrelated with z(k), z(k+m) and w(k); hence,
in Eq.(G.4) the 2nd, 3rd, 5th, 8th, 10th, 11th, 13th and 16th terms vanish. When m = 0, w(k) = w(k +m)
is uncorrelated with ®(k) = &(k + m), so that the 2nd, 3rd, 5th, 8th, 9th, 12th, 14th and 15th terms vanish.
When m < 0, w(k) is uncorrelated with w(k + m), (k) and @(k + m). In this case, the 9th through 15th
terms vanish.

In the following analyses, we let G(k;m) denote the sum of the 1st, 4th, 6th and 7th terms, since they

are common for all three cases; i.e.,
G(k;m) = (8 F|[E{=(k)zT (k +m)® z(k + m)2T (k + m)}][¢ ® #]
+[® ® I|[E{=(k)27 (k + m) ® w?(k + m)rrT)[#® 1T
+[® @ B)[E{z(k)rTw(k + m) ® z(k + m)rTw(k + m)]
+[® ® I[E{=(k)rT w(k + m) @ rw(k + m)zT (k + m)}][I ® &]T
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When m = 0.

E{z(k+1)zT(k+m+ 1)@ z(k +m + 1)2T(k + m + 1)}
= G(k;0)
+I ® S|[E{ruw(k)zT (k + m) ® 2(k + m)rTw(k + m)}][# ® I
+HE{rw(k)zT (k + m) ® rw(k + m)z” (k + m)}][# © )T
+(I @ BN E{w(k)w(k + m)rrT @ 2(k + m)=T (k + m)}|[I @ 8|7
+HE{w(k)w(k + m)rrT @ wi(k + m)rsT}]
G(k;0)
+05,(F)[I ® #|[r @ I)[E{27 (k) ® 2(k)}][I @ vT}[# & 1]T
+05, (k)r @ r)[E{2(k) ® 2(k)}]T[# © #]”
+05, (k)1 @ 2][rrT ® E{=(k)=T (k)}][I © &]”
+Y4w(E)[rrT © rr7]

When m < 0

E{z(k+1)2T(k+m+ 1)@ z(k+m+ 1)zT(k +m +1)}

= G(k;m)
+H® ® B)[E{z(k)2T (k + m) @ z(k + m)rTw(k + m)})[# @ I]T
+HE @ I)[E{=2(k)2T (k + m) ® rw(k + m)2T (k + m)}][# ® $]7
+[® ® F)[E{=(k)rTw(k + m) ® z(k + m)=T (k + m)}][I @ #)T
+® ® I[E{2(k)rT w(k + m) ® wi(k + m)reT}]

= G(k;m)
+ol(k +m)[@ ™ @ #llr @ INE{2T (k + m) @ 2(k + m)}[I @ rT)[# @ INT
+HE™™ @ IN[r @ rl[E{z(k + m) @ 2(k + m)}]T[# & #]T
+[#™™ ® Fl[od (k + m)reT @ E{z(k + m)2T (k + m)}])[I ® #|T
+130(k + m)[E™™ @ I][rrT ® rrT)

Next we analyze the remaining three terms of Eq.(G.3). From Eq.(G.1) we obtain

E{z(k + )27 (k + m + 1)} = #E{z(k)2T (k + m)}87 + Ha(k;m)

ol (k)yreT(8T) when m > 0
Hi(k;m) =14 o2(k)reT when m =0

o3(k+m)®"rrT whenm<0

From Eq.(F.4), we have

E{z(k + m+ 1)2T (k + m + 1)} = SE{2(k + m)2T (k + m)}&T + o2 (k + m)rs”T
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Combining Eqs.(G.20) and (G.21) together, we have the following formulas:
When m > 0:
E{z(k+ 1)xT(k+m+1)} ® E{z(k+ m+ 1)aT(k + m + 1)}
= [&® P|[E{z(k)2T(k + m)} ® E{z(k + m)zT (k + m)}][® @ &]T
+05,(k + m)[® ® I[E{z(k)2T (k + m)} @ r+T|[# @ 1T
+0l (k)[I ® &)[rrT ® E{z(k + m)zT (k + m)}][#™ @ &|T
+05, (kYo (k + m)[rrT @ rrT][@™ © 1T

When m = 0:
E{z(k + 1)2T(k + m+1)} ® E{z(k + m + 1)2T(k + m + 1)}
= [¢® #|[E{=(k)=" (k)} ® E{=(k)=" (k)}][# © #]T
+05 (F)[# @ I|[E{=(k)=T (k)} @ r+T][# © I
+a3(R)I @ #][rrT ® E{z(k)=T (k)}][I © 2|7
+o2 (B[ @ o7
When m < 0:

E{z(k + 1)2T(k + m +1)} ® E{z(k + m+ 1)2T(k + m + 1)}
[# ® S)[E{=(k)=T (k + m)} ® E{z(k + m)=T (k + m)})(® @ &]T
+0}, (k + m)[® @ I|[E{2(k)2T (k + m)} @ reT)[@ & I]T

+05,(k + m)[#™™ @ F|[rrT ® E{2(k + m)zT(k + m)}][I ® &I
+[oh(k + m)P[8~™ @ I)[rrT @ rrT)

Next, from Eq.(G.2), we find that

E{e(k+1)@z(k+m+1)} = [&® B|E{=z(k)® z(k +m)}
+Ha(k; m)
where
a2 (K)I® ™ |ror] when m > 0
Ha(k;m) =4 o3(k)[r®r) when m =0
o2(k+m)P~"® I][r ®r] whenm<O0
From Eq.(F.4), we have

E{z(k+m+1)@z(k + m+ 1)} = [&# ® F|E{=(k + m) ® z(k + m)} + o2 (k + m)[r @ 7]

(G.22)

(G.23)

(G.24)

(G.25)

(G.26)

Combining Eqs.(G.25) and (G.26), we obtain the following representation for the third term of Eq.(G.3):
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When m > 0:

When m = 0:

When m <0

[E{z(k + 1)@ 2(k + m + D}[E{2(k + m + 1) ® 2(k + m + 1)}]T
(# @ F[E{z(k) @ z(k + m)}][E{z(k + m) ® 2(k + m)}]T[& ® &|T
+0%,(k + m)[® ® B)[E{z(k) ® 2(k + m)}][r ® r]T

+o2 (k)I ® 3™][r ® r)[E{z(k + m)® z(k +m)}|T[# @ &]T

+ol (ko2 k+m)I®d"|[ror)ror)T

(E{z(k + 1) ® z(k + m + 1)}][E{z(k + m + 1) ® z(k + m + )}]T
(# ® FI[E{=(k) ® z()})[E{=(k) ® =(E)}]T (& ® #]T

+0l,(k)[® ® B)[E{=(k) ® =(k)})[r & r]T

+02(k)[r @ rl[E{z(k) ® z(k)})T[® ® )T

+oL (B ror|ror]”

(E{z(k+1)@=z(k+m+ DH[E{z(k+m+ 1)@ z(k+m + 1)}]T
(& ® BIE{z(k) ® z(k + m)}|[E{z(k + m) ® z(k + m)}]T[# @ &]T
+03 (k + m)[® ® F)[E{z(k) @ z(k + m)}][r® )T

+oi(k+ m)[@~™ ® I|[r ® r][E{=(k + m) ® z(k + m)})T[$ @ &]T
+Hot(k +m)PE " @ I[r @ 7)[r 7T

Let Z = [2T ® z], where z is a deterministic vector with dimension equal to z(k). Then,

where

E{[z(k +1)® Z[I® zT(k + m +1)]}
= E{[z(k+1)27 ® z2T(k + m + 1))}
[# ® T[E{z(k)" © z27(k + m)}][ ® )7
+H& @ N[E{=(k)zT ® zrTw(k + m)}]
HE{ru(k)s” @ za”(k + m)}JI @ #]7
+E{rw(k)zT ® zrTw(k + m)}
= [#® IE{z(k)® NZ[I=T(k+ m)]}[I® #|T
+H 3(k; m)

a2 (k)[rzT @ zrT|[I @ ™7 when m > 0
Ha(k;m) =< o2(k)[rzT ® zr7] whenm =0
a2 (k)P ™ @ I[E{rzT ® zrT] whenm <0
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(G.27)

(G.28)

(G.29)

(G.30)



ie.
2(B)r@NZ[IQT|]T[IQ ™7 when m > 0
H3(k;m) =4 o(k)roIZ[I®r]T when m =0
oi(k+m)E " QINroIZ[I®r]T whenm<0
Additionally, from Eq.(F.5), we have

E{@"(k+m+1)@zT(k+m+1)} = #E{zT(k+ m) @ z(k + m)}#T + 2 (k + m)[rT ®r] (G.31)

Using Eqgs.(F.18) and (F.19), and letting Z in Eq.(G.30) equal the right-hand-side of Eq.(G.31), we obtain
the following expansion of the fourth term of Eq.(G.3):
When m >0

E{jz(k+1)® I][E{zT(k +m+1)@z(k+m+ D IQ2T(k+m+ 1))}
= [®Q IE{[z(k) ® N®E{2T (k + m) ® z(k + m)}7 [IzT (k + m)]}{I @ #]T

+® ® NE{[=(k) ® I]o} (k + m)[rT ® r][I2T (k + m)]}[I ® #]T

+02 (k)[r ® NNBE(2T (k + m) ® z(k + m)}&7[I @ r]T[I @ 3™|F

+o5,(k)r ® Iod (k + m)[rT @ rj[I@r]T[I @ 2™|7 (G.32)
= (@ P|E{[z(k) ® N)E{zT(k +m) @ 2(k + m)}[I=T (k + m)]}[& ® &|T

+05,(k + m)[® @ TE{[=(k) ® I][r™ @ r}[IzT (k + m)]}[I ® #]T

+02 (k) I ® Pllr ® NE{=T(k + m) @ 2(k + m)}[I @ r]T[® @ ™|T

+05,(k)ol (k+ m)[r ® Nir" @r]IS |7 (I ™7

When m=0

E{l=(k+ 1)@ I[E{z"(k+ m+ 1)@ z(k+ m+ D} @ =T (k + m +1)]}
= [@® IE{[z(k) ® N®E{zT (k+ m) ® z(k + m)}&7 [IzT (k + m)]}{I ® #]T

+{® @ IE{[x(k) ® I|od (k + m)[rT ® r)[I=T (k + m)]}[I ® B]T

+05,(k)lr ® NEE{2T (k + m) @ z(k +m)}8T (I @ 7]”

+a2 (k)fr ® o3 (k + m)[»T @»r][I @ r]T (G.33)
= [#® P|E{[=2(k) ® NE{=T (k + m) ® z(k + m)}[I=zT (k + m)]}[® ® H]T

+03 (k + m)[® ® T E{[z(k) ® I|[r" ® r][I=" (k + m)}}[ ® &I

+02 (k) @ ®)[r ® NNE{zT(k + m) ® z(k + m)}{IT @ r|T[I @ BT

+HoBPreo N orlIer”
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When m <0

E{fz(k+ 1)@ NE{2T(k+ m+1)® 2(k+m+ 1)}|[I® 2T (k + m + 1))}
= [®SIE{[=z(k) ® |BE{2T (k + m) ® z(k + m)}&T [T2T (k + m)|}{I ® &|T

+[® @ INE{[z(k) ® I|of (k + m)[rT @ r][I=T (k + m)]}{I ® #]T

+og(k+ m)[@~" @ Ir ® NSE{2T (k + m) @ z(k + m)}$T[I @ 7T

+og(k+ m)[@~" @ I)[r ® I|o (k + m)[rT @ r][I @ #]T (G.34)
= (@ ® FE{[z(k) ® [|E{aT (k + m) ® 2(k + m)}I2T (k + m)]}[# © #]T

+0i (k + m)[® @ IE{[z(k) ® I[rT ® r][I27 (k + m)}}[T © &]T

+05,(k + m)[@~" © &[r @ T E{zT (k + m) @ z(k + m)}{I @ r|T[I @ #]7

Hod(k+mP[e "o Nr IirT @I r]”

Combining Eqs.(G.17), (G.22), (G.27) and (G.32), we find the following expansion of Cy.(k + 1; m); for
m > 0:

Cu(k+1;m) = [&Q B)|E{z(k)zT(k+m)® z(k+ m)zT(k+m)})[Pe F|T
+@ ® N[E{2(k)=T (k + m)} ® o3 (k + m)r+T][& © I]T
+[® @ F)[E{z(k) ® z(k + m)}][o2 (k + m)rT ® »T)
+{(® @ I[E{[z(k) ® I)[o2(k + m)rT @ #][I @ 2T (k + m)] ) I ® &7
+62(k)[I @ B][rrT ® E{z(k + m)zT (k + m)}][d™ @ BT
+02(E)I @ PM)E{[r ® r][z(k + m) @ z(k + m)]T }[F ® &|T
+oL () ® F)E{[r ® I|[27 (k + m) ® 2(k + m)][I ® »T][® ® ™7}
—3{e ()1 © 8™ )[reT @ rrT)[@™ ! @ 8™ N|T
+Yu(F) © 2™][rrT @ rrT][@™ © #™]T
+o(k)ol (k + m)frrT @ r+T)[#™ @ IIT
+o2 (K)ol (k + m){I ® #7|[rrT @ rrT)
+02(k)o2(k + m)[rrT @ reT)[I® 877
~(# ® F|[E{=(k)=T (k + m)} @ E{2(k + m)2T (k + m)}][& ® &]T
—o2(k +m)[# © N[E{2(k)2T(k +m)} @ rrT)[#® 1T
—aZ (k)[I ® #][rrT @ E{z(k + m)2T (k + m)})[¢™ © &]T
—o3 (K)ol (k + m)(reT @ reT][8™ @ IIT
~[® ® B|(E{=(k) ® z(k + m)})[E{=(k + m) ® =(k + m)}]T [# ® #]T
—o2(k + m)[® ® F|[E{z(k) ® z(k + m)}][r @ r]T
—a2(k)[I ® #7)[r ® r][E{2(k + m) @ 2(k + m)}]T[# ® #]T
~o%(k)o (k+m)I® #™)r @ rlir @ r]”
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—[® ® B)E{[x(k) ® I|E{=T (k + m) ® z(k + m)}[T=T (k + m)]}[# ® #]T
—od (k+ m)[® @ NE{[=(k) ® I[rT ® r][IzT (k + m)]}[I ® #]T

-0 (k)[I ® ®][r ® IIE{2T (k + m) ® z(k + m)}{I ® r|T[® @ #™|T

—oi (ko (k+m)fr @ N[r" @ ]I 7|7 ® 2™

After some cancelations, we obtain

Caur(k+1;m) = [(#Q F|[E{z(k)=T (k+m)® z(k + m)zT (k + m)}][# ® &]T

i.e.

=3[a2 () ® #™[rrT ® rrT)[E™ @ ™7

+7u(E)I @ #7)[rr” @ rr7][@™ ® #™]7

~[® ® P|[E{z(k)=" (k + m)} ® E{z(k + m)2T (k + m)}][# © &]”

—[® ® BI[E{z(k) ® z(k + m)}|[E{z(k + m) @ z(k + m)}]7[®# ® &|T

~[® ® F1E{[z(k) ® I|E{2T (k + m) ® 2(k + m)}[I ® =T (k + m)]}[# ® #]T

Cur(k+1;m) = (€ F|Cs(k;m)[® 0 &7
+eaw (k) ® 27)frrT @ rrT)[8™ @ ™7

= [#®#|Cu(kim)Eo#T
+caw (k) ® B)™[rrT @ rr7)[37 @ T

(G.35)

Combining Eqs.(G.18), (G.23), (G.28) and (G.33), we find the following expansion of Cy.(k + 1;m) for

m=40:

Ciz(k+1;,0) = [P F)E{=(k)2T (k) ® 2(k)zT (k)}][® ® #])T
+[PF® I][E{z(k)zT(k)} ® a;‘:,(k)rrT][Q ® I]T
+[® ® S)[E{=(k) ® z(k)}][e2 (k)rT ®¢T]
+® @ I|[E{[z(k) @ I[o2 (k)rT @ rl[I @ 2T (K) 1[I ® #]T
+03 (k)T ® ®)[r ® N[E{=T (k) @ (k)T @ rT][# © I]T
+od(k)r ® r)[E{z(k) ® z(k)]"[# ® #]”
+a2 (k) ® B)[rrT @ E{z(k)=T (k)}][T® &7
+740 (B)[rrT @ rr7]
~[# ® S|[E{=2(k)2T (k)} ® E{=(k)=T (k)}][# ® #]T
-5 (k)[® @ I[E{z(k)2T (k)} ® rrT][# ® IIT
—o2 (E)I ® #)[rrT ® E{z(k)=T (k)}][I ® #]7
—[o2 (E)P[rrT ® rrT]
—[® ® P[E{=(k) @ =(k)}|[E{=(k) ® =(k)})T[¢ ® #]T
-0y (k)@ ® F)[E{=(k) ® z(k)}][r ® r]T
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—o5(B)[r @ T)[E{z(k) ® 2(k)}] [¢ @ #]”
~leL®Prerirer”
—[® ® F1E{[z(k) ® I1E{=” (k) ® =(k)}(I=" (k)] } & ® #]”
—04 (B)[# ® T E{[=(k) ® N[r™ ® r][I=T (K)]}[T® #]
-o3 (DI @ #llr ® NE{zT (k) ® z(k)}[I @ r]T[I © |7
“leL (P i @ rliIor]”
Rearranging all the terms, we obtain:
Ca(k+1,0) = [ F)[E{=z(k)zT(k)® =(k)zT(k)})[® ® )T
+7140 (B)[rrT @ reT]
—[# @ B[E{z(k)zT (k)} ® E{=(k)=T (k)}][# © #]
~loe(®)Prr” @ rr7)
—[® ® B|[E{z(k) ® z(k)}][E{=(k) ® z(k)}]" [ ® #]”
—liEPrer)rer”
—[# ® B)E{[=(k) @ I|E{27 (k) ® 2(k)}[I=" (k)]}[# © 2]"
~lA®Preo T orliIe T
- Cu(k+1;0) = [#Q F|Cs(k;0)[8® ST
+cqw(k)[rrT @ roT]
Finally, the representation of C4.(k + 1;m) for m < 0 is obtained by combining Egs.(G.19), (G.24),
(G.29) and (G.34):

(G.36)

Culk+1;m) = [B@F]|[E{z(k)zT(k+m)® z(k+m)xT(k+m)}][® o F)T
+[® ® N[E{=(k)2zT (k + m)} ® 62 (k + m)rrT)[@ @ I]T
+[® ® B)[E{z(k) ® z(k + m)}][c2(k + m)rT @ rT]
+[® @ N[E{[=z(k) ® I|[o2(k + m)rT @ 7][I @ 2T (k + m)]}][T ® &]T
+02 (k + m)[#™™ @ F)[r @ IE{zT (k + m) @ z(k + m)}{I @ rT][®# ® I]T
+[#~™ @ IN[r @ r][E{=(k + m) ® z(k + m)}]T [ ® B]T
+[#~™ @ B)[o2 (k + m)rrT @ E{z(k + m)zT (k + m)}])[I ® &]T
+Y4w (k + m)[@~™ @ IN[rrT @ r+T]
—[® ® B)(E{2(k)2T (k + m)} ® E{z(k + m)zT (k + m)}][® ® |7
-3 (k + m)[® @ I|[E{z(k)zT(k + m)} @ rrT][# @ I]T
-2 (k+ m)[®~™ @ F)[rrT ® E{z(k + m)2T (k+m)}][I ® &]7
—[o2 (k + m)P[@~™ ® I)[rrT @ rrT]
—[® ® D)E{z(k) ® z(k + m)}][E{2(k + m) ® z(k + m)}]7[# @ &]T
02 (k + m)[® @ FI[E{z(k) @ z(k+ m)}][r@r]T
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=02 (k+ m)[#~™ @ I|[r @ r][E{z(k + m) ® z(k + m)}]T[® ® $]|T
—[2(k+m)P[F " Nror]irorT

—[® ® #)E{[z(k) ® NE{2T (k + m) ® z(k + m)}{I=T (k + m)]}{# © #]”
-2 (k+ m)[® ® NE{[=(k) ® I[rT @ r][T=T (k + m)]}[I ® #]T

-2 (k+m)2 " @ Flr @ NE{2zT(k + m)@z(k+ m)}[I®r)T[I @ T
—loik+mPig " @ Nir o Nir" @ vl @ 7T

Combining terms, we obtain

Cuz(k+1,m) = [®QD)E{z(k)zT(k+ m)®=z(k+ m)zT(k + m)}][# @ #|T
+auw(k +m)[@~™ @ I|[rrT @ r¢7]
—([® ® B)[E{=(k)=T (k + m)} ® E{z(k + m)zT (k + m)}][® @ |7
—loi(k + m)[#~" © I)irrT ® rr7)
—[® ® B)[E{z(k) ® z(k + m)}][E{z(k + m) ® z(k + m)}|T[® ® &F|T
—leo(k+mP[@ " @ Nr@r|ror]”
~([® ® B E{[=(k) ® I E{zT (k + m) ® =(k + m)}[IzT (k + m)]}[# © &]T
—loi(k + m)*[#" @ N)[r @ IN[rT @ r]iI @ 7]"
ie.
Caz(k+1;m) = [P P|Cus(k;m)[®® 2T
+caw(k + m)[@ @ I ™ [rrT @ rrT)
Collecting Eqs.(G.35) , (G.36) and (G.37), we obtain Eqs.(32) and (33) in Proposition 5.

(G.37)

54



poyiswm asvodsax ssmdunt 4q payndmod syumund 33p3o-pyy, °¢ samdig senuIo} 2amMIN32 £q payndmod syuemumnd 32pi0-pPINY, ¥ asaBy
(w) s8¢ (w) sty

oy 0 0 o or 09~ awm. oy 24 0 0z- o 09- oam .

"orduny wone[aLIo)) ¢ Indry un$ Jme U Jo asuodess aspndumy ‘7 amS1y
(w) 587 ) 2uwp
o 0f 0z Ol 0 0T 06 08 o0 09 05 o0 0f 0z o0 0

55



suonwndwos juenumns 19p10-q1uno) omy UIMIAG UYL G STB1g poqism osu0dsas asmdmt £q payndmod syURNERD 2P0 qymog ‘g 3mBLY
(w)ysBe; (w) s8¢
o o8, ov 0z 0 L o o %
2000 i q1-
+00'
0 0
9000
11
2000
iz
100
| ¢
Z10'0
“ . . 100 v
remuIzo} 2ATsINGE £q paynduzod syuRmMUND ISPIO-qUNOY L amdtg stoyeindmos JURMMWND J2PI0-PINY) oM} TRMISQ UYL 9 Mg
(w) 53¢y (w) sBeq
ot 0 0z o 0% 0% ov 0z
- —0
yy ., |
4200
1t
| lero
4z - 100
- {se00
{¢
I dv00

56



Contents

Abstract i
Part I: Matrix Formulations for Third-Order

Diagonal-Slice Cumulants 1

1. Introduction e e e et e e e e s et e e e e e 1

2. Cumulant Computations for Stationary Systems .............c.oourvreevenereesoe i, 2

A. Recursive Formulas ..........oooiiiiiiiiiiiiiiiiiiii 2

B. Computation of C7(0) ........ooiuiiiiiiiiiti it e e 4

3. Cumulant Computations for Non-Stationary Systems ................coovvvieimmminn, 6

A. Computing C{(k+ 1;m) in terms of CF(E;m) ...ouvunnnee et e, 7

B. Computing C{(k;m +1) interms of CT(k;m) .. ..o.oiiiiiiiiiiiiii s, 10

Q. EAMIDIEB ..ot e e 11

A. ARMA Model EXample ........ooiuiiiiiiiiiiiiii it iieeret et iirerae e, 11

B. MA Model Analysis ........cuiiiuiiiiiiiiintit ittt et ee e e e 12

C. AR Model Analysis ......oouuiiiiiiii it e et e, 14

5. Algorithms and SImulations . ... .....oiiiniiiiiii i et e e, 14

AL Stationary SyStems .. ....iuuiiiiiiiiittitiit ittt e et aaeaas 15

B. Non-Stationary Systems ..........ocuiiiiiiiinetriniieteiiieieiitireennrennrreeerennerennns 156

C. A Practical Example ..... ...ttt e e 17

B. COMCIUSIONS L \uuiiit ettt ettt ettt e ettt ee e et ettt ettt s et e aitee s aaees 17

Acknowledgement .........ociiiiiiiiii i e e e, 18

References ..ot e 18

Appendix A. Derivation of EQ.(33) ......coouiiiniiiiiiiiiii i i i e 18
Part II: Kronecker Product Formulation for Third-

and Fourth-Order Diagonal-Slice Cumulants 22

1 Inbroduction . ....veniuiniit ittt i e it et et earaaeraerea, 22

2. Third-Order Cumulant Computations ..........cceiieiuriniriereeereeenrisieneroeserearannannnss 24

2.1 Recursive Computation Formulas .............ooiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiaeen., 24

2.2 S0me COMIMENES ... ...nienniitinitiiuitenntaioeeremsecatnracsasssensassssnsanssansssasasons 26

3. Fourth-Order Cumulant Computations ........c.cvvuetiurtiiiiiniieieirerieneiieenenannrnrnenens 27

3.1 Representation of the Cumulant of the System’s State Vector .........ccovvveevveeirernnnnens 28



3.2 Recursive Computation Formulas ..........oi i it i it 29

3.3 Stationary Case ... ...iuiiiiiiiir i e e i e ettt 30
4. Multi-Input Multi-Output €Case ........cviuiiniuiiiiiiiiiiit i riaa e et ei v rerroetaernennen 31
5. Examples and SImulations ..........ccoiiiiiiiiiiiiiiii i it i i e, 32
COnNCIUSIONS . ..vitiin ittt et ittt ittt ittt et teettaenrasnnaasentacantasenanssannenenens 33
Acknowledgement ...........uiiiiiiiiiiiiiii i i i e it e ettt 33
T T 1T 33
Appendix A. Proof of Lemuma 1 .....ouiirinrintiriitittietiiia it ererearaneeenanessenensenennss 34
Appendix B. Proof of Proposition 2 ... ..ottt i e i i e, 35
Appendix C. Derivation of EQ.{25) .......cuviiiiiiiiiiiiii i i it aas 36
Appendix D. Derivation of EQ.(26) ..ottt i it 36
Appendix E. Proof of Lemma 2 ......oiuitiiiiiiiiiiiitiiinernrnerneeeraeessesessoronsroseennensnnns 36
Appendix F. Proof of Proposition 4 ...ttt ittt aierearentreenanennes 38
Appendix G. Proof of Proposition 5 .........cccoiuiiiiiiiiiiiieiiii it caertreeneneenenenenns 42



Abstract

Recursive formulas for diagonal-slice cumulant computations of a state-variable model are developed. The
computation formulas can be used for both stationary and non-stationary systems. The connection between
stationary and non-stationary cumulant computations is also considered; it depends upon the assumption of
an asympototic stable model. This report is divided into two parts.

In Part I, a matrix formulation for third-order diagonal-slice cumulant computation is discussed. An
ARMA model is given as an example which shows computation aspects of the methods. Results are also
verified by analysis of AR and MA models.

In Part II, the Kronecker product is used to derive third- and fourth-order cumulant recursive computation
formulas. Vector representations for third- and fourth-order cumulants are given and elegant recursive
cumulant computation formulas are obtained.

Examples and simulations are given in both parts.



